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The following problem is solved: What are all the “different” separable coordinate systems for the
Laplace-Beltrami eigenvalue equation on the n-sphere S, and Euclidean n-space R, and how are
they constructed? This is achieved through a combination of differential geometric and group
theoretic methods. A graphical procedure for construction of these systems is developed that
generalizes Vilenkin’s construction of polyspherical coordinates. The significance of these results
for exactly soluble dynamical systems on these manifolds is pointed out. The results are also of
importance for the analysis of the special functions appearing in the separable solutions of the
Laplace-Beltrami eigenvalue equation on these manifolds.

I. INTRODUCTION

In this paper we find all separable coordinate systems on
the real n-sphere S, and Euclidean n-space for the Hamil-
ton—Jacobi equation

H=g's,S,=E, S,= —a*i. , i=1,.,N, D
ox'
and the Helmholtz equation

A, -—-—‘——‘?—.(&g"f‘?—“’-.) —ay,
J§ axt axt

i,j=1,.,n, g=det(g;). (I1)

There are several reasons why this is an important problem.

(1) The list of 11 coordinate systems in R, that provide
aseparation of variables for these equations are well known.’
Their value in the solution of boundary value problems is
unquestioned. More recently there has been an interest in
separation of variables on the spheres S, and S, (see Refs. 2
and 3). In the case of S; the relationship with the hydrogen
atom has been extensively studied.* More recently the im-
portance of separable coordinate systems on .S, has been
discussed® for dynamical symmetries in a spherical geome-
try. It is also of interest to study classical and quantum me-
chanics on S, and R, as a means for finding exactly soluble
dynamical systems interacting under a suitable potential so
as to admit solution via a separation of variables.

(2) On the mathematical side the solution of the prob-
lem we solve here gives the basic results necessary for a com-
plete analysis of the special functions that are solutions of
(II) via a separation of variables on S,, and R ,. In doing so
all the separable solutions can be characterized in terms of
symmetric second-order elements in the enveloping algebra
of the corresponding symmetry group. This provides the ba-
sis for an all-embracing theory of such solutions and a syste-
matic treatment of relations amongst these solutions. For an
introduction to these methods we refer to Miller’s book.® In
solving this problem we also extend Vilenkin’s work, which
dealt with a restricted class of separable solutions.’

We should also note at this point the articles of Luc-
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quaud,®'® which give a discussion of spherical harmonics on

SO(n) via an elegant tensorial approach. For some of the
crucial results concerning separation of variables we refer
the reader to the papers of Levi-Civita,'! Eisenhart,'? and
Benenti.'* Referring now to equations (I) and (II) we
should, of course, mention that these equations are ex-
pressed in an arbitrary coordinate system in terms of which
the infinitesmal distance on the underlying manifold is

ds’ =g, dx'dx’, i,j=1,.,n. (L.
[Formulas (I), (II), and (1.1) use the summation convec-
tion on indices i, j.] Separation of variables for (I) is under-
stood to mean that there is a coordinate system {x’} for
which it is possible to find a solution § = S(x;4,,...,4,) of
(I) such that

S=3 8@ hyid,)

i=1

(1.2)

and det(d2S/9x' 0A;)nx, #0, i€, S is a complete inte-
gral.!* This type of variable separation is additive.

Separation of variables for (II) is normally understood
in the product sense,'’ i.e., the coordinates {x} should be
such that there is a soluton of (II) depending on n param-
eters ¢y,...,¢, of the form

W= I W (Ficpntn)- (13)

i=1

In this article we determine all coordinate systems that pro-
vide additive separation for (I) and product separation for
(I1) for the following Riemannian manifolds: (i) the real n-
sphere S, and (ii) real Euclidean n-space R,. We also de-
scribe a graphical procedure for constructing these coordi-
nates, which includes Vilenkin’s description of polyspherical
coordinates as a special case.

We recall a few basic facts about variable separation.
For a positive definite Riemannian space a separable coordi-
nate system {x'} for (I) can always be chosen'®!” such that
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the contravariant metric tensor is

(gij) = [ﬂq—o] . (1.4)
0 |g”
The functions H ;- ? and g*# have the form
ao=2, gr =3 47" Ly (1.5)
¢ 3 P

where ® = det(®,, (x*)). The variables x* are such that
g%/0x* = 0, for all i, j.
A typical separable solution takes the form

S= ES‘, (x*) + Eca x°.

The choice of ignorable variables x* is not unique; we would
get a similar system if we defined new coordinates x” by
x¥ = agx®, x* = x°, where det(aj)+#0. We say that two
such coordinate systems are equivalent and will not distin-
guish between them.

The standard form (1.4) will be central to our argu-
ments. If a coordinate system is separable for (II), it is auto-
matically separable for (I). A separable system {x‘} for (I)
separates (II) if and only if

Rab =0, a#b,

where R;; is the Ricci tensor expressed in these coordinates.
In particular, for orthogonal coordinates, (I) and (II) sepa-
rate in the same systems.

A. The n-sphere S,

This space is most readily realized in terms of n + 1 real
“standard” coordinates (s,,...,5, , ; JER, , |, which satisfy

£ttt =1 (1.6)
The infinitesimal distance is given by
ds® =dsi + - +ds% . (1.7)

The n-sphere admits the group SO(n + 1) of isometries.
The algebra so(n + 1) is realized on the cotangent bundle of
R, . by the Killing vectors

I;=s, Ps, — Sj Psyp i#j. (1.8)

We recall in the normal correspondence, dS /dx' = p, and L
is a Killing vector if L is linear in the p,’s and {H,L} =0
where { , } is the Poisson bracket. It is then seen that the
ignorable coordinates x“ of a given separable coordinate sys-
tem are such that p, is a Killing vector. The Lie algebra
so(n + 1) also can be realized by means of linear differential
operators, with the identification p; —d /ds;. The symmetry
operator },j =35,(d/0s; —5;0/0s;) satisfies [A, ,},-,] =0,
where [ , ] is the commutator bracket and A, is the opera-
tor (II) on S,. We note that the two realizations of
so(n + 1) directly relate to the SO(n + 1)-invariant equa-
tions (I) and (II). For equation (I) the algebra is realized as
the set of all Killing vectors L that are in involution with H,
i.e.,, {H,L} = 0. For equation (II) the algebra is realized by
|

all first-order linear differential operators . that commute
with A, . The #-sphere as a Riemannian manifold is a space
of constant curvature — 1 and is completely characterized
by the Riemann curvature tensor conditions'®

Rhijk = (&nx 85 — 8nj & )»
in any coordinate system.

(1.9)

B. Euclidean n-space R,

Here, a point is given by 7 real (Cartesian) coordinates
(y1s.--+ ¥, ) and the infinitesimal distance is

ds* =dy} + - + dy2, (1.10)

where R, admits the isometry group E(n) =T, ® SO(n).
This is the semidirect product of the n-dimensional Abelian
group of translations 7, and SO(#n). On the cotangent bun-
dle of R, the Lie algebra # (n) has a realization by Killing
vectors:

M;=y.p,—¥ by Pr=p,,
i#j. (L.1D)

The corresponding realization in terms of symmetry op-
erators can be obtained by the correspondence p,—d /dy;.
Euclidean n-space is characterized by the Riemann curva-
ture tensor condition R, =0 in any coordinate system.

We note that the study of variable separation will give a
complete enumeration of the scope and extent of special
function identities available in these spaces. In addition, ex-
actly which special functions appear can be determined. The
problem of separation of variables on S, is also intimately
related to the separation of variables problem on CP(#n),"* n-
dimensional complex projective space.

i, jk=1,..n,

Il. SEPARATION OF VARIABLESON S,

The following is a crucial result in the classification of
separable coordinate systems on .S, .

Theorem: Let {x} be a coordinate system on S, for
which the Hamilton-Jacobi equation admits a separation of
variables. Then, by passing to an equivalent system of co-
ordinates if necessary, we have g¥ = §YH ;= 2, i.e., separation
of variables occurs only in orthogonal coordinates. Further-
more, in terms of the standard coordinates on the sphere
8150058, 4 15 the ignorable variables can be chosen such that

Pa, =l Po, =Duses Do, =Dog 412442 (2.1

where the number of ignorable variables is g.

Proof: This is based on the general block-diagonal
expression of the canonical form of the contravariant metric
tensor for a separable coordinate system. It is well known?®
that any element of the symmetry algebra so(n + 1) of S, is
conjugate to an element of the form

L=1,+bl34+ - +b,1,,_,,,. (2.2)

If this element corresponds to the ignorable variable ¢, i.e.,
L =p, , then by local Lie theory the standard coordinates
on the #-sphere can be taken as

(S1seesSn 4 1) = (o1 cOS(@) + Wy) P, sin(a; + wy),p, cos(b, + w,),

p2 Sin(bZal + wZ)""’pv cos(bval + wv)pv Sil'l(bvtzl + wv)r92v+ 1 ,...,Sn +1 )’
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where p? + - +p2 + 55,1 + = + 52, = 1. The infinitesimal distance then has the form

ds® = dp} + - +dp? + p} (da, + dwy)? + - +p} (b, da, + dw,)* +ds;, | + -~ +ds, . (24)

If there is only one ignorable variable then the coordinate system must be orthogonal and this is only possible if b, = -- = b,

=0, i.€.,p,, =1, Indeed, the requirement that the contravariant metric have the form (1.4) (orthogonal in this case) is that

—dw,= 3 & 21 b, du, 2.5)
=2p

Since the differentials dp;, dw, ( j>2), must be independent and the only condition on p} is

ZP. 2u+|+ +Sz+1=l’

i=1
the condition dw} = Oimplies b; = 0,j = 2,...,v, and dw, = 0. We can then take the constant w, = 0 by suitably redefining .
The theorem is proven in this case.

Now suppose there are ¢ > 1 ignorable variables. The Killing vectors p,, , i = 1,...,¢, must form an involutive set. It follows
from the spectral theorem for commuting skew-adjoint matrices that for each i, p, has a representation of the form

P, =biln+b5L+ +biv‘IZv,-—l,2v,’ (2.6)
for i = 2,..,q. In fact we can assume

N
Po,=hi 12+ 3 bily_ 12, i=1..4 2.7

I>q
The projective coordinates on the sphere then have the form

(S1peeesSp 1) = (p, cos(a; + w,)p, sin(a, + wy),....p, cos(a, + w,)p, sin(a, +w,),

g (&
Pqg+1 cos(z byiaa +wq+l) » Pg+1 Sln(.zlbq+lai +wq+l) N

i=1

g
PN sin(z bva; + wN) SN 4+ 1oeeesSn 4 1) . : (2.8)

i=1

We now make the crucial requirement that the ignorable variables a;, i = 1,...,q, are part of a separable coordinate system. If
we compute the covariant metric, it should be in block-diagonal form with respect to the two classes of variables. Just as in the
case ¢ = 1, this is only possible if b; =0, i = 1,...4, ] =¢q + 1,...,.N and dw, =0, 1<i<q. We can therefore assume that
L, =1L, =1,,..,L, =1I,,_,,,; theignorable coordinates a, then can always be chosen such that w; = 0, 1<i<g, and the
system is orthogonal. Q.E.D.

This theorem enables us to bring to bear Eisenhart’s'? results on orthogonal systems of the Stiickel type. Our problem
reduces to the enumeration of all orthogonal separable coordinate systems. We use an inductive procedure such that given all
separable systems for S;, j < #, we can give the rules for construction of all systems on S,,.

If {x'} is an orthogonal coordinate system with infinitesimal distance ds* = 2"_ , H >(dx’)?, then the conditions that the
space be of constant curvature — 1, i.e., that we are dealing with .S, , are

(i) R =0, i#h#k. (2.9)
Eisenhart'? showed that in order for orthogonal separation to occur on any #-dimensional Riemannian manifold the contra-
variant metric g = §YH ;~ ? must be in Stickel form and that the necessary and sufficient conditions for this are

a? a a a d a d
——1lo H-—-——lo H?—logH?+ —logH? log H? + logH?—1log H: =0, 2.10
PR o Y A i~ el S bl mia (210)

for j# k. He then went further to show that these conditions, together with the equations (2.9) (ii), are equivalent to the
equations
d a J

5;10gHza—a—logH2 - a——logm;"—log H? - TlogHzailogH =0, ijk pairwise distinct. (2.11)

It follows that the metric for a separable system can be written in the form

=H!=X,[](0; +0;), i=1...n, (2.12)
j#i
where X, o; are functions of x’ at most. The conditions (2.9) (i) are then equivalent to

0504 (Op + o) — 0,04 (0 + 0y ) — 01,05 (0 + 0;) =0, 1, j,k distinct, (2.13)
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where oy, =

(9,k)0y, etc. We now study various possibilities for the functions o;;. If all the functions o;; are such that o #0

then Eisenhart has shown that the metric coefficients have the form

=H?=XiH(a'i —0;)
JFEi

(2.14)

where o; = 0, (x') and o} #0. This metric will be the basic building block on which we can formulate our inductive construc-
tion. Without loss of generality we can redefine variables {x'} in such a way that 7, = x', i.e.,

Hi=X ][] &' —x).
j#i
The conditions (2.9) (/) then amount to

-] = G) = @)1+
i (x'=x) \X;) (¥ —x))

+ : I _ = —4.
150 X, (x! — x) (x' — x DD, (xF — x9)

These equations have the solution

(I/X)"+D L 4(n+ 1)1=0, i=1,.,n. (2.17)
ie.,
i= _4(xi)n+l+ z al(xi)n-—l=f(xi).
A; I=0
The function f(x) can also be written
n+1
fx)= —4 H (x—¢). (2.18)

i=1

There are two requirements to determine which metrics of
this type occur on S,: (1) the metric must be positive defi-
nite and (2) the variables x’ should vary in such a way that
they correspond to a coordinate patch that is compact.
There is a unique solution to these requirements: the x', ¢,
should satisfy

e <x'<e< - <e, <x"<e, . (2.19)
These are elliptic coordinates on the n-sphere S, . They can
be related to the coordinates {s; } via

nm_,(x'—
£ = _'__'_(__e)_ j=1.n+1.

2.20
I, (e; —¢) ( )

These systems are the basic building blocks for separable
coordinate systems on real spheres. To complete the analysis
of possible orthogonal separable systems we need to consider
the case when some of the o;; functions are constants. If o;;

= a;; (const), Eisenhart has shown that there are four possi-
bilities:

(i) Oy =4y, 0O;=4a

Oie = Qies Oy =0y

(i) o,=ay o;=a;
Oy =Qigy O =0y;;
(i) o, =a; ox=ay,

Oji = 8;;0;, Oj =430

Oy =QyiO0ps O =0y;0;;

1724 J. Math. Phys., Vol. 27, No. 7, July 1986

(2.15)
-1 ’
0] e ) )
x’)2 (x/ = x) \X,
(2.16)
!
(iv) oy =a; oy=ay,
Tji = %% Oj =0},
a; ak} ajka,j =0; (2.21)

where o, is a function of x/ only and i, j,k are pairwise dis-
tinct. If we fix / and j, then, for k values corresponding to
cases (i)-(iii), o, = a,.Toexamine how the inductive pro-
cess works let us take oy, = a,, for/ = k + 1,...,n and o, #0
for j = 2,...,k. Then we have

oy =ay, 0, =a,0, 0;=a,0,
a,a; —aza,; =0, forl=k+1,.,n j=2,.k
Assuming that a; #0 for / = k + 1,...,n, j = 2,...,k, we find

the metric coefficients have the form

H?= XzH(Uq+0ji)][ ﬁ
1

(a; + alial)] )

J#i =k+1
i=1,..,k, (2.22)
1< j<k
H12=XI II (Ulm +0’m,), 1=k+ 1,...,”. (2.23)
m£l
ot e

Let us assume that no further functions o;,0,, are con-
stants. Then using the results of Eisenhart we can take the
metric coefficients as

H= X,H(xi—xj)]( ﬁ a,),
I=k+1

J#i

[X, (x’—x'")] .
m;él

The conditions R, = — H ;H? are equivalent to (2.16)
and (2.17) with i = k + 1,...,n and n—k = n’. Putting

H? = [X; M-,

(2.24)

J#i
the conditions R, = H?H? and R, = — H H } are equi-
valent to
H*H[ Ry + ( I a,)
k41
[ ; ( ) + 1] (2.25)
+1 4HI ag;
E. G. Kainins and W. Miller, Jr. 1724



2 ’

g; g o;
2———( —|—
g; ] (]

a 1
X|—logH?+H? ¥ ————| = —4H},
[ax’ B I,.;:Hf,,(x’—x"‘) !
(2.26)
where R, is the Riemann curvature tensor for the Rieman-
nian manifold  with  infinitesimal  distance

ds* = T¥_  H?*(dx")>. These equations are satisfied if and
only if

—=—4 ] &'—fu) I=k+1,..,n (227)
Xl m=1
and o, = (x' —f,, ka1 Y (fiok —fu—k+1)> where we

takef; < f, < ++ <f,_ . The remaining condition then is
Ry, = —HZI-!2 so that
1 k41 .
—_= —4 H (x'—¢). (2.28)
X, o i=1
The coordinates on S, can be taken as
(Sl,...,s,, +1 ) = (ulvl,.--,ulvk+ l,uz,.-.,un_k+ 1 ), (2.29)
where
k+1 n—k+1
vi=1, ut=1,
i=1 I=1
and
oc_ . (x'—=f
v = '/ (2.30)
M., (fi —f)
i = - Mimke =) (2.31)
Hn;ém (en —e, )
The infinitesimal distance has the form
nn_ { _
dsf,=dsf[ Tmk1 (X —=fookt1) ]+ds§,
m#n—k+l(fm —.fn—k-i-l)
(2.32)
where
1 & [ I, (x' —x) ] i
= - | (dx"? 2.33
4 ; H}‘*,‘(x —-¢) ( ( )
_ —1 rm;él(x 132
- ;H [n:.t’:“ ] (@
m=k+1,.n j=1..k (2.34)

The choice of embedding of the sphere S, in the n-sphere S,
given by (2.29) is not, of course, unique. It is here we meet
the second concept involved in regarding two choices of co-
ordinates (sy,...,5,, ;) as giving “equivalent” coordinate
systems. Clearly we could subject the coordinates {s;} to an
arbitrary SO(n + 1) group action. The infinitesimal dis-
tance would remain unchanged in the process. We regard the
new set of coordinates (s{,...,s,,,) as equivalent to the
original set. This is just the mathematical formulation of the
geometric identification of coordinate systems that differ
only by an isometry. This aspect of equivalence is obviously
group related. If the Riemannian manifold had no isometry
group it would not be relevant.

Now suppose one of the constants a; = 0 for some fixed
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! and j. Then from the relations

a“aﬂ - au a” = 0, (2.35)

we have a;, =0 and consequently a,, =0, for i = I,...,k.
This implies that o, does not appear in H?,i = 1,...,k.

Referring to the curvature equation R, = — H?H?
we see that it cannot be satisfied if o, = ¢,0, = 0 as this
would imply — 4H } = 0. Thus a, #0 for each /, j. Recall
here that we have assumed that none of the functions o
(i,j=1,...k, i#)), oy, (Im=k+1,.,n,1%m) is a con-
stant. Let us now push this process one step further: Let
Okyrs =0ryy for s=p+1.,n and o}, ,,#0 for
s =k + 1,...,p. Then applying the same arguments as pre-
viously, we see that the metric coefficients H?
I =k + 1,...,n, can be brought to the form

=X, [ II (a,m+0,,,,)][ 11

(als + aslas )] ’

mytl s=p+1
Lk + 1<i<p
(2.36)
-
m=x[ I (a,,+a,,)]. (2.37)
s#
r-.r>p-: 1
Here the indices run over the ranges
by fyoe =1k, Im,...=k+1,..p, (2.38)

sLi,...=p+ 1,...n.

We follow this convention unless otherwise stated. If none of
the remaining o,,’s are constants there are two cases to con-
sider:

(i) a,/ay=a,/a,,
fors=p+1,..n i=1l..k I=k+1,..p.
Then the infinitesimal distance has the form

dsz=( ] )dwz
t=p+1

+ 35X

X NI (0w +a,u)] (dxh)?,  (2.39)

t=p+1 uskt
where
p k
do? = ( o ) x |10 o, + o-,-)] (dx'y?
Is[[+l ! igl jl;Im v '

P
+ X[ [H (alm +aml)] (dxl)z- (2-40)
I=k+1 m#£l

The form dw? corresponds to the choice of metric coeffi-
cients with / =k + 1,...p <n. If we impose the conditions
Ry = —H2H?, then we see that for
ab=1,.kk+1,.,p the conditions are identical with
(2.16). Hence

1 k+1

Z— —4 II (x'—e), i=1,..k, (2.41)
1 —k+ !
—_—= n (x —fa) I=k+1,.p (242)
X[ m=1
and
(xl_j;—k-b-l)
o= sy I=k+1,.,p. (2.43)
U Uk ~fomks)
E. G. Kalnins and W. Miller, Jr. 1725



The remaining conditions
R,.= —HH]

tuut

and
Rmat = = Hthz (a = 199p)

also imply
1 n—p+1
—=—4 J] *—8) s=p+1..n (244)
Xs t=1
and
‘—
: (X' —8n_ps1)  t=p+lm

(gt-—p —8n—-pat
These coordinates on .S, can then be constructed in a stan-
dard way:

(S1peesSn 11 ) = (U0 Wyer 4 0 Wy, 4 1,8 Vgseeny
Uy ket 1582seestly _p 1 1)s (2.45)

where
k+1 p—k+1

i=1 I=1

and on each of the spheres defined by the u;, v;, and w,
coordinates, elliptic coordinates are chosen, i.e.,

—II*  (x7—e;
Bt 070 k1, (246)
nj;;' (e, —¢)
— P q
po Tk S k],
nmaél(fm _fl)
(2.47)
. q_
u= G pr1 (¥ g,)’ st=1,.,n—p+1.
ns#t(gs”_gt)
(2.48)
Now

(i) a,/a,7#a./a,.

In this case 0, = a,, for I = k + 1,...,p, as follows from Ei-
senhart’s cases (2.21) (i)-(2.21) (iv). The infinitesimal dis-
tance has the form

ds2=( f[ a,)dwf+( ﬁ (a,+a))da)§

=p+1 =p+1
+ X,.[ II (au,+a,u)] (dx")?, a0,
t=p+1 uFt
upp+1
(2.49)
where
k
dol = ¥ X, [H (o, +aﬂ)] dx")?, (2.50)
i=1 joti
o
P
do} = Y X, [ (Oim +a,,,,)] (dx")2.
l=k+1 msl
k+ 1<m<p

(2.51)

The conditions that this metric correspond to S, require that
we have the same functions X, as in the previous case and
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now
t_ r___
0, =—E=8) | 5 yg-_ =8
(8 _pi1—81) (8—pt2 —82)
(2.52)
Here we have adopted the convention
8n_pr141 =8 fork+ 1<I<p. (2.53)

Consequently the infinitesimal distance has the form
7, (% —gx)] dor?
I, (g —81)
[H:'=p+ 1 (X' —83) ] do?
Hu;ét (gu - gZ)

a=|

-+

_l_ i [nu#t.ptl<u<n(xt—xu)] (dx‘)z.
4 . H::p+l(x’—g“)
(2.54)

A standard choice of coordinates on S, for this infinite-
simal distance can be taken as

(SpyeeesSp 4 1) = (U010t Vg o 1 U W,y
Uy 4 s Uzseesldy _p k1 )s (2.55)

with »;, v;, and w, coordinates as in (2.45). This procedure
can be iterated without difficulty to find all separable coordi-
nate systems on S, . If we do this we obtain an infinitesimal
distance of the form

ds* = i [2 (H{)’(dx")z}[ H (a,+a,)]
=1 LieN, N,
+ Z (H}’+')2(dxj)2,
jENp+l
a,#a,, ifI#J. (2.56)

Here {N,,..,N, , , } is a partition of the integers 1,...,n into
mutually exclusive sets ¥,, i.e., N,AN, = @. It follows from
Eisenhart’s types (2.21) (i)-(2.21) (iv) that (3, )H " =0
ifj ¢ N,. The curvature conditions can now be written down.
The conditions Ry, = — H?H (i# j) are equivalent to the
equations

RF+V = — (HIY)YHEY)?, ijeN,,,,
(H)"XH) R

ijji

+ H (O'k +a1)]

KeN, ,

(2.57)

o}?

(or + a1)2

oL s g

4 kNt

+1]=0’

i,jeN,, (2.58)

5 oy ( o] )2
(o, +ay) o, +a;
o] [a
—— )| 1og(H ¥+ V)2
((a,+a1)) ax! Bl

1
+(H(p+l))2
! ’;I (H'("p+l))2(x1__xm)

meN, .,

= —4HP*D), N,,,,

(2.59)
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1 o’ _
(HFE*™? (0, +a)) (0, +ay)

1
- -1

(2.60)

Here we have used the notation R {j}, to refer to the curva-
ture tensor of the Riemannian manifold with infinitesimal
distance

do} =Y (H®)*(dx')2 (2.61)
Ie Ny
These equations have the solutions
My (X—e)
(0,+a )] = e , (2.62)
[’e;pl»,- 1 1 nmeNPH(e,,, —e;)
—1 [Mne mty (X7 —x')
(H‘1’+1)2= 1 Ny 4y (m3]) , IEN+1,
4 M7t (xl—e,) ?
(2.63)
R 'full) I (ngl!))z(Hj(I))z,
I=1,.p+1, ijeN, (2.64)

wheren, ., =dim N, _ ,. The infinitesimal distance can al-
ways be written in the form
ae = 3 dof [________m; o) ]
I=1 nm#l(em '—el)

n, . o xd

_1_ [Eff_’.(i__).c_)_] (dx")?, (2.65)
4 S (X —e))

where each dwy is the infinitesimal distance of a S, . The
coordinates on each S, are again separable. Clearly we must
have the constraint =f_, p, + n; = n. Using this infinitesi-
mal distance we can construct all separable coordinate sys-
tems inductively. The basic building blocks of separable co-
ordinate systems are the elliptic coordinates on spheres of
various dimensions. We will prescribe a graphical procedure
for obtaining admissible coordinate systems, essentially giv-
ing the admissible embeddings of spheres inside spheres,
which are allowed so as to correspond to separable coordi-
nates.

IIl. THE CONSTRUCTION OF SEPARABLE
COORDINATE SYSTEMSON S,

As we have seen in the previous section the basic build-
ing blocks of separable coordinate systems on S, are the p-
sphere elliptic coordinates

7
H’,’sl(x——e_,) P

f=—tzt X4 g=1,
P Hj¢,(e,-—ej) j.—_-lpj .
p=1Ll..,n j=1l..p+1 3.1
Two important examples of these coordinates are
1_ 1 __
() p=1: l_gf:ﬁ.’i_e_l)_, ls§=(_x_e22,
(e;—ey) (e, —e,)
(3.2)

where ;52 + 52 =1, ¢, <x! <e,; and
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(x' —e)(x*—¢))

(e;—e)(e;—¢) ’
_ (K —e)(x*—e)

2S§ (e;—e;))(e;—e)) ’

2= (x! —e;)(x* —¢;) ’
(es—ey)(e; —e,)
where ;57 4,52 + .57 = 1, ¢, <x' <, <x? <o,
We will develop a graphical calculus for calculating ad-
missible coordinate systems. We represent elliptical coordi-
nates on S, by the “irreducible” block

[elleal ........ [en +ﬂ .

Each separable coordinate system will be associated with a
directed tree graph. Consider, for example, the sphere S,.
There are two possibilities.

(1) The first possibility is the irreducible block
. Most treatments of elliptic coordinates on S, cor-
respond to the choicee, =0,e, = 1,e; =a > 1. Thisisjusta
reflection of the fact that for Jacobi elliptic coordinates the
variables x' and ¢, always can be subjected to the transforma-
tion

(i) p=2: 5 =

(3.3)

3.4)

x"'=ax'+b, ¢ =ae +b,
(3.5)

Thus we can always choose ¢, =0 and e, = 1. [Note in
particular that can always be replaced by [0I1l. Put-
ting x'=cos’@ we recover 5, =cos@, 5,=sing
(0<@<2m).]

(ii) The second system is the usual choice of spherical
coordinates

i=1.,n j=1l.,n+1

(3.6)

This system can be considered as the result of attaching a
circle to a circle and is the prototype for the construction of
more complicated systems. The graph

s, =sinfcosp, s,=sinfsing, s;=cosb.

3.7
is taken to correspond to the choice of coordinates
g8
(e; —ey)
1 2 __
& = (ud) (pt) = E =€) (£ =) (3.8)

(e,—e) (L—f)
(x' —e,) (x* = 1)
(e,—e) (fi—f)'
e <x'<e, fi<x’<f

Clearly, choosing angle variables on the S,’s, the choice of
spherical coordinates corresponds to the graph

jof1 |
[0]11] .

5= (u3)(3) =

(3.9)

Only the square of origin of the arrow is of importance for a
given arrow connecting two irreducible blocks, not the tar-
get square. The general branching law for an arrow connect-
ing two irreducible blocks is readily given:

E. G. Kalnins and W. Miiler. Jr. 1727



(3.10)

We should also note here that because of the availability of
transformations of the type (3.5) some graphs that look dif-
ferent do in fact correspond to the same coordinate system.
Indeed, consider graphs of type

1].17.1
RE

(3.11a)
o2 ],
2l 212
1 °2le3 (3.11b)
Eing
3] 3] 3
elleQ 3 (3.11¢)
lof1] .

These graphs correspond to Lamé® rotational coordinates on
the sphere S,. There are, however, only two distinct such
coordinate systems. In fact, if the coordinates x’ and e/
(i=12,j=1,2,3) are subjected to the transformation

X —x' =y,

eds—el=e), do—el=a,

(3.12)
e—>—e} = e,

we see that the (3.11a) and (3.11c) correspond to the same
type of coordinates. Graphs that are related in this way can
be recognized by the feature that if the branch below a given
irreducible block is obtained from that of an-
other graph by reflection about a vertical at the center of the
corresponding e} - e, block, then the two graphs are equi-
valent. (We are assuming, of course, that all other features of
the graphs are identical.) Graphs that are essentially the
same can be related by several transformations of the type
(3.5) and the situation gets more complicated, e.g.,

1.1] 111

1
N e3 e, e5 3

e

rva-.- HA "

e
Eal
o,
=
L4
o
)
—

(3.13)

If the two irreducible blocks of S, and S, occur as indicated
in (3.10), as part of some larger graph, this means that the
elliptic coordinates ,u,,...,,4, , ; and ,Vy,...,,0, , , Of these

1728 J. Math. Phys., Vol. 27, No. 7, July 1986

blocks must occur in the combinations

wl = nul”"’wi = (nui)(pvl);--')

Wirpr1 = GUdGUpi1)s Wiypia =,

w (3.14)

Pr+n+1 =nun+l‘

Arrows may emanate from different squares (e,’s) of the
same block but cannot be directed at the same block. With
these rules we may construct graphs corresponding to all
separable coordinate systems on S,,. For n = 3, we have the
following possibilities>*:

(1) Jacobi elliptic coordinates,  (3.15)
(2) (a) () [o[ila] Lamé rotational
Tol1] [0]1] coordinates, (3.16)
(3) Lamé subgroup reduction, (3.17)
[ O[1]e ]
(4) [ spherical coordinates, (3.18)
L Of1]
[0 1]
(5) [0]1 ] cylindrical coordinates. (3.19)
10/ 01}

The formation of more complicated graphs is now clear.
Thus,

BIE (3.20)
¢ [
A
is a coordinate system on S with coordinates
§ = ()% 5= (2“2)2(31)1)2,
5t = ()’ (02)% 5% = (y)*(305)% (3.21)

s = (2“2)2(304)2’ 5t = (2“3)2(1“’1)2,
5 = (2”3)2(1'”2)2-

Vilenkin’ has studied polyspherical coordinates on S, and
developed a graphical technique for constructing them. For
example, he considers the coordinates on S:

xo = COS ¢3 COs ¢2 cos ¢71,
x03 = Sin ¢3,

Xgz = COS @5 Sin @, €OS @y,

Xy = COS @3 COS @, Sint @, COS P, COS P, (3.22)
Xg21 = COS @; 8in @, sin @5,
Xg12 = COS @ COS @, 8in @, sin @,
Xo11 = COS @3 COS @, Sin @, COS @y, sin @,
and represents these coordinates by the graph
E. G. Kalnins and W. Miller, Jr. 1728



For him, spherical coordinates on S,,
Xy = COS @y,

Xo1 = sin @, cos @, (3.23)

Xo11 = Sin @, sin @y,
correspond to the graph

XO%

01
P11

*o11 .
Vilenkin denotes coordinates of rank r by x,; ..; and in the
example of (3.22) arranges coordinates in the order

X011%012:%021:%01:X02:X 03X 0 (3.24)
i.e., coordinates of higher rank precede those of lower rank
while coordinates of equal rank are ordered lexicographical-
ly. Coordinates of the form x,, .. ., are called subordi-
nate to the coordinate x,; .. Further, the coordinate
X, ...}, essen tially precedes the coordmate X0, i, if m>s, and
Jx =iy for 1<k<s — 1 and j; <i;. The coordinate x,, ...; es-
sentially follows x,;, ..., . To extract coordinates on S, from
this notation let x,, ...; be a vertex of nonzero rank. A rota-
tion g(@) by the angle Q=@ .. inthe (X .; _ Xoi..; )
plane is then associated with this vertex. In this way Vilenkin
constructs graphs representing the various possible polys-
pherical coordinates on S,. In our notation his coordinate
system (3.22) is represented by the graph

From these considerations we see that Vilenkin’s polyspheri-
cal coordinates are the special case of separable coordinates
on S, consisting of those graphs that contain only the irredu-
cible blocks of type [©I1].

IV. PROPERTIES OF SEPARABLE SYSTEMSIN S,

Here we make more precise our graphic techniques
through a prescription for writing down the standard co-
ordinates 5;, i = 1,...,n + 1, on S, in terms of the separable
coordinates. A given standard coordinate coming from a
given graph consists of a product of » factors, which we de-
note x;' % = (, u;) - (, 4, ). This is obtained by tracing
the complete length of a branch of a given tree graph, i.e.,
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el el .o el
1 34 Py
e2 22 e2
1 3 P
4
"
r T r
el...ejr...epr

We can then set up an ordenng < for the products x j'

We say thatx{,‘ ’,’, <xQ o, if Py = Qy,jy = iypesP, = Q,,J,
<l P, #0411 Js #E;. Thenif we arrange the products
in increasing order, say x,,....x, , ;, we can identify this or-
dered n-tuple with 5,,...,5, | . For the example (3.21) given
above, the choice of coordinates corresponds to this order-
ing.

Having settled on a prescription for writing down the
coordinates corresponding to a given coordinate system on
S, , we can now discuss the separation equations for both the
Hamilton—Jacobi and Helmholtz equations. Let us first con-
sider the coordinates corresponding to the irreducible block

feafeo] - [¢5+1]. The Hamilton-Jacobi equation in these
coordinates is
ud 1
H= . — P1=E, 4.1)
"Zl [ (6" —x)]
where
! as
[ [[ &—e)|—-
ji=1 a

The separation equations are
n+1
[ H (x'—e) | (3,5:)°
ji=1

+ [E(x")"—‘ + 34 (x")""] =0. (4.2)
i=2

If we set E = A,, then the constants of the motion associated
with the separation parameters 4,,...,4, are

21

(second-order Casimir invariant),

l>_]
ZS I,j, (4.3)
l>_]
25”1,2,,
i>j
where

S;j=_1_ "e; ~ e,

s !

and the summation extends over i,,...,i; %/, j and i, #i,, for
I #m. For the associated Helmholtz equation the eigenval-
ues of A, have the form o(o + n — 1) and the Helmholtz
equation becomes

igl [

57 1152 (7 5

i (x —X ox'
= —olc+n-1)Y, (4.4)
where
Zi=1] *'—ep.
i=1
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The separation equations are

P, — |7, —
" oxt ox'
n—-1 _ .
+ [a(a’+n —DH"+ z A;(xH ¥, =0.
j=2
! (4.5)

The identification 4, = o(¢ + n — 1) enables us to further
identify the symmetry operators whose eigenvalues are /l
with the expressions (4.3) where I;,—I; and [I nT 7] =
For an irreducible block appearing in an admissible graph
the generalizations of these equations can be computed read-
ily. Consider the block shown as part of a given graph:

-t

Then define d; (i = 1,...,p + 1) as follows: d; = 0, if there is
no arrow emanating downward from the block E}; other-
wise d, is a parameter.

From the form of the metric we see the variables x,...,x”
coming from this block satisfy an equation of the form

2 1 2

:gn [, . (x—x)] '

II. ..(e. — e,
+3 [J(Le_f)] d,=E,. (4.6)
=1 LI (x/ —e;)
Using the relation
1

,>j(x —x7) [1 1(x—ek ]’

4.7)

where

T, = (=D [ & =),
> f
with i, j#1, we see that the separation equations have the

form
2 pxUIL L, (e —e;)d,

_ ) ( ) J #k . J

[jH o % dx’' kZl (x'—e.)

=1

+[Eer+ $ a] =0 (48)
1=2

(e;—e3)(e;—ey)

d, + (e;—e)(e;—e

For the corresponding Helmholtz equation the situation is
somewhat more complicated. With each ,u,
(j=1l,..,p + 1) we associate an index k;, which is calculat-
ed as follows: If the irreducible block occurs as the rth step
down from the trunk of the graph and if we write out the S, in
terms of our coordinates then k; is the number of coordinates

for which x ,'_'_'f,'f,',’; (rth column) occurs. The Helmholtz

equation assumes the form

)

= [ (= x7) ] ; dx' dx'

2 [1I (e, —e)
+ —”f'——'—.—’——]t.-\lf= —o(oc+p—1)Y,
,-;1 [H}",=1(xj—ei) d
(4.9)
where

2 k—l
.=H (x'—¢), 2= H(x —¢)’

j=1

t, =0ifk, =1and ¢, =j,(j, + k, — 1) if k; 7 1. The sepa-
ration equations become

Z: a ( a\l’z) [ 2 1L (e —¢)
’__._ 7,9, —+ SRR Oy
2, 9xt ' ox' M kgl (x' —e) *

) 2.
+[otw+p-nor=1+ $ a0 v -0
I=2
(4.10)
If we take the coordinates (3.21) and choose
H?= 1 (x'— ej)
1L . (e; — &)
2 I-I;l'i=3 (xi —f;)
W =77
Hmsél (fm —f;)

2 _
U =

’ ]= 112:31 i= 112)

I=12734, [=34,5,

(4.11)

1 2 = —-—-('x6 . gS)
(g —8)

then the separation equations for the Hamilton-Jacobi equa-
tion are

s LS= 192’ t #s,

D g 4 Ex+4,=0, i=12

[ -] G+

(x'—e,)

4
@ [T & —s|(5) + s+ + 45 =0, 1=345

m=1

2 2
Gi)y | I (x“—g,)](%) +d;=0;
s=1

(x'—e;)

(4.12)

and for the Helmholtz equation the corresponding separation equations are
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., (x—¢) d

3
: j = ] : i_ i__ )3(xi —e,)
W \/(x"——ez)’(x"—e,) dx’ ( 1131 F—g)x ~e }

(e; — e)(e;—e;)

e,)(e;—e)

dvy, )
dx’

+ [(e3 IGi+2) +

(x'—e5)

(x'—e3)

J32 +1(1+5)x+/1] v, =0 i=172;

4
(i) / fI (x' ~ £ )——(| / IT (x'=fm) )+[I(l+2)(x)2+/lzx +4:1¥, =0, 1=345 (413
m=1 m=
/ [ d¥
II x*—2» ( (x*—g,) )+12¢6—0
s=1 s=1

dx®
ds* =ds} + - + ds,.

Once we are given the coordinates and have computed
the associated separation equations for (I) and (II) we can
also compute the Killing tensors corresponding to the sepa-
ration constants: In (4.8) we put 4, = E,. Given ,u;, two
coordinates s;,s, are said to be connected 1f they both contain
»4;. The corresponding Killing tensors are then calculated
from the formulas (4.3) with I} replaced by 2, , I,
where the sum extends over all indices 7 connected to i and s
connected to j. The Killing tensors correspond to I *-type
operators of the next irreducible block of dimension m con-
nected further up the branch in question. For example, con-
sider the coordinates (3.21). The corresponding Killing ten-
SOrS are

L,=3 13,

i>j
5 s
LZ"'el(z I+ 7.)+ez(16+117)+93(21?j):
- J=2
L= Z' I, kl1=2345,
k>1

=(h+LMos + i+ + (L+fo

+ (L+ Mo + (L + )5 + (SH+f) 5,
(4.14)

Li=fifilds + N5 A% + 115
+Lofd 3 + L1 5,

Ly=1%,.

For the Hamilton-Jacobi equation these tensors have
the constant values

L1~E1’ Lz""lv L3~d2’

Li~A, Ls~A, Lg~d,,
and for the Helmholtz equation with I;—. 7 ,_the resulting

operators L, (i = 1,.. ,6)havethee1genva1uesL1~](]+5),
Ly~AyLy~I(1+2), L~y L~As, Le~j3.

V. SEPARATION OF VARIABLES ON A,

As was the case for S, all separable coordinate systems
in R, can be chosen to be orthogonal.

Theorem: Let {x'} be a coordinate system on R, for
which the Hamilton—Jacobi equation admits separation of
variables and let ¢ be the number of ignorable variables.
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l
Then it is always possible to choose an equivalent coordinate
system {x} such that g¥ = 6H 2, i.e., the coordinates are
orthogonal. Furthermore, the 1gnorable variables a,,...,a,
can always be taken such that

pa, = 112""9pap = IZp— 1L2p pap+l

=Lops1rPa, =P, .,

Proof: We use methods similar to those for S,,. Any ele-
ment of the algebra & (n) is conjugate to one of the two
forms

(1) L=Iy+by i+ b, Ly 15 +BPsyiys
where 8 = 0if n = 2v; and

(2) L'=P,.

Let {x’} be a separable system with ¢ = 1. It follows
from the block-diagonal form that this system must be or-
thogonal. Furthermore, without loss of generality we can
assume thatp, =L orp, =L’ Itis evident that the sec-
ond case can occur and is in accordance with the statement
of the theorem. For the first case we can always choose the
ignorable variable a, so that it is related to the Cartesian
coordinates ( y,,...,y,,) by
(Y1eebn)

= {p, cos(a, + w,), p, sin(a, + w,),...,

p, cos(b,a, +w,),
Pv sin(b, a; +w,),p, +ﬂal’y2v+2v"’yn)'
(5.1)
The infinitesimal metric then has the form

ds* = dp} + - +dp’ + p} (de; + dw,)?
+ o+ (b, da, + dw, ) + (dp, ., +Bda,)?
+ayy, 10+ Yl (5.2)
If there is only one ignorable variable the coordinate system
must be orthogonal and consequently

pidw,+ Y b p}dw; +Bdp,,, =0. (5.3)
j=2
This is possible only if b, = . =b, =8 =0 and dw, =0.
(By redefining @, we then can take w, = 0.) Therefore if we
have only one ignorable variable then p, = I,, or P,.
Now suppose we have ¢ Killing vectors p,, , i = 1,...,.
Then they must be of the form
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}n‘, Y Prs

m=2s+1

Li=Ip+ Y biLy i+
I>p

Ly=I+ 2 bflzl—l,zl + z an P,,

I>p m=2s+1
s n
—_ V4
Ly=Ly, 15+ Y bfLi_1u+ Y VoPa
I>p m=25+1

Lp+1 = Z ﬁn+le’

m=2+1

L= S 7P,

m=2s+1

The condition {L;,L,} = 0 implies
bi?’ék—l =b;c 7/2k =0,

(5.4)

(5.5)

for i=1,.p, I=1,.,9, k=p+ 1,..,5. We are assuming that there is always one b nonzero for each k and some i.
Thenyl, |, = ¢4, =O0fork =p + 1,...,sand! = 1,...,g. The Cartesian coordinates are

(Ppeedn) = (p, cos(a, + w,), p, sin(a, + wy),..., p, cos(a, + w, ), p, sin(e, + w,),

P P q q
1 : 1
pp+,cos(§ bp+,a,+wp+l),...,ps s1n(§ b,a,+w,), Y Vrer 1@+ Wagy g5 D rf,a,+w,|).
I=1 I=1 I=1 I=1

This set of candidate ignorable variables can take the neces-
sary block-diagonal form only if dw, =0, b} =0, for
i=1..p and k=p+1,.5 Also dw, =0, for
! =2s + 1,...,n. We can thus assume that w, = - = w, =0,
Wy, 1 =+ =w, =0. This implies ¢}, =0, for i = 1,...,q,
m=2%+q—p+ 1,.,n, and we can also assume ¥/, =0,
for i=1,..p and m=2s+1,..,25+q—p+ 1. Conse-
quently we can take

Ll = 12,...,Lp = Izp_ 1,2p?

5.7
L, =Py 1rsly =Py gy _p»
and there are no nonzero elements g*, 1<i < j<g, in the
metric. By a suitable £(n) motion we can always choose
s = p. All separable coordinates in R, must be orthogon-
al. Q.E.D.
To find all possible separable coordinate systems on R,
we proceed in analogy with what we have done for S, . If we
choose orthogonal coordinates in which none of the o are
constant functions, then

H.2=/Y: [H (-xi—xj)] (i=1,.,n),

j#i

(5.8)

where, as usual,
ds* = > H*(dx")2
i=1
The conditions R, = 0 are equivalent to (2.16) in which

ijj
the right-hand side is zero. These conditions have the solu-

tion
(1/X)*+D =0 (i=1,.,n)
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(5.6)

|
and

:;7= Z al(xi)n—l=g(xi).
i 1=0

Again we look for choices of g(x) that are compatible with a
positive definite metric. There are only two possibilities:

i) gx)= ﬁ (x —e;) (elliptic coordinates),
i=1

n

e <x' << e <x" e, <x";

(5.9)

n—1

(i) g =] (x—e)

i=1

(parabolic coordinates),

n—1

x'lce,<x’<e,< - <x""lce, | <x".

These metrics give coordinates in n dimensions that are the
analog of elliptic and parabolic coordinates, familiar in Eu-
clidean spaces of dimension » = 2,3. To these systems we
may associate Cartesian coordinates by
Im_,(x'—e

(1) yjz = 2 _;1.(__])_ y j= 1’".’”’ CGR;
Iy (e; —¢) (5.10)

(i) yi=(/2)(x' ++x"t+e,++e,_,),

= o X mg)

My _y(e,—e¢_y)

y J=2,..,1.

These two systems are fundamental for generating all sep-
arable systems on R,. As an example of the relevance of
these systems we consider the case when some of the o
functions are constants. We first treat, as we did for S,,, the
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case in which the metric coefficients have the form (2.22)
and (2.23). Then, as we have shown, these coefficients re-
duce to

Hi= X 1] (xi—xj)](

J#i
H?= [X, I (x'—x"')] .
msti

The conditions R, = 0 imply that the quadratic form

n
I 2),

(5.11)

ds'? = ; Hi3(dx'")?
is that of a flat space. The remaining nonzero conditions are

HH R

ifji
n n 1 0','"2
L) £ e )]
I=II:[+11 m=§+14H3,, 0y,
-
[24] g, (4]]

d 1
X|—logH?+ H? —-———-]=0, 5.13
[3x’ B ],,;sz,,(x’—x"‘) (3.13)

(5.12)

with R 4 asin (2.25). These equations are satisfied provided
R, = — H?H?and the function 3 = (Il}_, , , o;) is giv-
en as follows:

1 N

— = H (x™—¢), I=k+1,.,n, (5.14)
X] m=k+1

HN_ I_
3= r=pes (% e'"), for some m fixed, (5.15)

zI;ém (eI -~ €y )
where N = n,n — 1. The functions 1/X; are given by
1 k+1

= —4 xi—e!).
X; lel( 7)

The systems are related to Cartesian coordinates on R, ac-
cording to

(5.16)

(Y1seos Yr) = WSy, sWiSs 4 15 WaseeslW, _ i), (5.17)
where
k1 I (x—e
z sf:l and s}—_—_"_l(x—fi,
i=1 Hj,ei(e;_e;)
Hn ——_k m __
() w? =——’”—-ﬁ‘-——e')_, I=1,.,n—k;
I-[m;él (em - el)
nn—_k m __
i) woam=iOTe) ek,
I, . (e, —e)
(5.18)

1 n—k
wn—k =7( Z xm+el+“'+en—-k)'

m=1
There exists an additional possibility that could be discount-
ed for S,: 0, =a;, I =k + 1,...,n. This corresponds to the
case in which the infinitesimal distance can be written
ds* = dsi + ds?, (5.19)

where ds? is the infinitesimal distance for elliptic or parabol-
ic coordinates in R, and ds? is a similar infinitesimal dis-
tanceon R, _,. We can mimic the procedure adopted for S, .
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The only essential difference is that the infinitesimal distance
can be expressed, in general, as a sum of distances that can be
identified with Euclidean subspaces. This reflects the fact
that if { '}, i = 1,...,n,, and {27}, j = 1,...,n,, are separable
coordinate systems in Euclidean spaces R, and R, with
respective infinitesimal distances ds?, ds3, then the coordi-
nates { y.z’}, i = 1,...,n,, j = 1,...,n,, can be regarded as a
separable coordinate system on R,, , , with corresponding
infinitesimal distance ds* = ds7 + ds?. This is, of course, not
the case for S, . This property of Euclidean space coordinates
naturally extends to separable coordinate systems {xf, },
i=1,.,n,p=1,.0,onR, insuch a way that

ds’* =ds} + - + dsj,.

In general the infinitesimal distance can be written as a sum
of basic forms

Q
=Y ds, (5.20)
I=1
where
Al I | ALY S )
dst = —’*—‘—;]d 2+ dod. (5.21)
=2, M, e—eh | T4

Here the do? is the infinitesimal distance corresponding to
elliptic or parabolic coordinates for a flat space of dimension
N;. Also n,; <N, for elliptic coordinates with a strict inequa-
lity for parabolic coordinates.

The dw? is the infinitesimal distance of some separable
coordinate  system on the sphere S, and
n=232_,(N; +p;). To establish a graphic procedure for
construction of separable coordinates we need only analyze
one of the basic forms ds?. We should also mention here that
if N, = 1, then the basic form is written

ds; = v’ do* + du?. (5.21)
A basic form could in fact correspond to elliptic or parabolic
coordinates on Ry and no dw? terms. We associate this with
n; =0in (5.21).

For our construction we need only invent graphic repre-
sentations for elliptic and parabolic coordinates in R,, the
analog of the irreducible blocks on §,. We adopt the follow-
ing notation:

(1) elliptic coordinates < ®|--*-[%h >, n>1,
(2) parabolic coordinates , n>2.

It is clear that only elliptic coordinates exist in one dimen-
sion. The graphical representation of a basic form corre-
sponding to the infinitesimal distance ds? has the appearance

O LT o>
711

Attached to each leg descending from the top block is the
appropriate graph of the coordinate system on the S, giving
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TABLE I. Separable systems for R.

RGN DT 6D) Cartesian coordinates
2) % O cylindrical coordinates
3) < E ) elliptic cylindrical
L) ', parabolic cylindrical
5) QO spherical coordinates
[o[1]
[6[1]
6) @B prolate spheroidal
C]1]
7) N B oblate spheroidal
jo[1}
8) (1) parabolic coordinates
o [1]
9) paraboloidal coordinates
10} G DAY ellipsoidal coordinates
11) (1 conical coordinates
0] 1]a]

rise to the form dw?. The general graph corresponding to a
separable system then can be constructed as a sum of discon-
nected graphs for basic forms. We first illustrate this tech-
nique for the separable systems of R, (see Ref. 21) (see Ta-
ble I). As an additional nonstandard example, consider the

graph

which defines a coordinate system in Rs. The coordinates
can be chosen as

1 2
Y?=cz[(x —e)x _e')] Gu)% =123,

(e, —ey)
1 2
yi — CZ [(x — 82) (x — e2) 0052 x5’ (522)
(e;—¢;)
1 2
yg =c? (x’ —e)(x —ez)] sin? x5,
(e, —ey)
where

3 =f)(x*=f)
(=S =)
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;)= , i jk distinct.

We can set up a natural ordering for separable systems
in R,,. For a given basic form we can suppose the natural
ordering of the e,’s in the leading irreducible block on the
ordering of the S, branches and then write down coordi-
nates in a standard way.

The ordering of the disconnected parts of the graph is
presumed already given. There are equivalences (relating
graphs of various coordinate systems) that we have already
discussed for the n-sphere and, of course, there is an addi-
tional equivalence corresponding to the permutation of dis-
connected parts of a given graph. The separation equations
can be readily computed also. For the elliptic and parabolic
coordinate blocks

(1) Cf Ty
) (5 Tean)

the Hamilton-Jacobi equation has the form

z 1
H= - - 2= F, (5.23)
f;‘ [TL 2 (x' = x7) ]
where
N,

£ as
P = f—e; 7

' [jgl x ]) ax'

with N, = n (elliptic coordinates) and N, =n — 1 (para-
bolic coordinates). The separation equations are

Ny
[ (¥ —¢) ] (3,.8)°
1

j=

+[B@r=1+ 3 2,60 =0 (5:24)

j=2

If we identify E = A, the constants of the motion associated
with the separation parameters 4,,...,4, are

i =Pl +-+P,

n
3= 1+ 3 S P} (5.252)
i>j i=1
.y n . 2
dn= ZS?._zI?,- + ¢ 2 Su_1Pi
i>j i=1
where
i 1
SI = - Z e,l e,’
I i
and the sum is over i,,...,;; #i; and
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2I'I'=P%+"'+P3n

A3 =c Z {1i,Pe} +E2S,PY + z"zs{sz
=

k=2

A=Y S Pet + > I

K=2 i> ]2

+ES, P+ Y S4 P, (5.25b)
j=2

Ai=3 eS§{L, P} + Y Sir;
k=2 i»>j>2

+8P+ 2 Y SiP},

j=2

A= Z Sk _ P+ E Si{—JI?j

k=2 i>j>»2
2 2
+CS,,_1P1,

where the S/ have the same significance as for elliptic co-
ordinates and

For the corresponding Helmholtz equation the eigen-
values of A, are — k? (k real) and the Helmholtz equation
reads

5 e P () -

(5.26)
where 7, = IIJNE ; (x' — ¢;). The separation equations are

7 (@)

ax ax'

n—1
+ [+ 7S 1] v, =0 (5:27)
i=2

For a basic form such as ds? the separation equations for
the Hamilton—Jacobi equation have the form

le 2 ny . —e.

j=1 1_1 (x'—¢))

N,

N, Tk i
+hww +zmn“]=a (5.28)
where k, is the constant value of the Hamiltonian on the
sphere whose infinitesimal distance is dw?. For the Helm-

holtz equation the corresponding contribution of this basic

form is the equation
N,
iy 1 ,@.- a (,————a\ll
: " e g’iQ‘. _)
=1 [Hj?é,-(x'—xj)] 2, dx ax'
+z[ﬁ§5:iﬂﬁm+m—UW=—H%
i=1 ,'_",(x’—e )
(5.29)
where
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Nr N

Z, =1 x'~e) 2 ]'[ (x —e)™* ™,
k=1

p+1, ifk= 1,...,n,,
k= {1, ifk=n, + 1,...N,,.
The separation equations are
ay

7 L(om

[ [maec

+h3ee)™

j4x (€ —
(x —e)
Ny,

+Z/1(x)"‘

e)] (.]l+pl—1)

’] W, =0. (5.30)

In the example on R the separation equations for the
Hamilton—Jacobi equation are

H(x—e)]( ) (ez.—e‘)k,+(e‘,——e2)k

Jj=1 (x'—ey) (x'—ey)
+ k3% +A4,=0, i=1,2, (5.31)
and for the Helmholtz equation they are
H}=1(xi—ej) i
(x' —e)*(x' —e,) dx'
2 . . . d\l]
X (x' — e x’—e)z(x'—e)—f]
LE D —e, Sk
(e, —e) »
(x' —e,) J
(el—ez) PP 2,0 4 3 —
+—=—24(+ 1) + k%" +4,| ¥, =0 (532)
(x'—e)

For the elliptic case the only new prescription required is
that P2 be replaced by £, P2, where the sum extends over all
induces r connected to /. Similar comments apply to expres-
sions of the form {/,,,P,}.
For our example the operators that describe separation
are
L, =I%2 +I§3 +I%3’
Ly=fil} + A1 + 415,
Ly=1 35 ’

5
L,=Y P

i=1
3
Lg= z Ua+1%)
i=1
+[e;(PT +P3 +P3) +e,(PL+PD)].
The operator L, corresponds to the separation constant 4,.

(5.33)
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An inverse problem associated with & first-order equations in n + 1 dimensions, n > 1, is
considered: Given appropriate inverse data 7 reconstruct the potential g(x,,x), where ¢ is an
N XN off-diagonal matrix. Although g dependsonn + 1 variables, it turns out that 7 depends on
3n — 1 variables. This necessitates imposing certain constraints on 7, i.e., 7 must be suitably
characterized. The characterization problem for T'is solved explicitly. Furthermore, the problem
of reconstructing q is reduced to one for reconstructing a 2 X 2 matrix potential in two dimensions.
The inverse data needed for the reduced problem are obtained in closed form from 7. A method
for solving two-dimensional inverse problems has recently appeared in the literature,

I. INTRODUCTION

In this paper we shall study the inverse problem asso-
ciated with the following system of N first-order equations in
n + 1 dimensions:

v, +o 121 S, =q¥,

o, #0, (1.1)

where g(x¢,x) is an N X N matrix-valued off-diagonal func-
tion in R” * !, decaying suitably fast for large x,, x, and the J,
are constant real diagonal N X N matrices (we denote the
diagonal entries of J, by J },...,J I'). Alternatively, using the
transformation

=0y +ioy, n>1,

W (xoX,k) = ,u(xo,x,k)exp[i > ki(x — axo.l,)],
I=1

keC”, (1.2)
we shall study
By +0 > (b, + ik [T ]) = gp . (1.3)
I=1

We assume that n< N, otherwise the entries of the J, matrices
will be linearly related and one can always reduce n by a
change of coordinates. An inverse problem in this case is
defined as follows: Given appropriate inverse data T, where
Tisan N X N matrix-valued off-diagonal function of suitable
inverse parameters, reconstruct the potential g.

There is a twofold motivation for considering such an
inverse problem.

(a) If o = — 1 then the above reduces to the formula-
tion of a physically important inverse scattering problem:
Given the scattering amplitude S(A,k), A, keR", which is a
function of the scattering parameters A, k, reconstruct g.

(b) In recent years a deep connection has been discov-
ered' between inverse scattering of linear eigenvalue prob-
lems in one spatial dimension and the initial value problem
of certain nonlinear evolution equations in 1 + 1 (i.e., one
spatial and one temporal dimension). This is the essence of
the celebrated inverse scattering transform (IST) method.
The inverse scattering of the time-independent Schrédinger
and of the Dirac eigenvalue equations® have been used to
linearize the Korteweg—de Vries (KdV)," nonlinear Schro-
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dinger,® modified KdV,? and sine-Gordon? equations. Sev-
eral other equations also have been linearized using similar
principles.** Recently a similar connection has been used to
extend the above results to nonlinear evolution equations in
2 + 1 (i.e., two spatial and one temporal dimension).5*° In
particular the inverse scattering of (1.3) witho = — 1 and
n =1 has been used to linearize the N-wave interaction
equationsin 2 + 1 (see Ref. 8), the Davey—Stewartson (DS)
I (seeRef. 8) (a2 + 1analog of the nonlinear Schradinger),
and the modified Kadomtsev—-Petviashvili (MKP) I (see
Ref. 8) (a 2 + 1 analog of the modified KdV) equations.
Furthermore the inverse problem of (1.3) with o=/ and
n =1 has been used to linearized® DSII and MKP II1. How-
ever, in spite of the above success in 2 + 1, no physically
interesting equation is known to be related to (1.3) forn> 1
and 0; #0 [the N-wave interaction equations in n + 1 spa-
tial and one temporal dimension'’ are related to (1.3) but
with o, = 0].

The novelty associated with inverse problems in greater
than two spatial dimensions (1 > 1) stems from the fact that
while the potential g(x,,x) depends on n + 1 variables, the
inverse data T'(kg.k;,m,,...m, ), kg€R”, k,eR”, m,eR, de-
pends on 3n — 1 variables. This has important implications.

(a) Theinverse data must be appropriately constrained.
This “characterization” of the inverse data is conceptually
analogous to the characterization of the inverse scattering
data in the multidimensional Schrédinger equation.!?!S

(b) The existence of “redundant” scattering parameters
in the inverse scattering of the Schrodinger equation is used
to reconstruct the potential in closed form in terms of the
scattering amplitude function. This is the well-known Born
approximation.'® Can one use the redundancy of the inverse
parameters here to also reconstruct ¢ in closed form?

In this paper, we do the following.

(a) We derive an equation that characterizes inverse
data [see (4.13)]:

Ti(wow) = T¥(wew,y)
1 ( b ApNip [T N wow,y®)
Xp—Xp

b

T JR?

(1.4)
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where w,eR, weR”, yeC" ~ ! are related to k, m [see (4.5)]
and N is a quadratic function of T {see (4.1)]. That is,
T¥%(k,m) is appropriate inverse data iff the right-hand side
of (1.4) is independent of y. HCI/I\CC, Eq. (1.4) serves as both
characterizing T'¥ and defining 7°7.

(b) We reduce the general problem of reconstructing an
N X N potential gin n + 1 dimensions to one of reconstruct-
ing a 2 X2 potential with entries ¢%, ¢/’ in two dimensions.
The inverse data needed for this reconstruction is precisely
T % T, This reduction makes crucial use of the existence of
redundant scattering parameters. In this sense it is the ana-
log of the Born approximation.

In more detail this paper is organized as follows: In Sec.
II we introduce an eigenfunction w (x,,x,k) bounded for all
keC". We assume that 1 has no homogeneous solutions, oth-
erwise the formalism presented here must be suitably modi-
fied in a manner similar to that used in two spatial dimen-
sions.’ The departure of u from holomorphicity is measured
by du/dk, which, using a crucial symmetry condition of the
underlying Green’s function, can be expressed in terms of u
and appropriate inverse data 7" (see Proposition 2.3). Using
ad formulation one may obtain z and ¢in terms of 7" (Propo-
sition 2.4). The above formulas, which are natural general-
izations of the analogous formulas in two spatial dimen-
sions,® provide a Jess effective way of reconstructing g than
the one given in Sec. V but they provide the basis for the
solution of the characterization problem. In Sec. Il we for-
mulate a solution to the characterization problem that is
analogous to the “miracle condition” of Newton for the
characterization of the inverse scattering data in the Schro-
dinger equation'®: One has » different ways of reconstruct-
ing ¢ in terms of T furthermore it appears that the recon-
structed ¢ depends on k. It is explicitly shown here that the
equality of the inversion formulas is equivalent to ¢ being
independent of & (Proposition 3.1). Also this equality im-
poses constraints on 7, which, however, depend on u (which
in turn depends on 7). Hence, this characterization is im-
plicit. In Sec. IV we derive an explicit characterizationon T’
(Proposition 4.2). This crucial result uses Proposition 2.3
and the existence of redundant inverse parameters. In Sec. V
we use the results of Sec. I'V and a suitable coordinate trans-
formation to reduce the problem of reconstructing g to one
of reconstructing a 2 X2 matrix potential in two spatial di-
mensions. This reduced problem was solved in Ref. 8.

Equation (1.3) with o = i was first considered in Ref.

J

17, but neither the characterization problem was solved, nor
the reduction to a 2 X 2 problem in two dimensions was ob-
tained (in other words, some of the results of Sec. Il foro =/
are given in Ref. 17). Equation (1.3) was also considered in
Ref. 18. In particular, the authors of Ref. 18 introduced for
the first time the “T-equation,” which is essentially Eq.
(4.1) of this paper. The introduction of this equation is, in
our opinion, a new, fundamental idea in the field of inverse
scattering and inverse problems: It provides a powerful ap-
proach to an explicit characterization of the inverse data.
However, the above authors overlooked the fact that the
coefficient ¥ of y appearing in the exponential defining T d
is zero for both / = i and / =j. This fact implies that T [see
(1.4)] does not equal the Fourier transform of ¢” and hence
one cannot obtain a closed form solution for g7 in terms of
T%. For completeness of comparison we also point out that
here we use a slightly different formulation of the “symme-
try condition” of the underlying Green’s functions. This
leads to a somewhat simpler formulation of the 7-equation.

The physically interesting hyperbolic case o = — 1 can
be considered as a limiting case 0— — 1 + /0*. Although
this limit exists (see Ref. 18), it turns out to be advantageous
to consider the hyperbolic case directly. In Ref. 19 the fol-
lowing results are obtained: (a) the characterization prob-
lem of the inverse data is explicitly solved using the analytic-
ity of the underlying eigenfunctions; (b) the problem of
reconstructing ¢ is again reduced to reconstructing a 2X2
potential matrix in two dimensions; and (c) a very simple
relationship is found between the inverse data 7" and the scat-
tering amplitude function S. Actually if ¥V = 3 then T'=S.

The results presented here are formal. Both the direct
and inverse problems involve linear integral equations. One
still needs to establish existence and uniqueness of the solu-
tion of these equations. Thus, strictly speaking, ‘“‘solved”
should be replaced by “formally solved.” However, if
g(x4,x) decays sufficiently fast for large x,,x and if its appro-
priate norm is sufficiently small, all equations presented here
are well defined and we expect that these formal results can
be made rigorous.

Il. THE INVERSE PROBLEM

Proposition 2.1: The solution of (1.3), bounded for all
complex values of k£ and tending to I for large %, is given by

" i J! iB9(x, — -
Wik =89 +sgn ) [ g, ap, CRIP X0 b0 2= K]
IR —&1) —oJ 1 (x— &)
X (qiu)ij(é‘o,gl’xz - (xl _é—l)J‘Z/Jll yeersXy — (xl _gl)'];/"’i’k )’ keC” ’ (2~1)
where £ Y is defined by
. Ji—J ok
B”(xo,x,,k) = Z [xol Izkl M], k, = k[R + ikl, . (2-2)
=1 O Ji
Equivalently u satisfies
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. . Ji "
Wz =80+ B0 [ dgydg e, [ dm estemtom)]
27i R +! R" !

where

dm*=dm, - dm,, a'(x,m)=73 m
1=2

(== %)
x; —x1—) e,
1 1 7
To derive the above note that the Fourier transform
¥ (xpm,k) = J dE Y (xo,&,k)exp( — im &),
R’l
of Eq. (1.1) implies that W satisfies

Y(xex,k) =c, J. dm expli(mx — ax;mJ)14(m,k)
-

+c, J‘xo dé‘of dé dmexp[im(x — &) — i
— w0 RZn

where A (m,k) is an arbitrary function of m,k. Hence u satisfies

pixex,k) =c, f dmexpli{mx — oxymJ — axok?) ld(m
-

Xo A\
+c, f dfof dé dm explim(x — &) — iog(xy — £y — io(xg — £V KT 1 (g 1£) (x0sE5K)
® R2"

where

mx= En: mx;,, mJ=

I=1

The exponential of the second term of the right-hand side of
(2.6) involves

Pi=i En: {m,(x, — &)

I=1
—o[Jim + (Ji =Tk ] (%0~ o)}
The real part of P¥is given by

Pi = 2 [UIJ'}m,+(J‘;—J"})(Ukz)J](xo_fo)
I=1
= [oimy+ Ph](xo— &) -

The second term of the right-hand side of Eq. (2.6) also
involves the integral {° _ d&, f= . dm,, which equals

X0 MI L4 oo ©
f dgof dml—f dgof dm1+f dgof dm,
— = Xo M, R' M,

for arbitrary M,. Since the third term above can be canceled
out of (2.6) with an appropriate choice of 4(m,k), it follows
that one can always achieve boundedness of 4 for all com-
plex values of k: Choose M| such that P is less than zero in
S .. déoand greater than zeroin 3 déy,ie., M; = — P}/
(o,J}) for 0,7} >0 (otherwise change sign). The m, inte-
gration can be performed explicitly: The coefficient of m, in
PUisi[(x, — &) — o/ (xo — &) ], hence this quantity will
appear in the denominator. Also P¥ evaluated at m, = M,
becomes
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Yy mJi, ?lf= /AL 'f=e"fe™ .
=

CXP[AB ij(xo - §o,x1 — gl’k) ] (Q.U)y(go,g,k)
X, — & — ol (xo— &)

(2.3)
=a1l; : (2.4)
o(xo — 50)mJ J(q¥) (x0:6:k) (2.5)
k)

(2.6)
(2.1

)—( 5)”
—_— x — —
1 1 Jll

"{ E m(x; — &
=2

+ B (xy — &ou% —ka)] .

Hence (2.6) yields Eq. (2.3). Equation (2.1) follows from
Eq. (2.3) by using the fact that the integral over dm? is a
product of & functions with arguments £, =x,
— (x, = &I

Remarks: (1) Equation (2.1) with n = 1 is equivalent
to the analogous one of two-spatial dimensions, e.g., Eq.
(4.4) of Ref. 9. Equation (2.1) actually appears simpler be-
cause the m, integration was not carried out in the two-
spatial dimensional case.

(2) Equation (2.1) is also equivalent to that presented
in Ref. 18. The only difference is that the exponential of Eq.
(5) of Ref 18 involves (x, —&,)/J} instead of
(x;, — €)/J% of (2.1). However, these two terms are equal
due to the presence of the underlying & functions.

(3) By letting x,—x, +Jjx,/J}{, I=2,.,n, in Eq.
(2.1) one may obtain a more symmetric equation for u%:

Jh )
— xl

Ji

1

,u”(xo,xlyxz + ‘},2-—»"19“-,"" +
1

. J! Ji
X (QA“)U(govgbxz + —?—gli""'xn + __,'gl’k) 4
Ji Ji
(2.8)
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where g7 is defined in (2.1).
(4) Equation (2.1) suggests that

17 (x0,%,k) =l‘ij(xo»x1vx2 X1 b e Xy — Xy I ) .

Ji Ji
It also suggests that in the proper coordinate system, Eq.
(1.3) should be reduced locally to one in only two dimen-
sions. This is indeed the case: Equation (1.3) in component
form becomes

plto S Tipl +ic Y k(i —Jui= (g
I=1 =1

2.9)
Let |
E':O:xo, Elle’ .‘.".,—x,—xl—iL, r—-2, M.
1
(2.10)
ie,
_a_.__a.— —a——= 9 y r=2,..,n,

axl a—l r=2 J'1 aE:, '
Then (2.9) yields

ph, +oliul, +io ¥ k(i —Thut = qu)’.
I=1

2.11)

(5) Equation (2.11), as well as Eq. (2.1) and (2.8),

indicates that the direct problem associated with Eq. (1.3) is

locally two dimensional. However, the two-spatial dimen-

sional results of Ref. 8 are not directly applicable due to the

shifting in the arguments. Let us illustrate this for the 22
case in three dimensions:

,U“(xo,xpxz,k)
=1+2"(g'e* Vot X —
B (XX 1% 2,k)
=§2](q2,u”)(§o:§vx2 - (x —gl)Jg/Jfak) .
Clearly p'' appears with different arguments in the two
equations. However, one may still obtain a solution by iter-
ation. The same is true for the equations corresponding to
(2.8).
The next step is to relate du/dk with u. For this purpose
the following proposition is important.

Proposition 2.2: (a) The function £ defined by (2.2)
satisfies

(x, —EDJ /T 1K),

exp[iB¥(xpx1,k) ]
P
= (0/UW07) (% —xJ )T, —T), (2.12)
and
BYk) —BY(k) =B"k(k)),
. n Ji—Ji
ki=|k, — (—k k) L ’,k],
1 [ 1g I;l o, 1, + K Ji 1
(2.13)
ki=k, r=2.,n.
1740 J. Math. Phys., Vol. 27, No. 7, July 19886

In the above BY(k) denotes 8 9(x,x,,k) and ki=kY T
+ zk‘f = [k"k k’fl]

(b) The functions 8 ¥ and &', defined by (2.2) and (2.4),
respectively, satisfy

a'(m) +BY(k) —a'(M) —BY(k)
=a'(m - M) +B"AYkM)), (2.14)
where
o gt
Ab=(k, +M,, ,,), r=2,...,n. (2.15)
To derive Eq. (2.12) just use 8/87(:58/6kk
— (1/20)3 /3k,. To derive Eq. (2.13) note that
BY(k) —Bi(k)
=y L [(J’ —JD)xololk,,
r= 101
(J’, JioJE Jf,) (k)]
- — | x,(ck,), | .
TR TR T
But

i=J) (=T
= — (2.16)
T I Ji

Thus
BY(k) ——ﬂ“"(k)
= [(J’ —J)xo|ol%%k,,

r= l I
(J,=J}) 1 Ji—=JD)
“‘_‘—J,——xl(o'krh] +;I*—.,{———x1
__JJ)
Z (Uk )r -

Hence 8 Y(k) — BY(k) = B"(kY), where all the k ’s are in-
variant except k,, which satisfies kY =, ,

) 1-g

l

To derive Eq. (2.14), note that its left-hand side equals
xol”l 2kr,

n J£ n .
z (mr_Mr)(xr——xljr)+ Z (JZ'—‘,,r)
r=1

r=2 t

(Ji—J';)x [Z (Ji—JL) (ok,),
_ im0 —

oy

Ji r=2 Ji o
ok n Ji
+ 78 .’M,]
oy r= 2J'

L i
J (ak), M]

Z J,
r=2
Hence, Eq. (2.14) follows, where A ¥ is defined by A § =
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forall k’s,
(oA"Y, = (ok,); + M,, r=2,.n,
n n n Ji
(A, = (k) — 3 M, ==
r=2 Jl

Using the above relationships, du/dk,, i.e., the depar-
ture from holomorphicity of the eigenfunction u, can be
evaluated in terms of 2 and T.

Proposition 2.3: Let 1" be defined by Eq. (2.1). Then

I

7 (xoX,k)

P

=Y Y}, —J3)expliB(xox,,k) ]
ij

X€p_1 J‘ dm? explia‘(x,m)]
Rn—l

X T(k,m)p(xox.A Y(k,m))E; , (2.17)

where 89, a' and A ¥ are defined by (2.2), (2.4), and (2.15),
respectively; E; is an N X N matrix with zeros in all its en-
tries except the ijth, which equals 1; and % and T'Y are given
by

Y=5/4ril o,
T(km) =f dé, dE expl — iBY(Epk k)
Rn+|

—iad'(&m)1(q ) (Eotk) - (2.18)

To derive Eq. (2.17) note that du?/dk, satisfies the
same equation as uY, where the forcing 8 is replaced by

Co1 V' (I —I5)exp[iBY(xox 1K) ]

X . dM* explia’(x,M)TY(k,M)] .

Using u = 3, ; u’E; it follows that the forcing of the equa-
tion satisfied by du/dk, is given by the above times E,.
Hence

;) i .
Fa =37 —Te,

(4

XJ dm® T9(k,m)Ny(xgx,k,m) , (2.19)
R !

where N;; is a matrix-valued function satisfying an equation
similar to that of 1 but with different forcing:
if p(xx,k) =1+ (Gu) (xox,K)

then N, = #’+ “"E,-j + 6N""c‘ (2.20)

Equation (2.20) implies that N; = (0,...,N},...,0), where
the components of the vector N satisfy

Ng (xOrx’k)M)
= expli{ B U(xox,,k) + a'(x,M))]18”
+ (G N §) (xox,e, M) . (2.21)

Multiplying by the negative of the exponential appearing in
(221) and using (2.14) it follows that NJ(xqx,k.M)

1741 J. Math. Phys., Vol. 27, No. 7, July 1966

= p¥(xox,A ¥(x,M)). Hence
Ny = [0,...,p/(xpx A 9),0,...,0]
j
=y (xo»x/{ U)Eq .

Using the above in (2.19) we obtain (2.17).
Proposition 2.4: The potential g(x,,x) of Eq. (1.3) can
be reconstructed from

q(xox) = ‘f?,, J; dk;_dk;:,

9, ,
X E_f—(xo,‘:,kl,...,k,,_ ook DKyt peskin s

P

p=1..n, (2.22)

where du/3k,, is evaluated by Eq. (2.17) interms of T'¥, u¥.
The eigenfunction u is reconstructed by

U(xpx,k) =1+ 1 dk, dk,
T Jw

% (ay/al_cp ) (XX K 150K pyeniiky)
kp - k;
p=1,..n (2.23)

To derive Eq. (2.23) invert du in the variable k,. To
derive Eq. (2.22) note that if one seeks an asymptotic expan-
sion of u for large k, in the form

po=1I+p, (XX, Kok _ 1 Ky o 11k /K, + O(1/KR),

one obtains, from (1.3),¢9 = ia’jy - This and large k, asymp-
totics of (2.23) imply (2.22).

Remarks: (1) The forcing of the equation for du/dk
also can be written as

?

2 7/( J:: - J,{)exp[iﬁ"f(xo,xl,k)]
Lj

Xt Uk, — %, T2 /T Xy — %0 T /T 1) Ey,
where

th=c,_, J dm? expia'(x,m) T ¥(k,m).
Rn—l

(2) The results of Proposition (2.4) can be directly veri-
fied also (see below).

IHl. ON AN IMPLICIT CHARACTERIZATION

Equation (2.23) indicates that there exist # inversion
formulas for x. Furthermore Eq. (2.22) indicates that, un-
less the inverse data T'¢ are appropriately constrained, the
reconstructed ¢ will depend on k. We now show explicitly
that g being independent of % is equivalent to the equality of
all the inversion formulas. This is a direct consequence of the
following result.

Proposition 3.1: Let us define the operators L, ,F, .k _x,
by

2 16351 % 0 S K1,
(L 8) (x0X) = 3x°+01§|J' ax, +"7’;l [ 8]s

3.1

A. S. Fokas 1741



(F xk—k g)(kp)

L[ ak; a;
T e
2, V(TS =T e, 1 S ga—1dm?® explie?(xo,x,k 7 ,m) TV (k?,m) glxex,A (k¥ ,m))E; (3.2)
X ’ .
k, —k,
where
€/ (xox,km) =P V(xo,x1,k) + a'(x,m), k7 denotes k,k,,...k,...k,. (3.3)

Weuse F, ;. todenote that F depends on XoXoK;, I = 1,...,m, I #p. Then
[Lk Xoux.k — Kk ] 8(xox,k)

=—J f dk; dkplZy‘( Jo—=Ie, L"_ldm2 explie!(xox,k7,m) 1 TY(k?,m) g(xox,A 9(k?,m))E,. (3.4)

To denve Eq. (3.4) note that the term Ly (Fy .k« 8) involves
7]
[ ( J +0o Z J )eg(k")]gE,j + (-—-i+a 2 J, )gE,j +io z k[J1,8E; ],
Ix, ~  dx, o
while the term F, ., _, (L, g) involves
J a
(c?x +UEJ, )gE,j+wz/1"(k’)[J,,g]
(4]
Two of the above expressions cancel out, also, since (gE; )"/ is nonzero only if j = j/, in which case it equals g’/,

d AW ir a 3 7 [( d < ) ]
—_ J,— e/ |gE;} = i e’ =|{— Ji e R
{[(3x0+azzn ax,) ]g q] [[(axo+alzl ax]) ] } Ix, +al§[ ! 4
[ 8E;17 = (Ui =IN(GENT = i~ ", {[JLg]E} =[] =] -IDg"

Hence, [Lk ok — K, | g involves iog’ times

n ; n J;_JII_ ! . JJ . n J’I n ;
Zkl(Jl—J{)-'-z O'kf’—Jl Z kP +'_k —Jl zm,—,""'zJIm[
=1 =1 O J =2 Jy

1 =1 !

n . o | . . " ., O Ji— n
_,Z'z i =T KE + k8 +m) — (T} —-J‘,)[zk’ +k -3 (k7R+a—’:k7) Lo z —-m,]

I=1

The above expression equals

2 hUI=ID =3 kU= =k, —k, =T,
I=1 =1
which implies Eq. (3.4).
Remarks: (1) The above proposition implies that the direct linearizing method?®?! is also valid here. The relevant result
is directly analogous to that of the two-dimensional case.’
(2)g=[LisFh—r, ] P = Loy where the pth expression is independent of k,. Suppose that g is independent of
k,.k,, then [LasFrpns—x, | # = [LisFrpri—x, ] B Hence (F, i) # = (Fy ok _&,) i L€, the pth and the rth inversion
formulas are equal. Similarly, if the pth and the rth inversion formulas are equal, ¢ is independent of both k, and %,.

IV. ON AN EXPLICIT CHARACTERIZATION
Proposition 4.1: (a) Assume that ap/afc,, is given by Eq. (2.17) and that T9(k,m) is given by (2.18). Then

LLT(km) = — z c,,_,f _ dMPTHAYkM),m — M)T Y (hem)

X[ =TNWi=TD) =T =TNT =T ]=NL[T1(km), (4.1)

where
a
Ik, ak
(b) Assume that Ju/dk,, is given by Eq. (2.17) and that 3 *u/dk, dk, is symmetric with respect to r,p. Then T¥(k,m)

solves (4.1).
To derive Eq. (4.1) note that

L= —ah 2 i (4.2)
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7= | dedyexpl - it mily [0, —in 2~ —s )"’;,(c"’}

—eus [, dhodes expl —ielEotiom)] | [ aM* S ¥ explie Gogom)]

i
XTYUM) [T — TP =1 — U =T DL =T )] @R R, |

Since (pEy)? is nonzero only if j=j, evaluate the above at j=j. Also, Eq. (2.14) implies
— & (kM) + € (kM) = —BY(AY(k,M)) — a'(m — M), and, since

f dé,dE, exp —iB Y(A Y (k,M))lexp[ — ia'(m — M) ] (qu)"(A Y (k,M)) = THAY (k,M),m — M),
R"

Eq. (4.1) follows.
To derive the second statement of Proposmon (4.1) first note

L¥e®'(ky=0, LY ud¥(k,m))=LY p(K), (4.3)
Bitk) +a(m) +B7A(k,m)) + o' (M) =B"(k) +a" (M +m), A"AYkm)M)=A1"(km+M). (4.4)

Equation (4.3a) follows from (2.12). Equation (4.3b) means that, with respect to the operator L, ,, 4 (17 ) should be treated
as if its k ’s were not shifted; it is an obvious consequence of the definition of A Y. To derive Eq. (4.4a) use (2.14) to substitute
for

B A km)) =a' (M) +B7(k) —a'(m) —BY(k) —a' (M —m).
Equation (4.4b) follows from the definition of A :

Ji g n i J n '
A (km) =k,R_:___”Lkll_(___"_l_ Z (k’R Or kz,) Ji .~J ‘
Ji o1 o 1=z
Hence,
. Ji J{ o Ji-J{ n ; D n Ji
AT QY km) M =—‘[k L Try (———) (k k)—————— _f]
IR( ) J,lw 1z Jli o 1; i IZ:Z IR 7, I J'i ’erm 7l
(57 m )5
2k . k,, +m, + k M
p 1,( Iz lg In ! 1, 7 l; 1=
J{i o Ji—Ji n —Jf " v
h A () 5 o)
1a Jr o, 1 J' ; Ir I Jl Z (m, +M))
Let
du= I Ip__ ,,_,2 dm? YL ¥ {e' (k,m) T (k,m) u(A ) E}.
ok, ak ak, ok, !

Using (4.3) it follows that

Mu=c, Y dm” v expi€’(k,m) }(LE T p(AH)EY
Lj JR"!
+Cm_2 2.; J dm? dM? vy expli[€/(k,m) + €7(A Y(k,m),M)1}T ¥ (ksm)T7(A Y(k,m) M)
i,j, ,] R2n—2

+Cm_2 I, f dm?* dM 'y exp{il/(k,m) + €7(A ¥(k,m),.M)]}
lj'-f RIN—Z

X T (k,m)T (A9 (k,m),M Yau(A 7 (A Y(k,m),M)E, E;,

wherer=(J, ~JDNJI-T)— UL -IHW,=J]). SmceE,VE,.j is nonzero only if i =, in which case it equals E,, it
follows that the above should be investigated at i=;. Then the first term of Ay involves
Sdp ¥ explie”(k,p) WL 2T (k,p) A “(k,p)), while the second term involves [using Eq. (4.4) and letting m + M = p)

f dp dm y'y expli€” (k,p) | TY(m) T (A Y(k,m),p — mu(A “(k,p)).
RZ
Thus Au = 0 implies the “T-equation” (4.1) [to obtain the identical variables of (4.1), let i'—i, i—I, p—>m, m—M].

We now derive an equation providing an explicit characterization for the inverse data T,
Proposition 4.2: Let w§,ul,w,, I = 2,...,neR" and y,eC!, | = 2,...,n, be defined by
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" JL—J! L " .k
ol *k,, wi=— (ak) m,——, w=m, yl=——"—, I=2,.n
w2, l ’ ,; ol P T R A T "
(4.5)
Assume that
i =IDU,=IN#J =T{H)J, =JT})), foralldistincti,j,randp#1. (4.6)

For convenience of writing we usually suppress the superscripts 7, j in wo,w,, y. Let k denote k,...,k,,, m denote m,,....m,,, ¥
denote y,,...,Y,, w denote w;;,...,w, . Then we have the following.
(a) The inverse of the transformation k,m—wg,w, y is given by

. . n . ) - 2 2"__ Ji
kl =XI(J{—J‘, ), ml=w1’ 1=2’"_’n’ k1= —_— E(J;’_J:)X,—}-(a/lal )Ju{io'*"’,r_lwr r. (4.7)
r=2 i~ 1
(b) In the new coordinates, Eq. (4.1) with r = 1 becomes
O (wow, 1) = NU, [T 1wt )y p =Dyt (4.8)
3)(,,
(¢) In the new coordinates
T Y (wo,w, ) =f dé, dé expl — i(woko + wE) 1 (qu) ¥ (€€ W, ¥), where wé = z w,é,. (4.9)
R"+ 1 r=1
(d) Let
pl=pl(xoxwiwh, ¥"), Y= lim pb (4.10)

lxpl— 0
Then the &/ satisfy
(o, J%) . J‘ dxg dx’ dm? exp[i{(xo — x4 )wo + (x — X" )w}]
20i " e
sgn(o; J{) . J‘ dx§ dx’ dm? g/ (x{.x') f¥ (x4 x'\we,w)
. tn—i
Rln

q¥(xg.x") Al (x,x" \wew),

A (xg.x,wew) = sgn
X, —x; —oJ{(xg—x4)

Ad (xoe,wow) = 1 + , p¥=0, for all I, I#i, I#j

27i x, —x; —aJ{(xg—x5)
(4.11)
(e) | lilm T (wew, Y) =J- 1 dé, dE exp[ — i(wefo + WE) 1¢Y(E0,E) i}/ (£ Woo) #?"’(wo,w). (4.12)
Xpl— o R+
(f) The basic characterization equation is given by
A d dy, N{ [T ] (wew, )
T (wow) = T (wew, ) —— Xon 2Vl > X0 (4.13)
T /R Xo = Xp
where y* denotes Ya,.-,Xp — 1 XpsXp+ 1 9+9Xn-
The transformation k,m—w,w, y is motivated by the following requirements:
B Y(xox k) + &' (x,m) = woxy + wx, LY, = a—;— . (4.14)
F 4

Equations (4.14) also imply (a)-(c) above. To derive (d) of Proposition 4.2, note that T’ ¥ depends on Y. Thus in order to
compute T ¥ (wg,w), one needs y” (xgsx,w8,wh,y¥) for large x’j The eigenfunction Y satisfies (2.3), hence the relevant
exponential will involve 8 ¥ + o' in the new coordinates:

) JIJL =Ty +TT =TT Ji—J{ Ji
Y(Xo1sWottyy) + '(x,w) = [ [ - ]X]—’—f<xw + xw ——')
B Y (xg0% 1, W0, 0¥ T =7 T g et
n 2
Zd[ L] Xr, — —= (o:r,),], (4.15)
< ,J
r
where only two nonzero contributions: For / =j, in which case

= XoWo + WX. Thus i satlsfy Eq. (4.11). Equation (4.12)
(416)  foliows from (4.9), (4.11), and the fact that g = 0. To ob-

As |y|— o the relevant exponential tends to zero unless €/ tain (4.13) just invert d and use (4.12).
= 0, which occurs for / = j and / = i. Hence, one is left with Remarks: (1) Equation (4.12) can be thought of as the
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analog of the Born approximation of the Schrédinger equa-
tion. However, because €/’ = 0, one does not simply obtain
the Fourier transform of ¢".

(2) Suppose that the J,’s are constrained via

Jo=J _Ji—J}
Ji—gi  Ji-Ji’
pr=1l..n ijl=1,.,N. (4.17)

Then the assumption (4.6) is violated and the above proce-
dure fails. However, in this case the whole problem of char-
acterization may be bypassed: Both Eqgs. (1.3) and (2.1)
indicate that one may introduce a single parameter k, which
is a combination of the k;’s iff

A
1

i —JiYk, for all ij=1,..,N.
(4.18)

If N =2, or if Egs. (4.17) are valid, then the solution k of
Eqgs. (4.18) always exists. To fix ideas, consider N = 3. Then
Egs. (4.18) are solvable iff

—Jlj)kl =

I -Ihk  ZUI-TDk  ZJE-TNk,
Ji—gz gty T g3
(4.19)
However, if Eqgs. (4.17) are valid then
Ji—-Ji Ji-J} _ Ji-=J}
Ji_gr ogr_gr g

Multiplying the above by &k, and summing over / we obtain
(4.19). The general N case is a trivial extension of the above,
where one uses

Vi=ID/Us =T =Ui=Jy/Jy=JI).

(3) Remark (2) implies that if N = 2 or if the J’s sa-
tisfy (4.17) then one can always introduce a single k. Hence,
the eigenvalue problems associated with these cases should
be reducible to two dimensions. This fact is used below since
the reduced system (4.11a) and (4.11b) corresponds to
N=2.

(4) The N-wave interaction equations are associated
with (1.3) when o = — 1 and the J,’s satisfy (4.19). There-
fore, it is not surprising that these equations always can be
reduced to two dimensions.'®

V. THE RECONSTRUCTION OF ¢

We now present a more efficient way of reconstructing ¢
than that of Sec. I1. Equations (4.11a) and (4.11b) define a
system of two equations for the eigenfunctions 44,4/ in
terms of the 2 X2 matrix potential with entries ¢%,q”. We
consider the inverse problem associated with this system:
what are the necessary inverse data needed for the recon-
struction of ¢¥,g’? In what follows we show that (a) one can
always introduce a new, single feeC? [this is consistent with
Remark (3) above, since in this case N =2]; (b) with a
proper change of variables, the above system can be reduced
to two dimensions; and (c) the inverse data needed for the
solution of this problem is simply related to T T -~

Proposition 5.1: Let

1745 J. Math. Phys., Vol. 27, No. 7, July 1986

LI =T

a,= -
JiJi—J{J,
iri__priri

=M— r=1,.,n, (5.1)
JiJ{—JiJ}

where for convenience of writing we have suppressed the
dependence of a,, B, on i,j. Let £,€R, £€R”,

xo=80 x1=§&, X=§
X, = 51 + alf] +B]§2, I= 3,...,}1.

Then we have the following.
(a) The system (4.11a) and (4.11b) becomes

P(Eotk) = sgn ";:;‘ f dg; df |

X[& -1 —ali(Go—£] ]
Xexp[iB o — & 5.1 —£1.0)]
Xq! e 5.6 62

— (&= EDV T ik ),

(5.2)

Al (€t k)
=1+sm” f dE} dE

X[fx"‘gl —U'JJ (o—£0)] -1
qul'\lj 0’§1’§2
- (gl _51 ) J{/J{’gb'"!gnsk )9

(5.3)

5.4)

(b) T in the new coordinates becomes

ok = [ aesde exp| - BYEs 1)
Rll+l

" AV
-’1 r=3
X§Ri & o€ k), (5.5)

where

ﬁz#”’z + z m, :Bn ;;11 =m,, = 3,...,)1. (5.6)
r=3

(c) Theinverse data associated with (5.3) and the anal-
ogous problem for 2/, i} are given by T%,T *. Let

Tikg, — £\ TSN Esnn)
=C,_, J dm exp[iﬁz(g’z —£ LI-z—)
Rn—l J’]

+iy fﬁ,g,]?ﬂ(ic,ﬁ).

r=3

(5.7
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Then
Tk &, — T/ Enrennkn)
=f de; de; exp] — BUELELM]
RZ

X (g2 06 12
- (§1—§;)J‘2/1119§3,-,§,,;k) (58)

To derive the above results note that the definitions
(5.1) and (5.4a) are motivated from the fact that we are now
dealing only with two equations:

2 +o0 3 {1,

=1

+ik (=T ) @} =" p

J+0'ZJ J—-q”ﬁ"’ (5.9)
Hence all the J’s are linearly related and furthermore one
can introduce a new k [see Remark (3) above]:

J:‘=ar',‘l +ﬂr =ar"1 +ﬂ,J2,

ki —I\=3 LIk, (5.10)
r=1
Substituting (5.10a) and (5.10b) in (5.9) we are motivated
to introduce new variables &,,£.
To derive (a) from (4.11) we calculate (x, — xg)w,

+ (x — x")w in the new coordinates:

=Eij(§o’§l’k)
+ m2(§2 )+ > mé,.

WeXy + wx

(5.11)
r=3
Hence Egs. (4.11) imply (5.3), since both Jacobians from
(X6s%) t0 (£0,€) and from m to 7 are equal to unity.
Equations (5.10) and (4.9) imply (5.5). Multiplying
Eq. (5.5) by
-1 CXP["’?’z(fz EJTD) +iZ)_m,E, 1

and mtegratmg over R"—! we obtain that 7 7 satisfies s (5.8).
However, the inverse data 7 ¥ and the analogous 7' are
precisely what is needed for solving the inverse problem as-
sociated with (5.3) and the analogous equations obtained by
interchanging 7 and j.

Remarks: (1) The above results are consistent with the
fact that, in the coordinates (5.2), Egs. (5.9) reduce to two
dimensions.

(2) The two-dimensional problem is solved in Ref. 8.
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A class of solvable second-order ordinary differential equations with variable

coefficients

Ken Takayama®
Texas Accelerator Center, The Woodlands, Texas 77380

(Received 7 October 1985; accepted for publication 14 March 1986)

This paper treats the problem of solving the second-order ordinary differential equations with
variable coefficients of the form d 2x/dt? + (q,(t) + Ag,(¢))x = 0. It is shown that if the initial
equation d *x/dt > + ¢,(t)x = O s in analytically solvable form and g,(¢) is the inverse square
function of a solution for the nonlinear auxiliary equation yx d *x/dt* — }(dx/dt)? + q,(t)x*
= 1, there are exact solutions. Using an inner relationship between solutions for the initial
equation and the auxiliary equation, an infinite sequence of analytically solvable differential
equations is constructed step by step. Typical examples of such a sequence are shown.

I. INTRODUCTION

Most physical problems exhibit certain essential fea-
tures that seem to preclude exact analytical solutions at first
glance. Some of these features are second-order ordinary dif-
ferential equations with variable coefficients. In order to ob-
tain information about solutions of such equations, we are
usually forced to resort to approximations, numerical solu-
tions, or combinations of both. Each has disadvantages; for
instance, effectiveness of perturbation methods (approxima-
tions) is restricted to the case where a small or large param-
eter appears in equations. Meanwhile, numerically solving
equations is time consuming, and obtained results scarcely
indicate clear dependences of them on parameters involved
in an equation.

It is most desirable to derive analytical solutions; how-
ever, this struggle for solutions is usually too exhaustive. If,
before approaching a solution, it is realized whether or not
the equations in question have exact analytical solutions, one
can avoid unnecessary work. To the author’s knowledge,
there are no general methods to distingnish between the two.
However, it still seems possible to classify a possible type of
equation that has exact analytical solutions. In this paper, a
method to build this type of equation systematically is pre-
sented. An infinite sequence of equations is derived in a kind
of recursion form; well-known differential equations like
Bessel equations, solutions of which are in analytical form,
are taken as the initial equation.

Il. BASIC IDEA
We consider the exact solution of
d*x
T [9:(5) +Ag,(6)]x =0, (1)

where g, (¢) is continuous in the interval of interest, ¢, (#) isa
positive and twice continuously differentiable function, and
A is an arbitrary constant. Using the Liouville and Green
transformation,’

s=¢(0), y=¢()x(0), )

*)On leave from KEK, National Laboratory for High Energy Physics in
Japan.
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we change (1) into
dy  1(5 28¥\dy
df*?(“’ .p)ds
1 _W-2
+ qisz[qur/lqz > -0 (3)

where overdots denote differentiations with respect to ¢.
Choosing ¢ and ¥ such that

¢—20/p=0 and g,=¢? (4)
or

¢=f[q2(r)1”2dt, b= la) ], (5)
we reduce (3) to

dy @ _ G 5 @) _

ds’ +(A+Q2 4q§+16 % =0 ©

For later convenience, using the transformation g, =8 ~2,
we write Eq. (6) as follows:

dZy [ 1 "_ 1’2 2 —
12 4 /l+(?8/9 L8744, )]y—o. ™

If the term parenthesized in Eq. (7) is constant, Eq. (7) has
two independent solutions; that is,

Y12 =exp(+ WA 4 C s) (8)
with
C=1i8B— 1B+ q,(1)B> 9)

Here, note that the auxiliary function? of the second-
order ordinary differential equation of the form

X+4g,(H)x=0 (10)
is well known to satisfy
BB —1B* + q,(nB*=1. (11)

It should be noted that there is the following relationship
between £ in this paper and p and hin Ref. 2: 8 =p% h = 1.
Its solution is described in terms of the independent solu-
tions x7, of Eq. (10) as follows>*:

B() =¢,(x3)% + ¢3(x3)% + 2Je,c, — 1/Wx0x3,
(12)
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where W is the Wronskian, and ¢, and c, are arbitrary con-
stants. Thus, if we take the inverse square of the above auxil-
iary function as ¢, (#), the solution for Eq. (1) can be always
written in the form of

x,, (1) =B(1) exp[ +iJA+1 I )]

For an analytical expression for solution (13), it is essential
that the independent solutions of (10), that is, x},, are in
analytical form.

In addition, the above results suggest that there is a class
of solvable differential equations uniquely determined from
an initial equation of the form

X+ f(t)x=0.
We have an infinite sequence of such equations

(13)

(14)

N A.
x+ [ﬁ,(t) + zﬂ—;]x =0 (N=123,.,0) (15)
i=10;
associated with

1. . 1.
BBy “Tﬂzzv + [fo(t) + 2 ——-]BN =1, (16)
i= l
and their solutions can be described in the form of recursion
equations

(1) = mexp[ +ifiy +1 (an
By (1) =By_, [01 °XP(2"m f ﬁ;i ,)
+e exp( =l B:i,)

(18)

1
+2 Jeo +-——-——]-
\/” 4Gy_ + 1)

Here, note that the independent solutions for the initial
equation ( 14) are referred to as the initial solutions through-
out the paper.

lil. EXAMPLES
As examples, let us consider the case of f,(?) = at”.

A.Case :v=0anda=0

From the initial equation X = 0, we readily have the
auxiliary functionB, (¢) = at? + bt + cwitha = (4 + b?)/
4c. This leads to the first part of the infinite sequence,

X+ [A/(at? + bt +¢)?]x=0, (19)
and its independent solution is described by
x5 (8) = JatZ+ bt +¢ exp( + WA+ j————)
t“+bt+c
(20)

Since the integral of Eq. (20) reduces to

2 tan“( 2at + b ) or tan"(at+£—),
d4ac — b 4ac—b 2
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we obtain

X1,(8) =VJatT+ bt + ¢

Xexpl + WA + Ttan~"(ar +5/2)]. (21)

Equations (21) is in agreement with the result given in the
textbook’> by Magnus and Winkler.

B.Case 2: v=0and ¢ #0

The initial equation is X + ax = 0. This has the auxil-
iary function described by

By (1) =JC* + 1/a + Ccos(2Jat + ¢,), (22)

where C and ¢, are arbitrary constants. From (22), we have
the first part of the infinite sequence,

i+ [a+A/(C7+ 1/a + Ccos(2Vat + ¢,))1x =0,
(23)

and its independent solution is given by

x,2(8) = [VCTF 1/a + Ccos(2/at + ¢,) ] /2

xexp[ +iyA +1

dt
VCT+ 1/a + Ccos(2Jat + @)

Since the integral also reduces to
dt
VCZ + 1/a + Ccos(2fat + ¢,)
=—1—sin"( J1/asin(2Jat + ¢,) ),

2 JCT+ 1/a + C cos(2Jat + é,)
Eq. (24) becomes

172
x,(8) = [\/c2 + 1/a + Ccos(2/at + ¢0)]
WA+ 1
2

]- (24)

Xexp[ +

«sin ,( J1/asin(2Jat + ¢,) )]
JCT+ 1/a + C cos(2Jat + ;)

For the case of a <0, the auxiliary function is

Bi(t) = JC? —1/a + Ccosh(2\ — at + do).

Therefore, the independent solution is written as follows:
x4 (8)
= [VCT=T1/a + Ccosh(2y —at + ¢,) ]/
xexp + WA + ltan~![({—aC—y—=aC?—1)

xtanh(V Zat + ¢o/2]}, (26)

where the integral formula
dt
JC? —1/a + C cosh(2{ — at + ¢,)
=tan~![(V—aC—{—aC?—1)

Xtanh(y — at + ¢o/2) ]

is used.
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C.Case 3:v=1and a#0

The initial equation is X + azx = 0. This auxiliary func-
tion** is described by

B(t) = (%)zt [aN,z‘ (%\/Et 3/2) + Uﬁ(%\/at 3/2)

1

A

o)

(27

where N and J are Bessel and Neumann functions, x is 4, and
a, b are arbitrary constants. Using (27), we have the first
part of the infinite sequence of the form

(28)

X+ [at

+ X = 0,
(7/3)*t2[aN2(8) + bJ%(8) + 2/ab — 7/9IN, (6)J,(6) ]2]
with 8 = 3/at > Thus the independent solution is written as

172
X () = %[t [aN; (0) +bJ%(6) +2 /ab - ’I;-N,, 6)J, (e)]

(29)

Xexp[ ii':?‘/mf

IV. DISCUSSION

As seen in Secs. II and III, a sequence of equations is
uniquely determined from the initial equation. In addition to
the equations mentioned in Sec. III, we can take into account
other equations as possible candidates to replace the initial
equation; that is, many of the equations that reduce to Bessel
equations, the Mathieu equation, the Whittaker equation,
and the Weber equation, because their solutions are in analy-
tical forms.

It is notable that equations built by the present tech-
nique have apparent stability characteristics. They depend
on both an initial solution (bounded or unbounded) and the
value of A(A < — lorA» — 1): (1) for the case of a bound-
ed initial solution, 4> — 1 solutions for equations built from
this initial equation are always bounded; (2) for the cases of
a bounded initial solution, A < — 1 or an unbounded initial
solution, 1> — 1 solutions diverge oscillating; and (3) for
the case of an unbounded initial solution, A < — 1, solutions
monotonously diverge.

In accelerator physics, there exist typical applications of
the mathematical results for the present examples; they are
the linearized Kapchinskij-Vladimirskij (KV) envelope
equations® in a magnetic focusing channel and a periodic

1749 J. Math. Phys., Vol. 27, No. 7, July 1986

dt
t[aN2(8) + bI2(6) +2/ab—7°/9IN,(6)J, ()] ]

.

beam-beam focusing system. Since the details of a discussion
on those applications are beyond our current scope, they will
be presented elsewhere.”®
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Within the class of second-order linear self-adjoint wave equations in 1 + 1 dimensions, an
explicit construction is given of probably all those with the characteristic propagation property,

that is, those whose solutions are without tails.

I. INTRODUCTION

It is the purpose of this paper to explicitly construct a
family of self-adjoint second-order hyperbolic partial differ-
ential equations in one space dimension with simple math-
ematical properties. It is likely that all such equations are
obtained. The special equations that are sought have solu-
tions with what Kundt and Newman' have called the char-
acteristic propagation property (CPP). Familiar equations
that have this property are the ordinary wave equation in one
dimension,

3,¥ =0

the radial wave equations that result from separating the
Minkowski space D’Alembertian in spherical coordinates

1 Il+1
[ + (0, +0) - o =0,
u+v (u+v)
I a positive integer;
and wave equations in one dimension involving the “reflec-
tionless” Bargmann potentials,

I+1)

e+l [ —o,
cosh?(u +v) i

[a,w+#(au+av)—
u+v

I a positive integer.

The mathematical simplicity of these equations is reflected
in their closed form general solutions. For example,

V=a(u) + b(v)
for the first one, and
@, = a(u) + b(v)

(u+v)
o, =4 +b0) _ 2a(w) +26()
u+v (u+v)?
etc.

for the second set. It will be convenient to speak of such
solutions as CP solutions, and of the corresponding wave
equations as having the CPP and of being CP equations.
The definition of the CPP is reviewed in Sec. II. In addi-
tion we there review the substitution sequence (SS) generat-
ed by the coeflicients of any one-dimensional linear wave
equation, self-adjoint or not. The SS was introduced in Ref. 1
because its termination is obviously sufficient, and probably
necessary, for the original equation to be a CP equation. The
condition that the SS first yields a vanishing term, i.e., ter-
minates, after NV steps is a nonlinear partial differential equa-
tion of order 2N. Although a variety of particular solutions
of this nonlinear condition are known,!™ there has been no
suggestion as to the form its general solution might take.
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In Sec. III we introduce a set of N new dependent varia-
bles in terms of which the termination condition takes the
form of a system of N coupled second-order nonlinear evolu-
tion equations. The system is complicated; however, for the
case N=1, it is the well-known Liouville equation®
o,., = €°. As the general solution of this equation is known,
and relatively simple, one is encouraged regarding the gen-
eral case. Similar systems of nonlinear evolution equations
have in fact been studied, and solved, by Leznov® and Lez-
nov and Saveliev.” Beginning with one of their systems of 2N
equations and its general solution, we obtain the general so-
lution of our system of N equations for the case where the
original wave equation was self-adjoint. If the termination of
the SS is, as seems likely, necessary for the CPP, as well as
sufficient for it, then all self-adjoint CP equations of second
order in the one-dimensional setting have been obtained. In
any case, the number and variety of such equations that can
be explicitly written down has been greatly enlarged.

Il. REVIEW OF CHARACTERISTIC PROPAGATION AND
SUBSTITUTION SEQUENCES

Consider the equation

2 2
D g (x) P, + Y hx )P, +i(x)P=0, (1)
ab=1 a=1
where g has signature 0. A combination of a coordinate
transformation on x',x?, a conformal transformation on g**,
and a factor transformation on ® can always be found,’
which will transform (1) to either of two forms:

{0, k(u,0)d, —j(u,v)}¥(up) =0, (2a)
{0, k(u,v)d, — j(u,0) }¥ (u,0) =0, (2b)

In this paper we are concerned only with examples of (1)
that are self-adjoint, which means that k («,v) and k(u,) are
constant, so (2a) and (2b) coincide, and we can thus begin
our discussion with

{8, —j1(uw) ¥, (uv) =0; (3)

the subscripts on j, and ¥, anticipate future developments.

In order to define what it means for (3).to be a CP
equation, we consider its characteristic initial data problem.
Suppose u,, v, label two intersecting characteristics and
W, (ugv) =a(v), W,(uv,)=>b(u). Suppose that if
a(v) #0=v,<v<v, and b(u) #0=u,<u<u,, then ¥, (u,v)
#0=u,<u<u, or v, <v<v,; in this case we say that (3) isa
CP equation and its solutions are CP waves. In simple terms,
it means that characteristic initial data whose support is ini-
tially between two characteristics generates a field whose
support remains between them.
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An ingenious approach to finding CP equations was
presented in Ref. 1. If we define j, and ¥, by
Jr =i — 0., | j1}], ¥, = 3, (,¥,) it is a simple matter
to confirm that (3) is equivalent to (9, j, 4, —j,)¥, =0.
More generally if we inductively definej,,¥,, n = 2,3,...,N,
by

jn+1 — jn
jn jn-—l
then (3) is in fact equivalent to any one of

(avjn an _jn+l)wn+l =07 n= 1’27-":N’ (5)

where we assume that none of},,..., j vanish. If j,, . , =0, we
cannot continue generating the sequence of j,’s and of equi-
valent equations, and we say that the substitution sequence
J1sJas Jase- terminates after N steps. In such a case it follows
that d,jy d,(¥x,,) =0, which is solved by ¥,

= a(v), where a(v) is an arbitrary function of v. We can
now work our way back to ¥, via (5), and obtain

—auv ll'llj,,l, j,,\ll,, =av(jn\lln+l)’ (4

(6a)

V) = 3,209, 2.0, -1 5, ja)),
Jv )2 I3 JN

a solution of (3) depending on an arbitrary function. Start-
ing again with (3) but with d,, in place of d,, we find that
V() =48, 10, 25, 2
J1 2 /s N

(6b)

d, [inb(u)]

is also a solution of (3), depending on an arbitrary function
of u. The sum of (6a) and (6b) is the general solution of (3).
What is more, it is obvious from the form of the general
solution that (3) is a CP equation.

Thus every equation that generates a terminating SSis a
CP equation. If the sequence does not terminate we know of
no proof that the equation is not a CP equation, but Kundt
and Newman plausibly conjecture this to be so. If so, then to
find all j, (,0)’s that generate jy , , (#,0) = O for some N is
to find all self-adjoint CP equations.

Unfortunately, if we concatenate the equations defining
JuJaseesJn 41 and setjy . ; = 0, we obtain a nonlinear differ-
ential equation that is of order 2N and exceedingly compli-
cated. It is this equation which we will rewrite and solve in
the next section.

HI. SOLVING THE TERMINATION CONDITION

Given a substitution sequence , j,,..., /i such thatjy ,
is the first term that vanishes, let us introduce a new se-
quence of functions 0,05,...,0y, Where j, = ¢” while

Jn =Jn_1€" n=2,.,N. N
As we are considering only real-valued functions of real co-
ordinates, this would appear to preclude sequences contain-
ing j,’s that are negative, however, none of our analysis
would be affected by complex constants added to the o, ’s, so
no such restriction is operating. It is a trivial matter to con-
firm that, given (7),

J2=080,,0,=e". (8)
Thus termination after one step is equivalent to the classical

Liouville equation whose general solution is known, and is
usually written in the form
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e =2{U'(w)V'w)/[U(u) + V(v)13}, 9

where U and ¥V are two arbitrary differentiable functions. To
the best of our knowledge it has not been noted earlier that
this equation, which occurs in a variety of mathematical and
physical contexts, has the significance given to it by (8) as
well. It is not difficult to generalize (8) and obtain

g, e”
= KN 5 ’

INn e

jN+l =0©auu (10)

where the N X N matrix K, is given by

1 -1 0 . .
-1 2 —1 0 .
0 —1 2 —1 0

0 -1 2 -1 0
0 -1 2 -1

L 0 -1 2
(D)

On the one hand it is gratifying that the condition for termi-
nation after N steps can be written in such a relatively simple
form; in particular the matrix X, is symmetric and tridia-
gonal. On the other hand, even with the knowledge of a var-
iety of particular solutions of (10), the generalization of (9)
to the general solution of (10) is elusive.

From considerations quite independent of any men-
tioned above, Leznov® and Leznov and Saveliev’ have been
led to consider the sytem (10) with Ky replaced by matrices
of any one of four distinct types, none of them identical to
(11). We shall begin with one of their types, write down its
general solution, and by a simple argument obtain from it the
general solution of (10).

Consider the system

(Apgr)
T eliM

auv 5 = H ,

(AM")M

(12)
™ e
where the M X M matrix 4,, is given by
2 -1 0
-1 2 -1 0
0 -1 2 -1 0

0 -1 2 -1 0
0 -1 2 -1
0 -1 2 |
(13)
Note that not only do (10) and (12) differ in form (it is in
fact a superficial difference), but that (11) and (13) differin
one entry (this turns out to be a more significant matter).
For the ingenious argument by which Leznov and Save-
liev find the general solution of (12) and (13) the reader is
referred to their papers.®’ It is sufficient for our purposes to
simply restate the result. Consider first the case M = 1, that
is, the equation

a,,,,Tl = 827'.

(14)
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It is easy to confirm that (14) is solved by

e = [f (g ) ]1V?/[ flu) +gW)], (15)

where f and g are arbitrary differentiable functions [(14)
and (15) are, of course, simply related to (8) and (9)]. Now
let us introduce a new dependent variable X, (#,v) in place of
71, and two new functions @, and ¥, in place of fand g, by

X,=e ", V,(u)=f"(u), ¥,(v) = —[1/g(»)]"
(16)

In terms of these new functions (15) becomes
e-rn—x,= O ] -1 a7

(@, ()W, (v)]"?

Although (17) is not intrinsically simpler than (15), it turns
out that it generalizes more easily to the solution of (12) for
N> 1. Following Refs. 6 and 7 we introduce the operator A,
by

X x, - x"_

X X xr!
A, X(up) = v v —v
m—1 -1
X —~ Xm—-s Xm_1 "';1
Vet Pod U v B it

(18)
It can be confirmed, with patience, that for M =2, (12) is
solved by
e~ =X,
where
X, (uw)
_ [f"¢lf¢2] [_["\lll_f\llz] - [fu¢’1] [fv\l’ll +1
- [@% (W)@ (0)¥3 (1) ¥, (v) ]2 '

e_T2= —Azxz, (19)

(20)
It is shown in Refs. 6 and 7 that, for arbitrary M, (12) is
solved by

"= (= 1)mm=D2A X, (up), m=12,.,M,

I (21
where
e~ =X, = [S“@ief @a] [S°¥sees¥p] =+ (= DY [, ] [S°¥] + (= DY

" (@M@l =) = @a ()P @)W ™' (0) = ¥y () ]V H+D
(22)
I

It remains to use (21) and (22) to obtain the solution of where
(10). The crucial step rests, again, on a result in Ref. 6. 320 ( _ 1Y)
There it is shown that e” "= j=o (= DTGOTT®) (27)

P1=Pm ¥, =¥, T1=Tm
Pr=@Pu_1» P2=Pm_1{ =\ T2=Tu—1, (23)
If we take (13) with M = 2Q, and assume the hypothesis of
(23), the conclusion of (23) shows us that the set of the first
Q equations of (12) is identical to the set of the last @, and
this set is a new set. As a result we see that

7'1 otEe
du| i |= E P (24)
To elfene
where the Q X Q matrix E is
2 -1 0 ]
-1 2 —1
0 -1 2 -1 0
EQ = e, ,

0 -1 2 -1 0
0 -1 2 -1

i .

(25)

is solved by

e—Tq_—— ( - l)q(q— l)/quXQ(urv)r q= ls'",Qv (26)
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¢ i) g (W (0) - Yo (v)
with the iterated integral I/ given in terms of j arbitrary func-
tions by 7°=1and

J

e

P ——

I(u) = @ S @rS@o_ 1\ SPoSPoSPo 1S5 P,
)= f"‘l’lf\yz"'f‘l’g_ 1f‘l’gf\l’gfq’g_ 1SV S,
e ——————

J=12,...,20Q. (28)
In (28) the bracket labeled j indicates that I/ is the first j
iterated integrals of the full expression; the remaining 20 — j
integrals are not present. The next step in our progression
from (12) and (13) to (10) and (11) is to set @ = N and to
define a new set of dependent variables o7 ,...,0% by

O] =TN,O5 =Ty _ 1s00n =T (29)
The system (24) now becomes
O.I e(KNa‘).
auv = : B (30)
o e Kn
where the N X N matrix K, is
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0 -1 2 -1 0

0 -1 2 -1 0

0 -1 2 ~1

L 0 -1 2

31

The last step is to shift the matrix K to its desired position,
and this is obviously accomplished by defining

oy, =0, —03,

o,= -0} +20;, —03,
g=K,g, ie, :
Oy_1= —0Oy_p +20y — 0y,

UN = —0‘1'\,_1 +2a’~-
(32)

The linear combinations on the right-hand side of (32) be-
come products of integer powers when the exponentials of
the o’s and o”’s are considered, and it is easy to confirm that,
given I/(u), I’/(v) as in (28), the result is

h=—-DV"Ay_Xy/AyXy,

==V "2Ay_, Xy/Ay_ Xy,

Ja= (=N Ay (X,)/ By _ i (Xy),
Iy = = Xn/BXn,

(33)

jN = + /. XN'
jN+I =0,
where
1753 J. Math. Phys., Vol. 27, No. 7, July 1986

(= 1YPIw)
N i) - oy (W)W, (0) - Yy (0)

Since there are 2N arbitrary functions in X, andjy , , is the
first vanishing j,, (33), and (34) give the general substitu-
tion sequence that terminates after N steps, within the class
of wave equations that we are considering.

IV. CONCLUSION

With any reasonable definition of *“‘closed form” the
wave equations given as examples of CP equations in the
Introduction can be said to have general solutions express-
ible in closed form. From the formulas (6a), and (6b) it is
clear that the family of CP equations has this property and
may be regarded as a natural generalization of d,,% =01in
this sense. This, combined with the fact that these equations
can be themselves written down, by means of (33) and (34),
in terms of coefficients with an explicit representation, is
why we earlier referred to the CP equations as being math-
ematically simple.

(34)
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Through a canonoid transformation the integration for the Hamilton-Jacobi equations is
transformed into a two step procedure: the first being a linear problem and the second a

quasilinear one. Examples are given.

I. INTRODUCTION
Given the Lagrangian

L(gqt) = Za,,(q,t)q, g — Vgt (Gj=1,...N),
we have the Hamiltonian

H(g,pt) =Y b;(q,1) p: p; + V(g,t) (n

(where 2b; a;, = 6,.).
The corresponding Hamilton-Jacobi equation is

as as as

— V+—=0. 2
34, 9, +V+ E (2)

Solutions of the Hamilton—Jacobi equations have exten-
sive use: as a fundamental concept in classical mechanics, ' as
a practical tool for solving differential equations,” as a basis
for quantum mechanics, as a zeroth-order approximation in
the WK B method,* etc.

Unfortunately, Eq. (2) is a nonlinear partial differential
equation-—and to solve it is, in general, an almost insur-
mountable task. This note presents a way of overcoming the
problem: a technique for linearizing this equation. Through
a canonoid transformation, Eq. (2) is transformed into a
linear one and the determination of the adequate canonoid
transformation is achieved by solving a quasilinear system.

As an additional advantage, our method leads to the
general solution of the Hamilton—Jacobi equation——certain-
ly more important than the usual complete solution.®

Il. THE LINEARIZATION METHOD
The Hamiltonian—Eq. (1)—is transformed into
H=YA,P,—Ya;4,4,+V, (3)
by any member of the family of transformations
0 =q,

NAP=Yb;pp+Ya;4,4;. 4)

It is easy to prove that canonical equations for H will
describe the same mechanical system provided that the func-
tions A, obey the set of quasilinear partial differential equa-
tions

/] J
24, 2. (z ay Ax) +2 5 (z ay Al)
da
=S 4,4, 2 VN, (5)
9gq; dq;
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(The above equations are derived from the Euler-Lagrange
equations in which we use ¢, = 4,.)

_ Then the Hamilton-Jacobi equation corresponding to
His
a5 as

Since [ f,g] = 0, it may be assured® that Eq. (2) and Eq.
(6) will present a common solution—and its determination
is much easier if we seek for solutions of Eq. (6), due to its
linear character.

lil. EXAMPLES
Suppose we have a system described by the Lagrangian

L=af +af; —29, -2,
then the corresponding Hamiltonian is

H=(pt +p3)/4a+29,+2,.
Its Hamilton-Jacobi equation is given by

1 3S)2 1 (aS)2 as
—(Z2) +— (= 2 o,

The transformation
2 =q>

2
s4,p,=2F

da

will be canonoid whenever

A4, A,
aA1_+aA2_= el 1 N
9q, 9q,

This system of equations have the solutions given by

(i=12).

ad?+2q,=F (A, —4,) (i=12). 9)

The new Hamiltonian-Jacobi equation becomes

oW =
SA G- —adl—adl+2g+20,=7 (10)
i
[ where the separation of variables S( q,t) = W(q) — 7V twas
performed, and 7 is the separation constant].
Now, we must perform the integration of the auxiliary
system:

dq, _dq, _
A, A,

aw
T+ad} +adi —29,—2q,
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This has the general solution
W= —ad,)[7+ad}/3 ~2g,—2g, +ad} —2ad, 4,]
+G(4,—-4,), (11)

where 4, and 4, are given by Eq. (9), and G is an arbitrary
function of the variable ( 4, — 4,).

For sake of comparison, let us consider the Hamilton—
Jacobi equation, corresponding to the original Hamilto-
nian—Eq. (7)—

-Gt &)

— =) +———) +2¢,+2¢, =7,

4a \ag, 4a \aq, 29, +2q,=v
where S = W(q) — 1.

By Eq. (4), where P, is considered as 3S /3Q, = S /dq,
and p, = 3S /dq,, we can conclude that
r=7.
This Hamilton-Jacobi equation has a solution obtained
via separation of variables given by
W= —3Ja(y—2¢,—C)° — §Ja(C—2¢,)° +C’,
where C is the separation constant and C' is a constant.
This solution also must be a solution of the linear Hamil-
ton-Jacobi equation—Eq. (10)—i.e.,
24,Ja(y — 29, — C) +24,Ja(C—2g,)
=¥—2—-2,+ad} +ad},
which implies in the choice

1755 J. Math. Phys., Vol. 27, No. 7, July 1986

or by Eq. (9) in
F,=y—C and F,=C.
It is easy to prove that W, given by Eq. (11), reduces to
W with the above values for 4, and A4, and the arbitrary
function G =3a?( 4, —4,)*+ C".
As another example consider the Lagrangian
L=4¢,4,— 9192
and the corresponding linear Hamilton—-Jacobi equation
ow  , aw -
A, gtAzgz‘—AlAz*'qlqz =Yy
(where S = W —71).
Then its general solution is

W = y arcsin —31.
A 1 + 1
+G(A4,4,+q.9,),
with the relations

Al +q=F (A4, 4,+ q\q,)

41[A%A2+7%Az]
g +43

(i=12).
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This paper is a continuation of previous papers I and II with similar titles [J. Math. Phys. 26,
3080, 3100 (1985)]. In those papers a theory was developed that described the characteristic
functional structures of infinitesimal symmetry mappings of systems of first- or second-order
dynamical equations. Now an investigation is made of how cyclic variables of the dynamical
equations affect the symmetry equations and thereby propagate through the theory to influence
the form of the characteristic functional structure of the symmetries. These special symmetries,
which have a particularly simple form, are characterized by infinitesimal point mappings in which
only cyclic coordinates are varied, with the variation essentially determined by constants of
motion of the dynamical system. For Lagrangian systems with cyclic coordinates these special

symmetry mappings include the well-known Noether symmetries characterized by constant

variation of the cyclic coordinates.

I. INTRODUCTION

In the preceding papers of this series'? several theorems
were developed that described the characteristic functional
structures of infinitesimal symmetry mappings of systems of
first- or second-order ordinary differential equations. A
principal feature of the characteristic structures of such
mappings is determined by the fundamental solution func-
tions of auxiliary systems of ordinary linear differential
equations. These linear equations are obtained by a proce-
dure that uses certain basic properties of both the original
(dynamical) differential equations and their associated sys-
tem of partial differential symmetry equations.

We now investigate how cyclic (missing) variables in
the dynamical equations affect the form of the above-men-
tioned associated system of ordinary linear equations and
thence the form of their fundamental solution functions and
ultimately the functional structure of the symmetry map-
pings. It will be shown that these resulting special symme-
tries have a particularly simple form characterized by infini-
tesimal point mappings in which only cyclic coordinates are
varied, with their variations essentially determined by con-
stants of motion of the dynamical system. For Lagrangian
systems with cyclic coordinates these special symmetry
mappings are more general than the well-known classical
Noether symmetries characterized by constant variations of
the cyclic coordinates.

By use of the theory of characteristic functional struc-
ture, symmetry mappings are obtained for the following sit-
uations: (1) second-order dynamical equations with cyclic
coordinate or pairs of cyclic variables, (2) first-order dyna-
mical systems with cyclic coordinates, including a special
application for autonomous systems, and (3) first-order sys-
tems obtained from the reduction of second-order systems
with pairs of cyclic variables.

1756 J. Math. Phys. 27 (7), July 1986
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Il. SPECIAL SYMMETRY MAPPINGS OF SYSTEMS OF
SECOND-ORDER DYNAMICAL EQUATIONS WITH
CYCLIC VARIABLES

As a prerequisite to examining how cyclic variables of a
second-order dynamical system lead to special symmetry
mappings we summarize elements of characteristic func-
tional structure theory essential to this analysis. For a de-
tailed discussion see Ref. 1.

Consider then a system of second-order dynamical

equations of the form®
¥ = Fi(&,..x"x,..x"t)=F'(xx,t),
i=1,..,n, 2.1)

with solutions

x'=¢(c,...c2" ) =d(c,t),

' =const, 4=1,.,2n, 2.2)
so that upon differentiation
i O
==, 2.3
x £ (2.3)

Inversion of (2.2) and (2.3) gives 2n functionally indepen-
dent constants of motion*

CA(kx,t) = . (2.4)

An infinitesimal velocity-dependent mapping of the
form
(2.5)
(2.6)

X =x'+6x, Ox'=E&'(x.x,t)ba,

t=t+06t &t=£°xxt)éa,
which maps the set of all solution curves of (2.1) into itself,
is defined to be a velocity-dependent symmetry mapping of
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the dynamical system (2.1). Such symmetry mappings are
expressible in the form
® =x'+ [Z'(kx,1) + %€ °(%,x,1)]6a, 2.7)
T=t+£%xx,t)8a, £° arbitrary, (2.8)

where Z ‘(x,x,t) is a solution of the system of partial differ-
ential equations obtained by the formal expansion of the
equations®®

Zi4 T (a2 + K (k) Z 7 20, (2.9)
where [refer to (2.1)]
L IF (x,x,t)
J! = —-—""" (2.10)
L (kx,1) 9%
irs —_— aF'(xyx)t)
Kj(x,x,t)=——T. (2.11)

Every solution Z ‘(x,x,t) of the partial differential equa-
tions obtained from the expansion of (2.9) is expressiblein a
form with characteristic functional structure®

Zi(xx,t) = BA(xx,0)g, [C'(%x,1),...,Co(%x,0),t ],
0<o<2n, A=1,.,2n, (2.12)

where the functions B 4 (x,x,t) are arbitrary constants of mo-
tion of the dynamical system (2.1) and the functions
C4(x,x,t) are the specific constants of motion (2.4). The
functions g, (C,t), which appear in (2.12), are obtained by
replacing the constants ¢, which appear in functions
g, (c,t), with the respective constants of motion C4 by
means of (2.4); the functions g/, (¢,t) are the fundamental
solution functions, which occur in the solutions

Z(c,t) =b4g (c,t), b*=const, (2.13)
of an associated system of linear equations

Z+fa (e + ks (e)z =0, (2.14)
obtained from (2.9) and (2.10), where*

Z(ct) = Z'(xx,0), (2.15)

Jalet) =T (xx,0), (2.16)

k(o) =K' (x0). (2.17)

It follows that each fundamental solution function g, (¢,?)
will satisfy

g +i.(egs + k()8 0.

We now use characteristic functional structure theory
(outlined above) to show that dynamical systems (2.1) with
cyclic coordinates or pairs of cyclic variables admit certain
symmetry mappings with special forms,

The dynamical system (2.1) is said to be cyclic in a
coordinate x” if

OF '(kx,t) _
ox"
It is to be noted that for a coordinate x” to be cyclic it must be

(2.18)

0. (2.19)
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missing from every function F'(%,x,t), i = 1,...,n. Similarly a
dynamical system (2.1) is said to be cyclic in the pair of
variables (x°, x*) if

IF'(xx,t) 0 IF(x,x,t)

ax* T

It is now apparent how missing variables in the func-
tions F'(x,x,t) of the dynamical equations (2.1) affect the
functional structure ofJ‘, and K"j [see (2.10) and (2.11)]
in the symmetry condition (2.9), and thence [see (2.16) and
(2.17) ] the structure of the associated system of linear equa-
tions (2.14) [and (2.18)].

Consider first the case of the special symmetry solution
of (2.9), which is a consequence of a pair of cyclic variables
{x*, x°*) in the dynamical system (2.1). In this case we ob-
serve that the following g/, will be the solution of (2.18):

g =uLt+v,, p,v, =arbitrary constants,
py =0, v, =0, i#s. (2.21)

For the case in which the dynamical system (2.1) is
cyclic in a coordinate x” [but (x, ") not a cyclic pair] the
following g/, will satisfy (2.18):

g, =+v,, v, =arbitrary constants,

Vi =0, i#r. (2.22)

For both cases considered above the fundamental solu-
tion functions g, [(2.21) and (2.22)] are independent of
the constants ¢* that appear in (2.2) and (2.4). Hence for
these two cases of dynamical equations with cyclic variables
the above-described g/, may be used without modification in
(2.12) to obtain symmetry functions Z ‘(x ,x,t). This leads
to the following theorem.

Theorem 2.1: A dynamical system

X =F'(kxt), (2.1)
will admit an infinitesimal velocity-dependent symmetry
mapping

X =x'+ [Z'(xx,t) + X€°(%.x,t)]ba, 2.7

t=t+£%%x,t)6a, £° arbitrary, (2.8)
of a special form if the dynamical system is cyclic in (a) a
pair of variables (x%,x*), in that dF/9x*=0 and
dF/dx* =0, i = 1,...,n, in which case the Z'in (2.7') will
have the special form

Z: =M (xxt)t + N (xx,1), (2:23)

Z'=0, i#s; (2.24)
and (b) a coordinate x", in that dF/dx" =0, i=1,...,n
[ (x", x") not acyclic pair], in which case the Z 'in (2.7') will
have the special form

=0, i=1,..,n. (220)

i=1,..,n,

Z"=N"(xx,t), (2.25)
Z'=0, i#r, (2.26)
where M ), N ¢ and N " are arbitrary constants of motion
of (2.1): a

Remark 2.1: We have used characteristic functional
structure theory to examine how missing variables in the dyn-
amical equations affect various elements of the theory and
thereby determine symmetry mappings with a special form.
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If one were not interested in the details of how cyclic varia-
bles affect the characteristic functional structure of the sym-
metry mappings the simplicity of this particular problem
clearly allows one to deduce the form of these special sym-
metries directly from the symmetry equation (2.9) by taking
into account the effect of the missing variables on the func-
tions J§ (2.10) and K (2.11). n

Remark 2.2: If in Theorem 2.1 we choose £ °(x,x,t) = 0,
and choose the constants of motion M >, N, and N ” tobe
arbitrary constants, then the mappings described in
Theorem 2.1 reduce to classical velocity-independent map-
pings. For the case in which Theorem 2.1 (b) is applicable to
a Lagrangian system the above choices for £ ° and N ¢” lead
to the well-known Noether mappings associated with cyclic
coordinates. |

Remark 2.3: If a dynamical system (2.1) is cyclic in all
x’s, then the functions /. (¢c,t) = 0 [see (2.10) and (2.16)]
and the associated system of linear equations (2.14) reduces
to that of a time-dependent harmonic oscillator. |

lll. SPECIAL SYMMETRY MAPPINGS OF SYSTEMS OF
FIRST-ORDER DYNAMICAL EQUATIONS WITH CYCLIC
COORDINATES

For dynamical systems of first order we state Theorem
3.1 without proof, since the proof is similar to that of
Theorem 2.1 (b).

Theorem 3.1: A dynamical system

Y =210"...0"), I=1,.,N, 3.1)
will admit an infinitesimal velocity-independent symmetry
mapping

V=y+ U0 +4007° (1) 18a, (3.2)
t=t+7°(t)8a, 7°(y,t) arbitrary, (3.3)
iff U satisfies the symmetry condition®’
I
92 (3.4)

U'—Wv’éo.

Corresponding to each cyclic coordinate y® of (3.1) (in that
A 1/3yR = 0) the system (3.1) will admit a transformation
(3.2) and (3.3) in which

UR=N®(@y,n), (3.5)
U'=0, I#R, (3.6)
where N ® is an arbitrary constant of motion. ]

First-order dynamical systems expressible in the form
V' —Al(y)=0, I=1,.,N, 3.7

are said to be autonomous since the functions A ? are inde-
pendent of ¢.
It is known 810 there exist coordinate transformations

P =fA), det(‘?;: )#0,

such that in the y* coordinates the contravariant vector com-
ponents A */(y*) reduce to the form

AM(y*) =61, (3.9)

In this y* (“straightened-out”) system, the dynamical equa-
tions (3.7) reduce to

(3.8)
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-8y =0, (3.10)

which are cyclic in all of the coordinates y*’. Hence in this
coordinate system Theorem 3.1 is applicable. We may there-
fore state the following corollary.

Corollary 3.1.1: There exists a system of coordinates y*/,
I=1,..,N, in which an autonomous dynamical system

y =4t =0 (3.7)
takes the form
y -6y =0. (3.10)

In the y* coordinates the dynamical equations admit a sym-
metry mapping

FH =yt + [N*D ) + 80186, (3.11)
t=t+9*°(y*,t)ba, 7*° arbitrary, (3.12)

where the functions N * (y*¢), I = 1,...,N, are arbitrary
constants of motion of (3.10'). n

IV. CYCLIC VARIABLE SYMMETRY RELATIONS IN
FIRST-ORDER SYSTEMS OBTAINED FROM SECOND-
ORDER SYSTEMS

By a well-known procedure a system of n second-order
ordinary differential equations may be reduced to an asso-
ciated system of N = 2n first-order differential equations by
defining N = 2n coordinates y* by the relations

(4.1)
With reference to (2.1) and (3.1) it follows from (4.1) that
A=y *r, (4.2)
Aty = Fi(p/ v plt) = Fi(x, x'p), (4.3)

and hence when derived from the second-order system (2.1)
the first-order system (3.1) specializes to the form

y=x, yti=i i=1,.n.

y—y+r=0, (4.4)
Y —Figp/tryln =0. (4.5)

We examine this relationship between first- and second-
order systems in order to determine how cyclic variables and
concomitant special symmetries of a second-order system
are affected by the above-mentioned reduction procedure.
We also consider the applicability of Theorem 3.1 to those
first-order systems derived from second-order systems with
cyclic variables.

Consider first the case in which the second-order system
(2.1) is cyclic in a coordinate x” so that Theorem 2.1(b) is
applicable. It then follows from (4.3)—(4.5) that the asso-
ciated first-order system will be cyclic in the corresponding
coordinate y", and hence Theorem 3.1 will be applicable.

Next consider the case in which a pair of variables
(x*, x*) is cyclic in a second-order system (2.1), so that
Theorem 2.1(a) is applicable. As in the previous case the
coordinate y* will still be cyclic in the associated first-order
system (4.4) and (4.5). It is to be noted, however, that the
presence of the coordinates '+ ", i = 1,...,n, in the n equa-
tions (4.4) precludes the possibility that any of the y'*”
could be cyclic in the associated first-order system (4.4) and
(4.5). Thus Theorem 3.1 is applicable only for the cyclic
coordinates y*. Note, however, that the pair (3°,)° * ") will be
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cyclic in the second half (4.5) of the first-order system (4.4)
and (4.5).

When first- and second-order systems of differential
equations are associated in the above-described manner their
respective symmetry mapping functions U‘(y) and
Z'(x,x,t) [solutions, respectively, to (3.4) and (2.9)] will
be related in that?

Ui(y’t) = Zi(-*,x,t)’ (46)

Ui*r(t) = Zi 0. (4.7)

Hence there will still be symmetry mappings of the first-
order system (not described by Theorem 3.1) which are con-
comitant with a pair of cyclic variables (x°, x°) of the asso-
ciated second-order system. To find these mappings we may
use the symmetry functions Z ‘(x,x,t) [(2.23) and (2.24)]
associated with the cyclic variables (x°, x°) of the second-
order system and obtain by use of (4.6) and (4.7) the corre-
sponding mapping functions U’(y,?) of the associated first-
order system. These mapping functions are given in the
following theorem.

Theorem 4.1: If a system of n second-order dynamical
equations

X — Fi(xx,t) =0, 2.1)

is cyclic in a pair of variables (x*, X*) in that dF //dx° = O and
JdF '/dx° = 0, then by the procedure of defining new variables
y'=x', y'+ "=x, the second-order system (2.1') is reduced
to the system of N = 2n first-order equations

iy..l,

y—yrr=0, (44)

yro—Fiy*nyln =0, (4.5)
where in (4.5') dF/dy* = 0 and dF'/3y*** = 0. This asso-
ciated first-order system will admit an infinitesimal symme-
try mapping

F=y'+ U0 +A'0.09°0,) 180, I=1,..2n,
(3.2)

i,j=1,..,n,
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t=t+15°(t)8a, 7°(y,t) arbitrary, (3.3)
where
Ao =yt A =Fliy/ryin = Flieax),
(4.8)
and where
Us,t) =M@ ,0)t + NO(p,0), (4.9)
Ustr(p,t) = M©(y,0), (4.10)
Ulyt) =0, I#s or s+n (4.11)

the functions M (y,t) and N *(y,t) are arbitrary con-
stants of motion of the first-order system (4.4') and (4.5'). @

Remark 4.1: For the case M ) (y,t) = 0, Theorem 4.1
essentially reduces to a subcase of Theorem 3.1, for the cyclic
variable y’. |
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Mean power reflection from a one-dimensional nonlinear random medium
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A model of wave propagation in a slab 0<x<L of a nonlinear random medium is considered. The
index of refraction is k [ 1 + &(x,w|u®(x,L,w)|?)]'/? where é(x,a) = em(x) + *[(n(x)
+id(x))a + 8(x) + iy(x)], with € a small parameter, m,n,8,8,y suitable stochastic processes,
u°(x,L,w) the wave field, and w>0 the intensity of nonlinearity. The mean reflected power is
evaluated from a certain nonlinear partial differential equation satisfied by the reflection
coefficient R “(L,w). An infinite system of ordinary differential equations for the coefficients
R ¢ (L), n=0,1,2,.., in the expansion of R (L,w) in powers of w, is then derived, and the
infinitesimal generator for the process [Ro R & R, R%], R,=RJ(€’L), is obtained, in the
diffusion limit €0, L— «, €L = const. This allows us to compute {|R |*) = (|R,|*)

+ 2w Re(R, R ¥*) as a function of €2L. In the lossless case, § = ¥ = 0, there is no correction due
to the nonlinearity, in such a limit, and this remains true at least up to the order O(w?). Some
effects can be observed when dissipation (6 > 0, ¥ > 0) is taken into account. Numerical results

are obtained and plots are given.

I. INTRODUCTION

Wave propagation in random media, that is in media
whose properties are described only statistically, is of great
interest in modeling several natural phenomena, e.g., in
ocean acoustics and in optics of the atmosphere. Its analysis
requires studying boundary-value (BV) problems for sto-
chastic differential equations (see Refs. 1-3 for general re-
ferences).

Some linear stochastic models have been studied in Refs.
1, 2, and 4-6, while the nonlinear deterministic case was con-
sidered in Refs. 7 and 8. However, propagation in nonlinear
random media is important, for instance, in nonlinear optics
and in electrodynamics of plasma. Therefore, the problem
arises to investigate the joint effect of both nonlinearity and
randomness.

Below we propose a one-dimensional model for this pur-
pose. In the first approximation we consider the self-influ-
ence of a wave propagating through a plane-stratified slab of
arandom medium, as affecting the dielectric permittivity by
its intensity, and neglect higher-order effects such as har-
monics generation.

The paper is organized as follows. In Sec. II we trans-
form the original two-point BV problem for the wave field,
into an initial-value (IV) problem for a nonlinear partial
differential equation (PDE) satisfied by the reflection coef-
ficient R ‘=R ¢(L,w), L being the thickness of the slab, w
the intensity of nonlinearity, and € the size of the random
fluctuations. An infinite system of ordinary differential
equations (ODE’s) is then obtained for the coefficients
R ¢ (L) in the expansion of R ¢(L,w) in powers of w. In Sec.
III we compute the infinitesimal generator for the process
solution [R,R¥R,R¥--RyR%], R,=R}(€L),
n=0,1,..,N, of that system truncated at the 2(¥ 4 1)th

*) Fulbright Scholar, on leave from the University of Padua, Padua, Italy.
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term, obtained in the diffusion limit. This is a limit that in-
volves random perturbations of small size € and large slab
thicknesses L, as €0, L— o, with €L = const. Indeed,
many physical phenomena are affected by small random per-
turbations whose cumulative effects become important over
long distances or time. Therefore such a limit provides a
satisfactory description for several situations of physical in-
terest (cf. Refs. 9 and 10).

In Sec. IV we compute the correction to the mean re-
flected power E{|R,|?} of the linear problem (w = 0), due
to the nonlinearity. Various special cases such as the linear
case itself with and without dissipation, as well as the nonlin-
ear lossless problem, can be recovered from our more general
analysis performed for the nonlinear lossy problem.

In Sec. V we report about the numerical treatment by
which we evaluated the mean reflected power E{|R |*}, in
the general case. This program is carried out by solving nu-
merically a certain system of linear singular parabolic equa-
tions. Various plots are given, correspondingly to several
values of w and the loss parameters. In Sec. VI, finally, we
summarize the results of the paper.

Il. FORMULATION OF THE PROBLEM

Let u¢(x,L,w) be the time-harmonic scalar wave field at
location x, with the factor e~ omitted. It satisfies the
equations

ut, + k*[1 4+ é(xwlu(x,Lw)|*)Ju=0, O<x<L,

2.1)
u*=e *-D L RY(Lw)e* D, x>L, (2.2)
=T (Lw)e *, x<0, 2.3)

where k is the free-space (real-valued) wave number and the
random medium is supposed to occupy a slab located
between x = 0 and x = L; w>0 is the modulus square of the
amplitude of the wave impinging on the slab, i.e., the intensi-
ty of nonlinearity; R (L,w), T ¢(L,w) are the complex re-
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flection and transmission coefficients that characterize the
scattering properties of the slab. The dependence on k will
not be displayed.

The fluctuating part in the index of refraction has the
form

é(x,a)

=em(x) +E{[n(x) +i6(x)la + 0(x) + iy(x)},
2.4)

a=w|u*(x,L,w)|? where €is a small parameter characteriz-
ing the size of the fluctuations and m(x), n(x), 6(x), 8(x),
¥(x) are real-valued almost surely bounded wide-sense sta-
tionary stochastic processes, on an underlying probability
space (£,«7,P), with the dependence on the chance w,0ef2,
omitted, as usual. Here E{.} will denote taking expected val-
ues, i.e., integration over £}, with respect to the measure P.
Moreover, we assume that the processes above have the fol-
lowing properties.
(i) m(x) is such that

E{m(x)} =0, E{m(x)m()}=p(x-y)), (2.5)

and satisfies a strong mixing condition, with mixing rate
B(T) such that T°B(T) 10 as T 1 o (cf. Refs. 6 and 11).

(ii) n(x), 8(x), ¥(x), 8(x) have constant (by station-
arity), nonzero means,

E{n(x)}=o0,

E(6(x)}=6>0, E{y(x)}=y>0, E{6(x)}=¢.
(2.5

In particular, such processes could be truly constant. The

sign of 8,y is chosen in view of the dependence ~e ~“, so
that they represent dissipation (cf. Ref. 12 for the case of
linear propagation in transmission lines; see also, Refs. 13-
15 concerning nonlinear wave propagation in a deterministic
lossy medium).

Under these conditions, u‘(x,L,w), R°(L,w), and
T¢(L,w) also become stochastic processes and we are inter-
ested in studying the statistical properties of R € and T
More precisely we are mainly concerned with the evaluation

- of the quantities E{|R €|*}, E{|T |}, because of their phys-
ical meaning of mean power reflected and transmitted, re-
spectively, by the slab.

From the continuity of u°(x,L,w), u¢ (x,L,w) across the
boundary of the slab, using (2.1)-(2.3), we obtain the
boundary conditions for Eq. (2.1):

o = const ,

uE(O,L,lU) = TE(L’w) s
(2.6)

4 (0,Lw) = — ikT*(Lw) = — iku*(0,L,w),
}

dR,

dR

R,—R?
-dL—l =2ikR, + kem[i(Ro +1)— (—"T—"—)]Rl + ke’[-;—(in —8)|Ry + 12(Ro + 1)?
1

u(LLw)=1+R*(Lw),
us(L.Lw)= —ik[1—R(Lw)]
= —ik[2 —us(L,Luw)].

2.7

The BV problem {(2.1), (2.6), and (2.7)] is then equivalent
to the integral equation

€ — ik(x—L) ik (* ik|x —£|
u(x,Lw) =e +7 e
0

X E(&w|u(&,Lw) |P)u(€,Lw)dE

(cf. Refs. 1 and 8).

From (2.8) it is possible to obtain a nonlinear PDE sat-
isfied by R ¢(L,w), with the advantage that the original BV
problem is reduced to an IV problem. The technique used to
attain such a result is referred to as “invariant imbed-
ding.” '® We have

(2.8)

OR ¢ ik .
—— =2ikR*+ —é&(Lw|R* 1)) (R +1)?
oL i +2e( wRE+1*)(R*+1)
+52R° Reow) =0, (2.9)
dw

where

b=ua+a®), a=ik+ZeLulR +1HR+D),
(2.10)

and €(L,x) is defined in (2.4).
In the linear case (w = 0), (2.9) reduces to a Riccati
differential equation [cf. Ref. 6, formula (2.7); Ref. 1, for-

mula (7)].
Hereafter, we drop the label €. Assume that R (L,w) can

be expanded in powers of w:
d 4 d'R(Lw)
R(Lw)= Y R(L)Z, RL)=T"220
rzo r! Bw’ w=0
(2.11)

and transform (2.9) into an infinite-dimensional system of
ODE’s for the R, (L)’s. For simplicity, we shall confine our-
selves to within the order O(w), as we are interested in com-
puting the first correction to the linear case, due to nonlin-
earity. Therefore we just write

R(L,w) = Ro(L) +wR,(L) + O(w?) (2.12)
in (2.9). Something about the order O(w?) will be stated

below, in Sec. IV. We obtain, after a little algebra and equat-
ing the quantities independent of w, and the coefficients of w:

7 =2ikR0+%em(Ro+ 1)2+%€2(0+i}’)(R0+ 1)2,

(2.13)

+[(i9—7’)(Ro+ 1)—9(
2i
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with the initial values
Ry(0) =0, R,(0)=0
Note that R,(L) is the reflection coefficient in the linear case.
System (2.13) can be given a more standard form, by setting
a=2kL (real), r=0,1,
to “remove” the O(1) terms on the right-hand side. We obtain

%=%em(zoe""‘+e ikL)2+ 62(0+l1’) (256 + e~ )2

% —7em(3zoe2”"‘ —z¥e 2L 4 2)z, +——{(m —8)[23(3 + 2, 28) ™ + 2} ¥HE

(2.13)

R, =z,6°, (2.14)

+320(1 +228) + (1 + 3z, 28 )e ~ 2 L 4 28 e~ 44 ]

+ [33i0 — p)ze*™ —
with the initial values
2,(0) =0, 2,(0)=0

lll. DIFFUSION LIMIT

Instead of separating real and imaginary partsin (2.15),
it is convenient to use complex notation (cf. Ref. 9). If we
denote complex conjugate quantities by an asterisk, we get,
with obvious positions, the system of four ODE’s

4z _

73 = emF, + €H,,
dz
d =emFt+E€HY,
dz, (3.1
'd_ EmF1+€2(nGl+H1),
dz¥
T=emF,"+52(nG',"+H',") ,
with the initial values
2,(0) =2§(0) =0, 2,(0)=2z¥(0) = (3.1

Note that H,, H, include the dissipative terms (H,=0,
H,=0,whené=y=6=0).
For short, we write (3.1) as

%E— =em® + ENC+A), (3.2)
where
g-(;t)tsl ..... 4-—[20 sz‘]
O=(D,),_, =[F,F$F F?]", 33)
r=(T:);-...=[00G,G?]", '
A'—'(A ):sl ..... 4=[H0H‘H1H']T
Therefore
§2r+lgr9 §2r+2Ezr (3-4)
P, =F,, &, ,.,=Fr (r=01), (3.5)

and similarly for the I',’s and the A, ’s.
System (3.2) is in a suitable form for us to apply the
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(i + y)z8 e~ ¥+ 4+ 2(i0 — 2¥) )21},

(2.15)

(2.15")

I
Kahsminskii theorem to determine the diffusion matrix and
the drift vector associated with the stochastic process
£(-)=8"(-) obtained in the limit é—0, L— + o, with
€L = const (diffusion limit) (see Refs. 6, 11, and 16). We
have to compute the quantities

. 1 to+ T ps
o ©=tm L [ [ pc-00,@0

X®;(§0)dods, i,j=1,..4, (3.6)
to+ T
bi(G)—lltm ——f f (s—0)
4
z e, (Q,s) ——®,(§0)dods, i=1,..4,
B (3.7)
d;(8)=c,(§) + Ac;(§),
l o+ T
¢;(§)=lim T o, (§s)ds (o=E{n(x)}),
. (3.8)
l to+ T
Ac,(C)_hm T E{A,(&s5))ds, i=1,..,4.
ty

Note that ¢,=0, ¢,==0, being I';=0, I",==0. The parameters
8,0,y appear only in the quantities Ac;’s and therefore affect
only the drift.

The integrals in (3.6)—(3.8) have to exist uniformly in
&, t,- The assumed stationarity for the processes permits us to
set 7, =0.

It is convenient to display the dependence of ®,I',A on
L. From (3.1) and (2.15) we obtain

F,(Ly=i(k/2)[a,e* +B,e~ = +2z,],
G,(L)=i(k/2)[y.e" +8,e" " +¢€, + 1,6
+6,e=%] (a=2kL, r=0,1),

3.9)

where
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a0=23’ By=1,

(3.10)
Yo=0=€=1=0,=0;
a, =322, =30 Bi=—282,= — ks,
Nn=203+22)=513+58),
$,=1432,z28=1+354,, (3.11)
€ =325(1 +2,28) =35,(1 + 5:53)
m=z=%5i, 6=28=4.
Let us first compute the quantities
D, (x)P,(x —),[0P,(x)/;]®;(x —y) (the depen-

dence on § has been dropped, for short). The long though
elementary calculations will be omitted. The structure of
these quantities is as follows:

D, (x)P;(x —y)
=— (k¥/4)[¢{(x)e” + gl (x)e ¥+ 4 (x)],
(3.12)
and
P, (x)
a;

q)j(x -y)

— (/) [P (x)e” + Pl (x)e™ "+ ¥ (0)] ,
(3.13)

where ¢7 (x) and ¥/ (x) are certain functions of x. More
precisely, they are linear functions of e * %, e*2”*, with coef-
ficients depending on the {;’s.

Now we can compute the diffusion matrix and the drift
vector. By using (3.12) in (3.6), we have, for i, j = 1,...,4,

to+ T
((:,)__hm —f J p(s — o), (s)P;(0)ds do

=lim (1/N)I;(T),

Tt

(3.14)

2kT px
f PP, (x)P;(x — y)dx dy
0 0

LD =23

1 ([>T ([T
= [ poe( [ st )y
16 lJo y

2kT . 2kT -
+J ﬁ(y)e"’U ¢‘{(x)dx)dy
0 14
2kT 2kT N
+[po([ #enax)ay).
0 »

Here we used the stationarity of m(-) to set £, =0 and the
same letter @, after changing 2ksin s{=x1; 5 (y)=p(y/2k)
and the order of integration has been changed.

At this point we observed that only the terms constant
with x in ¢ (x), k = 1,2,3, play a role. In fact, the exponen-
tials give contributions, after integration, which are bounded
for T€[0, ). Thus, in view of the limit in (3.14), we just
need to write

(3.15)

2kT
f B4 (x)dx=yl QAT — y) + (=), k=123,
g (3.16)
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where dots denote 7-bounded quantities and

i)j= 193,
i=13, j=24,

ra(i—n/zﬂ(j 1729

_‘/l(i— 2% 1

=1 . .
_ﬂi‘;Z—lB(j—l)/Z’ i=24, j=13
Lﬁ?/lz—laj‘/lz—n Lj=24
rﬂ(x’-l)/2“‘(,‘~1)/z, iLj=13,

—B(i—l)/zﬂj‘/‘Z——l’ i=13, j=24,

¥ —
= —ay, Qg _np =24, j=13, G.17)
La?/lZ—]ﬂj’,Z—l’ Lj=24
(42_ 102132 HJ=13,
X?=1 —4z,_ ¥y I=13, j=24,

-4z, _z_nn =24, j=1.3,

ij=24.

L4z:"/lz— 12}72- 1»
Hence, we obtain from (3.14) and (3.15)

a,(8) = lim (1/D)I,;(T)
Ttoo

2

k Y .
= — —{)(‘{ f p(r)e* dr
4 o

+

+ i p(rye~**rdr
0

+ ®

+x) p(T)dT] .
0

Here we have taken into account the mixing property of
m(-), which entails

2kT + o
f J’ﬁ(y)dyl < f yp()dy< o
(+]

0

[cf. (i) and Ref. 11]. We conclude that

a;(§) = — (k/H [ I+ xi L+ xi )],
=14, (3.18)
where
+ o .
J,Ef p(r)e¥* dr,
(]
+ o )
JZEI p(r)e ¥ dr, (3.19)
0
+
Ji= p(r)dr.
(H]

Proceeding in a similar way, we can compute b, (§) from
(3.7). Recalling (3.13) we have immediately

2kT p2kT
b,(8) = ——1? lim ——U {09

4
XY [ (x)e” + i (x)e™ >
=

+ ¥ (x)]dx dy] . (3.20)
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Analogously to what has been done in (3.16) for the 7 (x),  Only these quantities contribute to b, (§). We obtain
k = 1,2,3,letusdenote by 6, k = 1,2,3, the terms in ¥/} (x)

that are constant with x. We obtain b(E) = — k* -71( i ey) + Jz( 3 92)
o N 4 =1
f Yl (x)dx = O (kT —y) + (-),
’ +J. ( ef')], i=1,.,4, (3.24)
Lj=1..4, k=123, (3.21) ? ,; ’
where
(4 8 =13 with J,, k = 1,2,3, defined in (3.19).
G=naP=nar BI= 0 From (3.8), (3.3), and (2.15),
ol = 4 —Ag_ 1)/2,10}'/'2_1, i=13, j=24,
1= . R T
—EnrBy-nn, i=24, j=13, = lim-lff 0G,_pls)ds, i=3,
Ei2—1,;0%2 1 Lj=24; ¢ (8) = e 01' (3.25)
[Bii—1y2,% -1 bJ=13, = Il_im —-J oGY,_(s5)ds, i=4.
. N teo
ol = J —B(i— l)/2,jﬂj‘/'2—1’ i=13, J= 2,4, (3.22) ?
2 bt D"/z _ ly.la(l"' 1)/72» i = 2,4, j = 1,3, ’ Recall that FIEO, ron. ThUS(.'IEO, CZEO- By USiﬂg (3-9),
LDI/Z - l,jﬂj'/'z —1» Lj=24; we have
(2C_ vy 2 -vrs  bhi=13, . —
i - 2C(i~ l)/2,jzj‘/2— 1» i= 1y39 J = 2’4’ C3(§) = t? ;itﬂl ? a,[yleﬂkx + ale—Zlkx
& =1_2 =24, j=173 v
~ lin-rtg-na 1=S% =05 + €, + 7,*** + 0, ~**]dx (3.26)
2Fi2 1,801 hi=24; c4(6) =c2(8)
where ‘4 el
a0 g B o % Suppose o0 [cf. (2.5)]. Then
ey e ey
/ J J (3.23) c;(8) =i(k/2)o€,, (3.27)
 d L ]
D,-,-EM, E, Ei(ﬁ’_l, F=2 a(z‘) with €, defined in (3.11).
d; 3%, e Finally, recalling that, from (2.15), (3.1), and (3.3),

A=H, = (ik /2) (0 + iy) (2™~ + e~ *L)?,
Ay=H, = (k/){ - 8[25(3 + 2, 28)*" + 73 €**" + 320(1 + 25 28) + (1 + 3z, 28)e ~ ¥ 4 z§ e 4L ]

+ [3(i0 — y)ze*™ E — (i6 + 7)z8 e~ 2L + 2(i0 — 2) ) 2,},
A2=A’l" A4=A;’

(3.28)

we obtain from (3.8) and (2.5’), by an easy calculation,

Ac, =k(i0 —y)zp, Acy= —3kOzo(1 +2528) + k(i0 —27)z,, (3.29)
while Ac, = (Ac,)*, Acy = (Acs)*.

All computations in this section yield the inﬁnitesimal generator

2N+2 2
Ly= Y ay(§)———+ z [b1(§)+d1(§)] (3.30)

=1 995, = o’
witha; (€), b;(E), d,(£) givenby (3.18), (3.17), (3.19), (3.24) and (3.8), (3.29), (3.27). Actually we confined ourselves
to N = 1, which corresponds to the statistical description of system (2.13) for R;, R,. For N =0 we recover the linear
problem (w = 0), corresponding to the Riccati equation for R, which appearsin (2.13). The general case of N» 2 refers to the
larger system for R,, R%, R\, R ¥,....Ry, R % that we did not work out.
It is convenient to decompose the (linear) operator L, into the sum

Ly=S+4y+Ny, (3.31)
where .&, .4 y, Ny are linear operators, with . actingonlyon £, &, and A"y acting onlyonfyn . 1, Ganyat
a2 d? d
L= ) b +d b, +d,)— 3.32
=4, —7 %3 + (a1 +a2) 3§13§z +ay %1 + (b, + 1)3§ + (b, + 2)3§2 (3.32)

Hered, = Ac,,i=1,2,as¢;, =0fori=1,2;
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2
N NSy 12841

32

+ Gy r12ve2 T Bni228 41 )a 3
v +1 96N 2

a;§N+1
a? J
+02N+22N+235'N:+ (ban 41 +d2N+1)3§2N+1 + (baw s +d2N+2)3§2N+2 ; (3.33)
2N az 2N b d a 2N+2( a N4+ 2 ) az
M= i + i a,+a i) an ag
N .,zzs Fr +‘;( +d)— 3% + 2 a;, +a,;) Ea ; i+ grar
+ z @iy 41 + v 1) _2'2——4‘ 221!, (@ion 42 +@2n 1 24) —i?—‘ (3.34)
= 9oy S5 693w+ 2
{V. THE CORRECTION DUE TO NONLINEARITY U =o,+RB.L+ .6,
From the expansion (2.13) for R(L,w), we obtain =L,[L)+L,[BE)+L[CE
[R|>?=RR*=|Ry|*+2wRe(R,R¥) +0w?) . =LA+ LB+ LI,
(4.1)
+ MBE) + 4[CL4), 4.7

Recalling (2.15), we have also Ry R} =2,zF, as a is
real. Therefore,

E{|R |’} = E{|Ry|*} + 2w Re E{R R ¥} + O(w?)
= E{|z,|*} + 2w Re E{z, 2z} + O(v?) .
4.2)

Here |R |? represents the power reflected from the slab and
E{|R |} its mean value. When w = 0, we recover the corre-
sponding quantities for the linear problem, |R,|* and
E{|Ry|?} (cf. Ref. 6).
In this section we shall compute the first correction to
E{|R,|*} due to the nonlinearity, as given in (4.2).
Consider the problem

0. ~r01 (0.=22),

Ul,—o =862+ w(difs +6245)

for U=U({ 1,568 4T), 7=€L, the operatorL being giv-
en by (3.30) for ¥ = 1. Note that

5162 + w(816a + §283) =228 + w(zo2¥ + 28 2,)
= |Ro|*+2wRe(R R ¥) .
Therefore, the solution to (4.3) will enable us to calculate
E{|Ro|*} + 2w Re(R, R ¥) = U(0,0,0,0;7) (4.4)

as a function of 7=€°L, i.e., the mean reflected power, ap-
proximated up to the order O(w).
To solve (4.3), we set, as an ansatz,

U(€1.62:63647)
= (§1,657) + B (£1.857)65 + € (§1.6:7)84 .

(4.3)

(4.5)

The initial condition in (4.3), considered as an identity in
&b 4 entails

d(;pgﬁo) = §1§2 ’
B (£1:620) = wg,,
C (§1620) =ws, .

Substitution of (4.5) in (4.3) yields [denoting now by .«
the operator .4, + ./, in (3.31)]

(4.6)
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because & is independent of (,, &, (and therefore
M [ 2]1=0) and .¥ does not act on {;, £, (and therefore
LB = LB, L[68)=2L[€)). From
(3.33) and (3.34) we obtain

N =a3— 9’ + (@34 + @43 )—— 9’
a} 983984
a3 ad ad
b,+d b, +d,)—,
“a§‘+(3+ 3)8§3+(4+ 4)3§4
(4.8)

+a

a 2
@) .3,
2

4
+ Z (ai,z + az,z)'ézx

4
.//l = 'Zs(a“

a2
=t ""’a;,ags Gt ““’aaaa

+ (@3 + 83)———+ @y + ) ——. (4.9)

32
962065 34‘234‘4 '

Therefore
MNBEN=AN ([ BE) + M\ RBEs]
oR

= (b, +d)) % + (a3 +ayy) ac,

0%
+ (a2 + a3,) a§2

MNCE)=NC L) + 4, [€54)

= (b4 + d4)(ﬁ + (014 + (141)2-(—5;

9,
+ (a4 + 042)

3§z
(4.10)

In order to obtain a system of PDE’s for &, #, € from
(4.7), considered as an identity in £, §,, we have to display
the dependence of a;,b;, and d; on the {’s. To contain the
lengthy and cumbersome calculations we have to perform to

Renato Spigler 1765



get such coefficients, observe that the quantities y7
(Lj=12,.,2N+ 2, k=1,2,3), defined in (3.17), enjoy
the properties

Yi=vi, ¥i=yi ij=12,.2N+2, (411
and thus
2
a, = — k—-I (X'}' + ixg"), i=12,.2N+2,
2 4
k? i ji 31 i
a4 +a=——hL| 0 +x) + x|
Lj=12,.,2N+2, (4.12)
where
+ »
I,EJ- p(r)cos 2kt dr,
0
+
IZEJ p(7)sin 2krdr, (4.13)
0

+
LEZJ pl(rydr,
0

and ry,=1I,/1,. Essentially, I, is the power spectral density of
the process m(-) [cf. (2.5)].

As for the b,’s, setting
k2 2N +2 2N+ 2
== (5 )5
i=1 j=1

AN+2
+J3( S eg)], i=12,.,2N+2, (414)

i=t
we have, for each integer N> 1,

bWN+D = p M (4.15)
for 1<i<2N + 2. In other words,
el =0, (4.16)

SJori=12,.2N +2, k=123,ifj>2N + 2, i.e,, passing
from a given degree of approximation to the following, the
components of the drift vector previously computed are un-
changed at the new stage.

Let us first compute the coefficients of the operator .,
i.e., that one describing the linear problem (w = 0). Using

(3.10) we have ao=z5=¢_3, Bo=1 and hence
a =2z =(¢2, B¥*=1,and, from (3.17) and (3.22),
:l=§%’ 12= _é-zé-;’
xi'=—-1 x*=¢3, (4.17)

X;1= i ;2— — 48,82 Xs =457 .
Computing the ©)’s, i, j = 1,2, k = 1,2,3, we obtain

Z evV=12¢, Z ey =0, z ey=4,,
j—l 1—1 j—l
(4.18)
z e%j=0, z 62’ 2§2’ z e§‘=4§2 .
ji=1 ji=1 j=1

By using (4.17) in (4.12), we get
ay = — (k*/2)1,,63
ay, +ay = (k?/2) [11(1 +¢3 ;%) + 213§1§2] ’

4.19
Ay = — (k2/2)113§§ =af;, ( )
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where we set I,=I, + I,. Note that the I,’s, k = 1,2,3, are
real [cf. (4.13)]. Similarly, by using (4.18) in (3.24), we get

by= —(k¥/2)U;+iL)¢,,

by= —(k*/2)U3—iL)5,=b? (4.20)
Similarly, as
= =188 xi' =364,
X3’ =468,
P=00s 1= —36163 85,
= —4036s,
l’}4= =351 &b X?1=§1§4,
X' = —48, (4.21)
Xt =30080 XU= —5163 84,
x§‘=4§z§4,
= — 951626364 Xl = — 51626384 »
xXt= —46:8,,

1 = _3§1§2§3’ Xs —4§3,
‘1“__— _3§l§2§i! Xs =4§49

by using (4.12) we obtain readily

ay+ a3 = (k*/2)[§:6:1, — 31, + 21) 16,4 =a 3¢,
@y + 85 = (k*/2)[3818:0, + (2 — 1)) 16,6 =085,
@+ a4 = (K/2)[36,6:0 + QL — 1IN 6 =a\s,
Gpa + @y = (k2/2)[§:6:], — GBI + 201) 656 =azi8,s

@34+ @43 = k*[56,80, + L1l =asoLs (4.22)
33 = (kz/z)[3§1§211 “13];%5“33;% ’
Ay = (k?/2) [3.8:1, — 13]§§z—a44§§ (a=a;,) .
The quantities ; depend only on £, and §,.

As for the b,’s we obtain

4

2 e?j= 36,(1 =6482) »

j—l

Z 931 = —63(38:6, —

]=1

E ey =4s,, (4.23)

_/-—1

z 0y = (136,660,

j

3 0Y=30-5y,

3 oy=

=1
and hence,

= (k*/2)§:136.8.1, — (2, + 1) — il }=B:6;5,
b4 - (k2/2)§4[3;1§211 - (211 +I3) + i.[z] (4.24)
=b3¥=BY(s=PBul4,

where B, depends only on §,,6>.
Finally we need the quantities d;, i = 1,...,4 [cf. (3.8),

464
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(3.29)]. Recalling (3.27) and (3.10), (3.11), we have

C1=(!2=0,

c3=3i(k/2) o($:6, + 1), (4.25)
co= —3i(k/2)o(§,5:+ 1)6; -
Then
dy=k(i0— 1)z, dy=dt, (426
dy=c3+ Ac;, d,=d?
where
Acs=k, + k.63, Acy = (Acs)*, (4.27)
having set
ky=—3k6(1+ 858,06, ky=—k(Q2y—i0). (4.28)

Now we return to (4.7). By using (4.10), (4.22),
(4.24), and (4.26), it becomes

U, =LA+ L[5+ L€l

T Bl +d) B + s O
%,

9B | (Bils+d)E

+ @363 —a'é'_z—

a¢ %
+ @484 a—é_l‘ + @284 74_‘2— ’
where the coefficients depend only on £,,¢,.
By identifying the coefficients of ¢,,{, and the “con
stant” when we compare (4.29) with U, = &, + %,
+ € .4, we obtain the system

(4.29)

A, =LA+ (e3+k)PB + (c, +kP)E,
o# 0%
B,=L(RBl+a,— ac, + ay3 —— 2, + B+ k)A,
(4.30)
¢ ac
Cﬁ,:f[(g]+a14-az+az4a—§2‘+(ﬁ4+k;)cga

to which we associate the initial values (4.6).

Remark 4.1: If E{n(-)}eL[0,0) and § =y =6 =0,
we have d; (§)=0 for every i (cf. Sec. III). In this case ./ is
uncoupled from %, € and therefore the effects due to non-
linearity are negligible. However, the stationarity of n(.)
would imply E{n(-)}= o =0, in this case.

Remark 4. 1': The equations for #, € are always uncou-
pled from each other and from the equation satisfied by .«
It is clear from this and from the IV’s (4.6) that Z = € *, as

=0t

Therefore we can confine ourselves to the system for & -

and € only:

A, =LA+ (g +kI)*E + (cs +kT)*E*,

17574 ta ¢
a, oL,

(4.31)

C.,=L[€]+ay + B+ EDTE,

with
A (£1,62:0) =862 € (§1,620) = w, . (4.32)
By solving such a system, we shall obtain E{|R,|?}
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+ 2w Re E{R, R ¥} = U(0,0,0,0;7) = & (0,0;7).

Let us introduce polar coordinates p,$, being &, = pe’®,
£, =pe™ ", and set

o (Enur)=a(p,7),

€ ($ibum)=wc( pr)e?. (4.33)
This amounts to performing a Fourier analysis on the system
above. It is clear from the IV’s (4.32) that only the phase-

independent component of 7 ( pe®, pe ~*;r) is nonzero,
etc. We get

1-9p? a
_‘_9£=( 2)23C [(1 pH(1—9p% XP]C
ar, dp
2
+[—£-:—f-—)—+4(4p2—1)—2x.]c,
O0<p<l, 7,>0, (4.34)
aa 2230 [(l—p)z ]aa
= 1 e
67', (= ke dp
+%<1 +p2)pw[(i0+5)c— (o — 8)c*]
1
0<p<l, 7,0,
c(p0)=p, O<p<«l,
a(p0)=p> O0<p<l,
where .
r=(k*¥8)I,r (r=¢€L), (4.35)
x1=8y/kI, . (4.36)

Observe that the equation for ¢ as well as its IV is real.
Therefore ¢* = ¢ and, in the equation for a, the coupling
term becomes

— (248/kLYw(1 +p¥) pe. (4.37)

Moreover, we can “remove” the singular term
~ — (1/p*)c in the equation for c, by setting
c=é/p. (4.38)
The easy calculations yield
B _ 9% _[(1—p2)(1+7p2) +y ]ﬁ
ar, P P e F%
—(X1—8P2)6’ o<p<1, T1>01
da 2 3 a
X -
ar, A=p o
1—p%)? a
+ [..S__&_xlp].a_a_ wxz(l +p2)c ,
p dp
(4.39)
O0<p<l, 7,>0,
é(p0)=p% O<p<l,
a(p0) =p* O<p<l,
where we set
Y2=240/kl, . (4.40)

The loss parameters i, y, (x, > 0, ¥, > 0) are, essential-
ly, damping-to-noise ratios. System (4.39) is a weakly cou-
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pled parabolic system, linear though degenerate at p = 1 and
singular at p = 0. The parameter y, is responsible for the
coupling between the two equations in (4.39): if y, =0 no
effect due to the nonlinearity can be observed in our model.
It can also magnify the effect of a small w> 0.

Several consequences of our analysis can be drawn at
this point. First of all we can recover the linear lossless as well
as the linear lossy problem, as special cases.

A. The linear problem

Using polar coordinates, the operator .¢ in (3.32) be-
comes

2
jp,.# = 2)2 a

[(l—pz)2
a 2

Il[(l —l’lp_a"]

4"21)5;]

(441)

+ [(1+p° )2+4’31P2] +(Xo

2 a¢2

where we set r,,=I,/1,, yo=86 /kI, .

As the coefficients in (4.41) are independent of ¢, we
can restrict ourselves to the marginal generator, involving p
only:

k? 32 (1—p%)? 3
2=t n|a-r G [B el
(4.42)

Then we are able to compute the transition probability
density P( p,L) for the process p(L), given p(0) =0, by
integrating the appropriate forward equation (recall that

= |£,|=|20|=|Ro|)- Then E{|R,|*} is computed by inte-
grating with respect to such a measure P. Explicit formulas
can be obtained in this case, both for P and E{|R,|*} for the
lossless problem, y, = 0 (cf. Ref. 6). The lossy problem and
the stationary distribution existing in such a case have been
studied in Ref. 12.

Alternatively, E{|R,|*} can be evaluated directly by
solving the backward equation, as follows. Setting
£, =(k*/8)I,.¢} in (4.42), consider the problem

u, =2, ul,

u(p0)=p%> O<p<l. (4.43)
The linear parabolic equation in (4.42) is singular at the end
point p = 0 and degenerate at p = 1. As both, the equation
and the IV in (4.43), are symmetric in p, we can assume

u,(0,r,)=0 (4.44)

which permits us to dominate the singularity at p = 0. No
boundary condition is needed on p = 1.

Finally, we obtain [recalling (4.35)]

E{|Ro|2}(71) = u(0,7,) Ir. = (kY8)I,EL

= u(0,(k?/8)1,€’L). (4.45)

The graph of E{|T,|*} =1 — E{|R,|*} for y, =0 is
plotted in Ref. 6, p. 17 (see also Ref. 5).

Let us go back to the general case.

0<p<1, Tl>oa

B. The nonlinear lossless problem

It is rather surprising to discover that the model we have
been studying does not exhibit any new effect when the non-
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linearity acts jointly with the randomness and dissipation is
neglected. This is evident from system (4.39): In fact, if we
set § = 0, the two equations decouple as when we set w = 0,
and then a(0,7,) yields the quantity E{|R,|*} of the linear
case.

Our goal is to compute the first nontrivial correction to
E{|R,|*}, due to nonlinearity. As there is no contribution
from terms of the order O(w), we went further and comput-
ed the correction of order O(w?). This can be done by gener-
alizing, in a rather obvious way, the method we followed to
compute the O(w) correction. The rather elementary calcu-
lations are, however, lengthy and very cuambersome. We do
not give here any details but just the conclusion: The surpris-
ing result is that also the O(w?®) correction vanishes. We
state this result as a theorem.

Theorem 4.2: The mean power reflected from a slab
[0,L] of a one-dimensional nonlinear lossless random medi-
um, described by the refractive index given by (2.1), (2.4)
with § = y = 0, is unaffected by the nonlinearity whose in-
tensity is w, at least up to the order O(w?), in the diffusion
limit €0, L— 0, with €*L = const.

The same conclusion holds true even changing w into

— w, though this represents a quite different physical prob-
lem.

We stress the fact that the scaling assumptions in (2.4)
play a decisive role in such a result.

Also note that the values o=E{n(x)} and
6 =E{6(x)} do not play any role. Indeed, we can see from
the conservation of the energy associated with Eq. (2.1) that
only the imaginary part of the index of refraction matters.
Let us write (2.1), for short, in the form

v" +f(x)v=0 (4.46)

with v(x)=u*, f(x)=k *(1 + &), and  defined in (2.4). By
multiplying the left-hand side of (4.46) by v*, and the equa-
tion obtained from (4.46) by taking the complex conjugate,
by v, and subtracting side by side, we get

(v'v* —v*v)’ + 2i Im f(x)|v]*=0. (4.47)
This can be integrated between 0 and L, yielding
w'v* —v¥*v)(L)
L
= @ot =0 (0 — 2 | Im A b,
0
(4.48)

and using the BV’s (2.6) and (2.7), we obtain
L
TR=1-IRP= [ 2 InO@rdE.  449)
Q
From (2.4) we get

P+ Py +Py=1, (4.50)
where we set
Pr=|T|>, Px=|R|?,
L
Pp=ké’ f (8 wlu ELw) 2 + P) | (ELaw) | dE .
(¢]
(4.51)

Here PPy, P, are, respectively, the transmitted, reflected,
and dissipated powers. Note that P,, depends on a// values of
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the field inside the slab [0,L], and this still holds true in the
linear lossy problem (w =0, but ¥ > 0).
From (4.51) follows, of course,

0<P;<1, 0<Pr<l, O<P,<l. (4.52)

It is clear that we cannot compute P, from (4.50),
knowing only P, which is possible, on the other hand, in the
lossless problem (P,=0). The same relations (4.50) and
(4.52) hold, replacing PPy ,P,, with their expected values.

C. The nonlinear iossy problem

Let us go back finally to the full problem (2.13), de-
scribed statistically, in the diffusion limit, by the system
(4.39), with y, >0, ¥, >0, w> 0. Its solution will enable us
to compute the O(w) correction to E{|R,|*} due to nonlin-
earity, in the lossy case. In the next section we shall perform
a numerical integration of the system (4.39), for several val-
ues of y,, ¥, w. Some information, however, can be obtained
at once from (4.39), by direct inspection.

It is easy to check that the same system (4.39) with the
IV a(p0)=0 instead of a(p,0)=p® yields
a(0,7,) = Re E{R, R *},i.e., the correction term alone (the
coefficient of 2w, to be more precise). In fact, this corre-
sponds to setting U |, _o =¢§§, in (4.3). From this it is
clear that the solution ¢ will be positive and thus a <0 (as
X2> 0). Therefore

E{|R,|*} + 2w Re E{R,R 1} < E{|R,|*}, (4.53)

for w> 0, i.e., the mean reflected power is smaller due to the
nonlinearity, with respect to the linear (dissipative) case.
However, this does nof mean at all that the mean transmitted
power is greater, since in the dissipative case the relation
P, 4 P, = 1is replaced by (4.50).

V. NUMERICAL TREATMENT

In this section we shall describe the numerical treatment
that we performed on the parabolic system (4.39). Our pri-
mary goal is to compute a(0,7,) because

E{JR |*Y =E{|R,|*} + 2w Re E{R, R #} = a(0,7,)

<RI
1.0 ' T — ~—
; wx;*0.1 %0, w0 ]
: x,=0.5 §
0.5} i
: ey ]
X*9, w=0 .
oz 4 6 ..
-Z-I.c L

FIG. 1. Mean reflected power versus (k 2/2)I,€*L for different values of the
loss parameter y, (y, =0.5, 1, 5, 9) and wy, = 0.1 fixed.
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Ar®

0.2 T -
X|’9
wxz -0.1
%=0.1

0.1} 1

-
0 | 2 2
214

FIG. 2. Mean reflected power versus (k2/2)1,é’L for y, =9 fixed and
wy,= —0.1,0,0.1.

[cf. (4.4), (4.5), (4.33)]. The problem is nontrivial because
of the singularitiesatp = 0,p = 1, and must be completed by
specifying whether suitable boundary conditions are needed
onp =0 and p = 1 and, in case the answer should be affir-
mative, which boundary conditions they are.

As for the boundary p = 0, we can exploit the fact that
both, the equations and the IV’s in (4.39), are symmetric in
p» around p = 0. It follows that the solution of (4.39) satis-
fies the conditions

& _oa

= — =0 5.1
dplp=0 dplp=o oD
[cf. (4.44)].
We observe that
_?ﬁ_ = Pé-c-+¢'] =c(0%,7) (5.2)
dp lp=0 dp p=0

(as long as p dc/dp — 0 as p—07, e.g., if dc/dp is bounded
up to p =0). Equation (5.3) tells us that dé/dp is “well
behaved” as p — 0. However, we do not know ¢(0%,7,)
and we shall use the boundary condition (d¢/dp)|,_, =0,
by symmetry.

Conditions (5.1) allow us to dominate the singularity at
p=0, as they enable us to replace the terms like
[BCp)/PK,]|,~0 by B(0)E,,|,~0, in the numerical
scheme.

AR
' o Ll v L) ¥ L]
L X = 9 -4
I Xz0,wz0 b
- L
0.5+
+ ﬂ
wX,= 0.5 wx,=| ]
I ’
0 2 4 6 I
EI.‘ L

FIG. 3. Mean reflected power versus (k2/2)I,é°L for y, =9 fixed and
wy, =05, 1, 3.
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l,o T T T T T _— ) S——
t x,=0.l X=0Q, w=0 4
wz0 -
i WX,z 0. 7

L
05} J
.
0 2 4 6 8 10 ,
e

FIG. 4. Mean reflected power versus (k 2/2)1,&’L for y, = 0.1, wy, =0.1
compared with the corresponding linear lossy case (y, = 0.1, w = 0).

Asfor the boundary p = 1, if we consider the “limiting”
form of the system (4.39) for p~ 1, we obtain the hAyperbolic
system (nonstrictly hyperbolic atp = 1)

& o+ Us—x -
ar, dp
—[xi—8+16(1-p)]é,
gf—l= —x,pj—;—zxzpe, (5.3)
with the IV’s
e(p0) =p*=1, a(p,0)=p°<1. (5.4)

We shall use (5.3) on the boundary p = 1 and in this
way we handle the degeneracy of (4.39) at p = 1. In the
linear problem, (5.3) reduces to the equation for a with
w=0.

Note that, under the hypothesis y, >0 (dissipation),
(5.3) is a hyperbolic system with outgoing flow. Therefore,
no boundary condition is needed at p = 1, as is known.

The actual implementation of system (4.39) has been
done by using an implicit scheme of finite differences, namely

forward time differences and space-centered differences (the.

Cranck-Nicholson scheme). At p = 0, the Neumann con-
ditions (5.1) were used, while at p = 1 we solved the prob-
lem [(5.3), (5.4)] as follows. We used, essentially, a
Cranck-Nicholson scheme at the point (N — 4,j + 1), N+ 1
corresponding to the location p =1 (and thus N —} to 1

K. e

E—Il' L
FIG. 5. Mean refiected power versus (k2/2)I,e’L for y, =1 fixed and
wy,=0.1,05,1.
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AR
|-0 L L) Ll L) L] L]
3 X.=0.5 o
L X=0, w=0 .
i wxs= 0.1 X
5 i
° F wxs=0.5 j
o 2 4 6

t
%I,c'l.

FIG. 6. Mean reflected power versus (k2/2)1,€’L for y, = 0.5 fixed and
wy; = 0.1,0.5, 1. Also the case y, = 0.5, wy, = 0.1 is plotted.

— Ap/2), and j being the time index, in order to retain
second-order accuracy.
In Fig. 1 we plotted

a(0,7,)=E{|Ro|*} + 2w Re E{R, R *}=E{|R |’} ,

asa function of (k 2/2)I,€’L « 7, for wy, = 0.1 and various
values of ¥, (y, =0.5,1,5,9). In this figure as well as in all
the others, the upper curve approaching 1 when 7,— o rep-
resents E{|R,|*}, obtained in the linear lossless case w = 0,
¥1 =0 (cf. Ref. 6).

When y, is increased, the corresponding curves are
lowered: In fact, we expect that the mean transmitted power
decay to zero, by some localization property, and thus the
mean dissipated power increase with y,. Note that y, also
affects the linear problem alone.

In Fig. 2, we compare the graphs of 2(0,7,) correspond-
ingtoy, =9and wy, = — 0.1, 0, and 0.1. In Fig. 3 we kept
fixed y, =9 and varied wy, (wy,=0.5,1,3). Again, in-
creasing wy, shows an increased dissipation. Note that,
while w must be chosen “small” if we want a(0,7,) to ap-
proximate E{|R |2} [cf. (2.12)], a large y, can magnify its
effect, because w enters the system (4.39) only via the pro-
duct wy,. Anyway, it is the parameter wy,#0 that allows
the coupling between the two equations in system (4.39): If
2 = 0, there is no effect due to nonlinearity, in this model, as
when w = 0, even though y, > 0.

InFig. 4 the graph of (0,7, ), obtained for y, = 0.1 and

CRID
1.0 S— . .
3 x,*0, w=0 i
[ ,_.t.’.".f‘.Qé.-.!!.*.Q....,_._,,
0.5} S asaacasnsazasenmsia
B X,=0.5 Xx=1 I
- wX=00 w=0 wxeOl
° ? ¢ ® kz 2
2h et

FIG. 7. Mean reflected power versus (k2/2)J,6’L for y; =0.5 [y, = 1]
and w = 0 (linear case), and y, = 0.5 [y, = 1] and wy, =0.1.
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wy, = 0.1 is compared with the corresponding linear lossy
case (y, = 0.1, w = 0). In Fig. 5 we show several graphs of
a(0,r,), obtained for the fixed value of y, = 1, by varying
wy, (wy,=0.1,0.5,1). The same is done in Fig. 6, for
x: =0.5. In Fig. 5, however, the curve corresponding to
x: = 0.5 and wy, = 0.1 is also drawn, for comparison.

In Fig. 7, finally, we show, for the purpose of compari-
son, the graphs obtained in the linear case w =0, y, = 0.5,
and the nonlinear case wy, = 0.1, y, = 0.5, as well as the
like when y, = 1.

In all figures there is clear numerical evidence that some
nontrivial stationary value exists [corresponding to the solu-
tion tosystem (4.39) with @ /dr,==0]. The physical interpre-

tation of this fact can be given as follows. The unit amplitude

wave impinging on the slab of random medium penetrates
and undergoes several (multiple) reflections by the random
scatterers. During such a process, it is partially absorbed by
the medium. The fraction that penetrates more and more
deeply is completely absorbed before returning back to the
interface vacuum-random medium. Therefore, if, for ran-
dom fluctuations of a given size and spectral density, the slab
is sufficiently thick (i.e., 7, is large enough), there is a con-
stant amount of mean reflected power, say Pg (o0 ), and the
same is true for the mean dissipated power,
Pp(w0)=1—Py() [Pr(w)=0].

VI. CONCLUSIONS

In closing, let us summarize the results of the paper. The
fact that there is no correction to the mean reflected power
due to the nonlinearity, at least up to order O(w?), with
respect to the linear case w = 0, in the Jossless model, is rath-
er surprising. The explanation must be sought in certain
averaging operated by the nonlinear term in equation (2.1),
in view of the particular scaling assumptions that assign a
certain relative importance to the nonlinearity compared to
the randomness. Indeed, a similar behavior has been recent-
ly observed in Ref. 17, where, essentially, the same equation
(2.1) was studied, associated, however, with an initial-value
problem. Anyway, the results obtained in this paper favor-
ably agree with those observed in numerically simulated ex-
periments,'® where the case € = O(1) was investigated also.
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The direct and inverse problem associated with the reduced wave equation expressed in
momentum space (Fourier transform space of the spatial variable) is considered. It is shown that
the right inverse of the scattering operator associated with complex scattered field amplitude
T(k'k) exists for the case where the index of refraction n(x) is real and satisfies certain
smoothness conditions. A quadratic integral equation involving only 7(k ',k) is obtained that
represents a necessary and sufficient condition for 7(k ’,k) to be a complex scattered field
amplitude associated with a real index of refraction. For the actual physical inverse problem
where only on-shell (|k’| = |k |) values of T'(k',k) are known, the inverse problem involves
solving this nonlinear system for off-shell data from on-shell data. Several other nonlinear systems
that can be used are derived. Once T'(k ',k) is known for k ',k, n(x) is readily obtained.

I. INTRODUCTION

The direct and inverse scattering problem associated
with the reduced wave equation expressed in momentum
space (the Fourier transform space of the spatial variable) is
considered. The advantage of this approach is that the direct
and inverse problems are related through a single integral
equation. Such an approach has been extensively treated in
the literature for the Schrédinger equation (see Faddeev,’
Newton,” and Friedrichs®). The advantage that the Schro-
dinger equation has over the wave equation is that the poten-
tial can be treated as a perturbation of an operator, and the
inverse problem then involves the perturbation of the spec-
trum. Such is not the case for the wave equation. There have
been attempts*® to treat the reduced wave equation in mo-
mentum space, but the emphasis has been on obtaining a
Born or Neumann-type series solution to the problem.

A key assumption that will be taken throughout is that
the index of refraction n(x) will be real.

In Sec. I1, the direct scattering problem is formulated in
the Fourier transform space of the spatial variable xeR>. The
well-known integral equation [Eq. (8)] in momentum
space relating the inverse transform ¥(k) of n*(x) — 1 and
the far scattered field complex amplitude 7(k ',k) is given. In
Sec. II1, asymptotic estimates and smoothness properties on
these latter two quantities are derived.

In Sec. IV, a necessary condition is formulated to insure
that T'(k ’,k) be a solution of the integral equation [Eq. (8)]
corresponding to real index of refraction. This condition
[Eq. (17) of Lemma 1] is a quadratic nonlinear integral
equation involving T(k’,k) only.

It is shown in Sec. V that the reality condition on 7 (x)
implies the existence of a right inverse of an operator, which
is the sum of the identity and a singular integral operator
containing T'(k',k) in its kernel. Conditions for which the
operator is unitary are given.

In Secs. VI and VIII, this operator is used to show that
the inversion of Eq. (8) leads to a solution corresponding to
a real index of refraction. [By inversion, we mean, given
T(k’ k) for all k',keR>, to determine (k) uniquely. ]
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Finally, in Sec. VIII, the inverse scattering problem is
formulated. It involves solving the nonlinear integral equa-
tion (17) to obtain values of T'(k’,k) for all k',keR* from
knowledge of on-shell values |k ‘| = |k | only. Other nonlin-
ear systems useful for determining off-shell values from on-
shell values are presented. Once T(k’,k) is known for all
k' keR>, then n(x) can be recovered.

In the analysis that follows, the following notation will
be used: If keR>, then k2 = k-k and |k | = (k-k)'/%

In addition we will define the Hilbert space 5% of
& ,(R?) functions with inner product

9 = [ f@RPP.

as well as the Hilbert space #° ® #° of functions g(k ',k) of
the two variables k,k ‘eR>. Here the inner product is given by

(f8) = f f(p.9)g( p.g)dp dg.

R*xR?

Ii. DIRECT SCATTERING PROBLEM

From Leis’ the scattering problem associated with an
incident plane wave #'(x,k) = exp(ik-x),

Au' + k2 (x)u' = — kY n*(x) — ), xeR®,

lim (19"- - iku’)-——» 0, r=lxl, (1)
r—co r
has a unique solution if (n* — 1) is continuous and has com-
pact support, i.e., (n*(x) — 1)€C,(R?). Here of course
u* (x,k) represents the scattered field.

From the integral formuilation of (1),

2
u(x,k) = u'(x,k) + L:; L [n*(y) —1]

ekl 1%~
X———u( y,k)dy, (2)

Ix—l
involving the total field ¥ = «' + u* [with the support of
n?(x) — 1 being given by the domain D], the far scattered
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field is obtained in the usual manner:

lim 4r|x|e %! ¥y (x,k)—(27) k2T (k" k),  (3)

|%|—>o0
where k' = x/|x|, and
T(k' k) = — sf(nz(y)—l)e""‘"’u(y,k)dy- 4
(2m)° Jo

The direct scattering problem is expressed in momen-
tum space by taking the appropriate (inverse) Fourier trans-
form. The transform pairs for the scattered field are given by

w(pk)=Fu]= (5a)

(21 3 f e~ P*y*(x,k)dx,
T

w(xk) =F[u'] = J‘e“”‘u’( p.k)dp. (5b)

The (inverse) Fourier transform of (n?(x) — 1) will be de-
noted by V( p) as follows:

Vip)=F"'[n*-1]
__1
(27)?

By taking the (inverse) Fourier transform of Eq. (2), one
obtains the well-known result®

w(pk)=k>T(pk)/(p* — k> —i0), @)
which relates the transform of the scattered field to the far-
scattered complex field amplitude. Furthermore, on replac-
ing the total field #(x,k) in Eq. (4) by
k>T( p,k)dp
pz —k 2 _ i0
the following equation in momentum space is obtained®:

' ' V(k ! —P)T( P,k)dp
T(k'k)=V(k'—k sz . (8
(k'K = V(k' = k) + e ®

f e~ "*[n*(x) — 1]dx. (6)
D

u(x,k) =e** + f er*

The importance of this equation is that it relates the
scattered far field amplitude T'( p,k) to the V(k), the (in-
verse) Fourier transform of n%(x) — 1, and hence is useful
for the direct problem (to determine T from V) and for the
inverse problem (to determine ¥ from T).

lil. ESTIMATES FOR Wk’ — k) AND Tk’ k)

For the direct scattering problem to be unique,
n*(x) — 1 was required to be continuous with compact sup-
port.” However, it was pointed out® that the condition of
continuity could be relaxed to allow the important physical
case of piecewise continuity on n(x). By this, it is meant that
the domain D (the support of n* — 1) is decomposed into a
finite number M of domains D;, bounded by surfaces S; suffi-
ciently smooth so that Green’s theorem could be employed
in each region D;. Furthermore n(x) would be continuous in
each region D, with finite jump discontinuities across S;, and
both # and the normal derivative du/dn would be contin-
uous across S;.

From the result that V(k) =% ~'(n*> — 1) and that
n? — 1 is continuous or piecewise continuous with compact
support, we can state that V(k)eC= (R*)n.Z,(R*). Fur-
thermore, if we define the mth partial derivative
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m_ ar
kT Ok Ok
and m,,m,,m, are positive integers or zero, then it can be
shown that
D"V (k)eL,(R?), for all finite m.

However, we cannot make any statements on the behav-
ior of ¥ as |k |— o0, unless we specify some smoothness. If
n* — 1 is piecewise C? in D, then using Green’s theorem in
each of the subdomains D,, it can be shown that

, m=m;+m,+m,; keR,

(217)3V(k) = _.iz-f e—ik-xvzn dx
k*Jp

1 m ae—ik-x 2
—_ & -1+
kzjglj;j[ on [n ]_

2
e [———‘9(”3; D ] ’ ]da, )

where [#> — 1] represents the jump in value across S;.
The first term on the right-hand side of Eq. (9) is 0(1/k 2).
The second term is zero if n(x) is continuous everywhere.
Otherwise it can take on values O(1/|k |) to O(1/k?) de-
pending upon whether the stationary values of integrand
(points for which k is perpendicular to the surfaces) occurs
at isolated convex points of finite curvature or infinite curva-
ture, or are portions of a flat surface. The third term vanish-
es, of course, if n(x) is C', otherwise this term at worst is
O(1/k?).
If n(x) is piecewise C', then it can be shown that

Qm3Vk) = —%—f e~ **k.Yn? dx
k* Jp

I i
+— J. k-hje=**[n*(x) — 1] do,
k’,;l < [*(x) —1]

where #; is the unit normal to S;. The first term on the right-
hand side is 0(1/k2) and the remaining term vanishes if
n*(x) is continuous, otherwise it takes on values O(1/|k | ) to
O(1/k?).

Henceforth, the degree of smoothness will be postulated
byspecifying that ¥'(k) behaveslike |k | ~!~%,0< 8, < 1,as
|k |—>o. Since ¥(k) is continuous and differentiable, we
have the Holder conditions

Vi)C(1+ k) ~' =%,

|V(k+h) — V(K)|KC(L+ |k )~ '~ %A |% |h|<],

(10)

where the Holder index } <z < 1. The lower limit on the
index u is taken to be } rather than the usual O because of
additional restraints that will be placed later on in the analy-
sis.

Definition: # ,_,, is the set of Holder-continuous func-
tions f (k',k) of the two variables & ’,k in R® with estimating
functions (1 4 |k’ — k |) ~!~% and indices , satisfying the
conditions (with || <1and |2'| <1)

|k R KC + [k'— k)~ 1%,
If(k'+h')k+h) _f(k'yk”
QO+ k' —k[) = =%(|h'|* + |k |*),

(11)
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where j<u<land0<6,<1.

Thus as a function of the two variables, (k' — k) be-
longs to the set #,_,,. In addition, because ¥(k) is contin-
uous and has estimates given by (10) with 8, > 0, we have
the important result

Vik'—k)/|k'| |kleX .
This latter result follows from the identity

(12)

f [V(k' — k)|*dk’ dk
Laklds
R*xR®

14021 g
” b+ kllkl’d dp

Jf |V(P)| dp,
ns

where
J=2¢rf Ly |21 | ar.
o ¢t t—1

The condition that (n*(x) — 1) be piecewise continuous
and have compact support also will infer that the '™
X V(k' — k) satisfy conditions (11) and (12) for every fin-
ite m.

In place of conditions (11) and (12), Prosser® required
that V' (k' — k) belong to a Banach space associated with
condition (11), but did not include the Hilbert space given
by condition (12). In addition, as will be shown next, one
has to use sharper conditions on 7(k',k) in place of condi-
tions (11).

For fixed k, the same analysis as was done for ¥(k ') can
beappliedto T(k ',k), treating it as a function of k *. It follows
then that with k fixed, T(k ',k)eC (R *)n.%,(R *). Since
u(x,k) is C? in each domain D, and both u and du/dn are
continuous across surfaces of discontinuity in #(x), one can
obtain similar estimates for the behavior of 7(k',k) as
|k '|— o0, as for V(k'). Thus we can conclude that as a func-
tion of k', T(k',k) is bounded as follows:

|T(k"k)|<C(1 + [k —k'|) =~ %, kK finite,
|T(k’ + h'k) — T(k' k)|

KC(1+ |k —k’|)~'=%h’|~, K finite,
with |4 < 1.

The behavior of T(k ',k) as a function of k and, in parti-
cular, as (k)— oo is much more difficult to estimate. Most
important when &’ = k (forward scattering), the behavior
of V(k'—k) and T(k',k) are entirely different since
V(k' — k) becomes a constant ¥(0), where T'(k,k) remains
a function of k, going to zero as (k)— oo . This can be seen as
follows. When n(x) is sufficiently smooth, and the scatter-
ing process is sufficiently weak so that there are no caustics
or multiple reflections, then u (x,k) has the asymptotic form

u(x,k) ~a(x)e"™ (1 4+ 0(1/|k|)].
In the weak scattering approximations (rays approxi-
mated by straight lines) then

1774 J. Math. Phys., Vol. 27, No. 7, July 1986

u(x,k)e=**~exp iJ- (n(x') — 1k-dx',

where the integral is along a line through the point x and in
direction k. Upon insertion into expression (4) for T'(k *,k)
with k' = k, it can be seen that the resulting integral can be
integrated by parts along the direction of the rays, yielding
an expression that is the order of 1/]k |.

This suggests that 7(k ',k) has the estimating function

[Tk k) <KC(A+ k' =k "' =%+ [k])~"  (13a)
and the Holder condition with index x>}
Tk’ +h'k+ k) — T(k" k) |
ay u
CLAY» + "] (13)

I — kDT + k)T
An upper bound estimate for the positive constant ¥ will be
obtained by comparing estimates of the various terms in Eq.
(18). Here y will depend upon 6.

Set
Fk' k) =k? f V(k p)T(p,k)dp
P —k?~
It can be shown (see the Appendix), that if V(k' — k) and
T(k',k) satisfy the respective Holder conditions (11) and
(13), with Holder indices 1 > 4, then

[F(k"K)KC + |k"— k)7 %1+ [k[)2=% -7,
and
\F(k” + k" k + h) — F(k" k)|

C[lh :'1/2 + |h Il/2]
(1+ |k' —k’)“’o"(l + lk I)-s/z+o'+y ’
where 6’ < 6, but can be made as close to 6, as possible.

It can now be seen, using the above estimate for expres-
sion (14), that in order for Eq. (8) to be satisfied with a
positive value of y it must have the following upper bound [if
V(0)+£0]:

¥+ 6,<3+0. (15)

As pointed out earlier, T'(k ',k), as a function of the vari-
ablek’,is C = (R?). In fact it can be shown that Z™' T(k ',k)
e.%,(R*) (where the prime indicates differentiation with
respect to k'). Furthermore 2™ T(k',k) can be obtained
from T'(k',k) and Z™V(k' — k) through the following re-
lation obtained by differentiation of Eq. (8):

(14)

DTk’ k) =2D™V(k'—k)

+sz D"V(k' —p)T(pk)dp
pPP—k*—i0

(16)
The interchange of the order of integration and differenti-
ation can be justified using the Holder conditions.

It should be pointed out in addition that it can be shown
that T'(k',k)/\k'| |k |e # & F7.

IV. NECESSARY AND SUFFICIENT CONDITIONS ON
Nk k)

Here we want to establish certain properties of 7°(k ',k)
arising from it being a solution of Eq. (8). Some of the results

V. H. Weston 1774



that are derived here may hold for less restricted conditions
on V(k) or n*(x) — 1; however, the reality condition on
n?(x) — 1 is essential. As a first step we want to prove the
subsequent fundamental Lemma. Its proof depends upon
two main properties of (k' — k) as a function of the two
variables k ’ and k; namely, the following reality and transla-
tion invariance relations holding for all &,k ‘eR>:

() p(k" k) =@(kk') (reality),

(ii) @(k' + bk + h) = @(k',k), for all heR>.
Lemma I: If V(k)eC* (R?*)n.%,(R?) and satisfies the
Hélder estimates (10), then the solution 7'(k ',k) of Eq. (8)
satisfies the relation
K)T(p — hk')dp
pP—k?—i0
= TCk' + k) + k7 [ TREITp+ BEIGp

p2 _ k ”? + lo

(17)
for all k,k ' ,heR’.

Proof: First make the transformations k'—gq -+ A,
k—k + h, p—p + h in Eq. (8) and employ the reality and
the translation invariance propertieson V' (k' — k) to obtain
T(qg+hk+h)

=V(g—k)

V(ig—p)T(p+ hk + h)dp
p+h|*—|k+h|*=i0
In a similar manner, use the transformation k '—k, k—k ',
i— — i in Eq. (8) and the before-mentioned properties of

V(k'— k) toyield

+|k+h|? (18)

Vip—kT(pk")dp

pZ__k12+i0
(19)

T(kk')=V(k'—k) + k"™

Then operate on Eq. (18) with

T(g.k")-dg

F—k?+i0’
The resulting left-hand and right-hand sides become, respec-
tively,

k:2

T(q,k")T(q + hk + h)dg

k"
F—k?+i0

(20)

and

V(g —k)T(g,k')dg
q2 _ k ”2 + tO
T(p+hk+h)k?
+k+h? J
| | lp+h|>—|k+h[>—0

Vig—p)T(gk)dgdp

q2 _ k ”2 + i0
Here the change in the order of integration can be justified by
first replacing terms F—k"?4+1i0 and
|p + A |? — |k + h |* — i0,respectively,byg* — k '* + i, and
lp +h|? — |k + h|* —ie, where €,,€, are small positive
quantities, then interchanging the order of integration using
the Holder properties (13) of T'(k ',k) and finally taking the
limit as the €'s— 0.

k"

X (21)
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Using Eq. (19), expression (21) reduces to
T(kk'y —V(k'—k) + |k +h|?

T(p+hk+h)[T(pk')—V(k’'—p)ldp
lp+h|*—|k+h>—i0 ’

which in turn can be reduced further [on using Eq. (18)] to

X

T(kk') — T(k' + hk+h)

T(g,k + h)T(q — h,k')dg
k+h zj .
+1k+h] @ —|k+h>—i0

Equation (17) is obtained by equating the above expression
to expression (20), then replacing k by k — h.

Lemma 2: If T(k',k) satisfies the Holder conditions
(13) and Eq. (17), then T(k',k) satisfies Eq. (8) with

V(k' —k) =Tk’ —k,0). (22)
Proof: Set k = k' =0in Eq. (17) to give
T(h,0) = T( — h,0).

Then set £’ =0 in Eq. (17) and use the above result in the
form T'(k — h,0) = T'(h — k,0) to obtain

T(h —p,0)T( p,k)dp
pP—k*—i0

This is the same as Eq (8)
Vik'—k)=T(k'—k,)0).

T(h—k0) +k? = T'(h,k).

if one sets

V. THE OPERATOR &
Define the integral operator £ by
T ¢=J‘ Ik | |P|T(Psk)¢(l7)dp
, pPP—k*—i0
with domain, the dense set of functions ¢(k)e # satisfying
the Holder conditions with§ < u <1,
|k [¢(k)|<C(1 + |k |y —#
Ik + |k + k) — |k |$(k)|
KC(1+kP)"Blh|* |hl<l.

(23)

24)

It can be shown, using the Hélder conditions on T'(k',k)
given by Egs. (13), that €, ¢ has the properties (see the
Appendix)

Ik |Zegl<C(1 + [k )=,
Il + 2 e n8 — [k [ZBI<CA + [k )= |R |12,
(25)

where 8' =y + 6, + B — 3 — 0.It follows that for 3 suffi-
ciently large, Tge #°.
The adjoint operator T* is given by

T =f % | 'P|T(k’P)¢(P)dP .
* k2—p*+i0

(26)

For the case when ¥ operates on a function ¢(k',k) of
two variables the following notation will be employed to des-
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ignate which variable is treated as a constant:
(I + ), 8k’ p)

' k T( k)¢ (k'p)d
= ¢k ’k)+J-| HP' Pk2¢ Plap

k)T(pk)[(k?—k'?) p* + 0k + k"?)]dp

Theorem: If the operator € defined by Eq. (23) is such
that T'(k',k) satisfies the conditions of Lemma 1, then

FB+DHER+T) = (27)

Proof: 1t follows immediately from Eq. (17) with s =0
that

' T ' T(P,
Tk' k) — T(k' k =f
(k' k) — T(k'k) ko

and since the right-hand side of Eq. (28) can be shown to be
equivalent to

(kz_k'2+m)f( LBk P b pdp
p —

k2—i0)(p*—k?+i0)’
Eq. (28) reduces to
T(k’ k) T(kk')
k?~k2—i0 k22— k'2+i0
2
(PP —k*—0)(p*—k'?+i0)

It is seen that if Eq. (29) is multiplied by |k | |k’|, then the
resulting left-hand side is the kernel of the operator
T + T* + TT*. Hence it follows that

T+ I+ ITI*=0,

and the results given by Eq. (27) are obtained.

The result of this is that ¥ + ¥* is the right inverse of
X + €. This depends upon the result, namely Eq. (17) of
Lemma 1, being valid for the case » = 0 only, which corre-
sponds to the reality condition on V(k',k).

The question now arises as to whether or not § + ¥* is
the left inverse of ¥ 4 . To examine this, set

R+THRQ+D=PB=J-5, (30)

— Q=T 4 T*+ T*T. (31
It can be seen using Eq. (27) that

$2=$9 %“_“%’ (32)

hence as expected, P is a projection operator. Thus it follows
that
=0, O*=2Q. 33

This immediately says that £ has eigenvalues 0 and + 1.
From Egs. (27), (30), and (33) it can be deduced that

Y+ =2I+%*) =0. (34)

The operator £ can be expressed directly in terms of an
integral operator

Quu = f O pJYu( p)dp,

where the kernel Q(k k) is given explicitly by the following
relation:

(335)
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i0) ( p*

k74 70) ) (28)
=
(k?—k*—i0)Q(k'k)/|k| |k’|
= —T(k' k) + T(kk')
+ [ Ttep Tk p)
—k2
X
[k 7+ k” ]dp (36)
When |k | = |k’|, it is seen that the right-hand side of Eq.

(36) reduces to
- T(k "k) + T(kok ’)

+ milk |’f T(k,p)T(k "p)dQ,,
0

where the integral is over the unit sphere, and | p| = |k |.
Using the well-known? reciprocity result
T(k',—k)=T(k,— k') (valid for |k|=|k’|) and Eq.
(17) with A =0, |k | = |k’|, it can be shown that the above
expression vanishes. Thus the right-hand side of Eq. (36)
vanishes when |k | = |k’|, and the kernel Q(k ',k) does not
have a principle-value-type singularity. Because of the
Holder conditions, the singularity is like | |k /) — |k |?|#~ 1.

Unfortunately, it appears that under the estimates on
V(k' — k)and T(k'k)imposed here, Q(k ',k) isnot theker-
nel of a compact operator. One needs larger values of 9, and
y. If Q(k',k) were compact, then one could conclude that £
(being a self-adjoint operator with nonzero eigenvalue 1)
would have finite rank,® and hence have the form

N -
Bu= 3 ¥t B (Pt p)dp.

n=1

Here {¢, }Y_, is an orthonormal set of eigenfunctions of ¥
corresponding to the eigenvalue of 1. It would then follow
from Egs. (27) and (30) that (J + ¥)¢, =0.

For a good part of the remainder of this paper we will be
interested in the case where  + I* is the left inverse of
X + € occurring when © =0 or when the null space of
3 + % is empty. The condition for this to hold follows from
setting Q(k ',k) = 0 in expression (36), and is given in the
following lemma.
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Lemma 3: If T(k' k) satisfies the condition
T(k' k) —T(kk")

- f T(kp) Tk p)
kl2 k2 ]
—_ d s
X[k’z—pz——io k*—p*+i0 P

then the null space of § + ¥ is empty and ¥ + ¥ is a unitary
operator.

37

VL INVERSION OF EQ. (8) WHEN S + ¥ IS UNITARY

In Sec. IV, necessary conditions on T'(k ',k) were devel-
oped to ensure that T(k ',k) be a solution of the direct scat-
tering problem associated with Eq. (8), where V(%) is the
transform of a real-valued quantity with certain smoothness.
The results are stated in Lemma 1, and subsequent operator
relations arising from this are given by Egs. (27) and (30).
Here we want to examine the inversion of Eq. (8) using the
operator relations for the case where the T(k',k) satisfies
Eq. (37) as well as Eq. (17). The inversion problem can be
stated as follows.

Problem P: Given that T(k ',k ) satisfies the Holder con-
ditions (13), and relations (17) and (37), find a solution
v(k',k) of the equation

v(k'p) _ T(k'k)
Pk Lol k(K]

such that v(k ’,k) satisfies the Holder relations (11) [and, as
a consequence, the condition v(k',k)/|k’| |k |€ ¥ @ H°].

It immediately follows that since T'(k ',k) satisfies Eq.
(37) the null space of ¥ + ¥ is empty, hence the solution of
Eq. (38) is uniquely given by

3+ %) (38)

v(k',k) T(k'p)
—— = (3+ TP, . (39)
ke’ |k | k) 2l
This can be written in the form
, , T(kp)T(k'p)dp
k' k) =T(k'k sz . (40
v(k k) = T(k' k) + i O

From the Appendix [see Eq. (10) and the following materi-
al], it is seen that the second term in Eq. (40) is Holder
continuous with index } and estimating function
(14 |k —k’|) — '~ %, provided that ¥ in the Hélder condi-
tions (13) is chosen so that 2y + 6,>3 + 0. As a result, from
these conditions (13) applied to the first term of Eq. (40), it
follows that v(k ’,k) given by Eq. (40) satisfies Holder esti-
mates (11).

Next we want to examine expression (39) to see if it
satisfies the reality and translation invariance condition.
First note that condition (17) can be written in operator
form:

T(p+ hk)

T(p—hk')
| 2| 1k |

(s+§k:)p lPl |k'|

=R+ %),

41
Then operate on Eq. (41) with (3 + T2, ) (I + T2) using
Eq. (27) and (30) (with £=0) to yield
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T(k' +hp) Tk—hp)
k11 p]

'] | p|
(42)

But from Eq. (39), it is seen that Eq. (42) is equivalent to

U(k'+h,k) = 5(k_hsk,) . (43)
k] |k | lk’| |k |
With s = 0, Eq. (43) implies that v(k ’,k) satisfies the reality
conditionv(k ',k) = v(k,k ') and asaconsequence, the trans-
lation invariance condition v(k’ + h,k) = v(k "k — h).

It can be shown that if 2™ T(k ',k ) satisfies the Holder
conditions (13) then

(S+ED, =(3+%2),

Dok ) =k |(S + %z)p-@'"'z%l”’—’ R
Hence we can summarize as follows.

Theorem: If 2™ T(k',k) satisfies Holder conditions
(13) for every finite m, T(k ', k) satisfies conditions (17) and
(37), then the solution to Problem P given by Eq. (40),
satisfies the reality and translation invariance condition, and
is analytic in the first variable, with the appropriate deriva-
tives given by Eq. (44). Here y must be restricted by the
relation 2y + 6,53 + 0.

Conditions (17) and (37) constitute a set of sufficient
conditions on T'(k ',k) for the case where ¥ + & is a unitary
operator.

VII. INVERSION WHEN THE NULL SPACEOF 3 + £ IS
NOT EMPTY

For the case when the null space of  + ¥ is not empty,
inversion Problem P as stated does not have a unique solu-
tion. However, it can be reformulated to have a unique solu-
tion by adding extra conditions. This formulation is present-
ed as follows. _

Problem P': Given that T'(k ',k) satisfies the Holder con-
ditions (13) and relation (17), find a solution v(k ‘,k) of Eq.

(38) such that it satisfies the Holder conditions (11) [and as
a consequence, the Hilbert-space condition v(k’,k)/
|k'| |k |€ # ® 7] and the combined reality and transla-
tional invariance condition

vk’ —hk)=0(k+hk'),

for every k,k ',heR>.

We shall first show that Problem P’ has a unique solu-
tion.

Lemma 4: The solution to Problem P’ is unique.

Proof: If w(k',k) is the solution of the homogeneous
equation

S+

(45)

wk’p) _ o
I4 [ -

k| | p|
then, on setting k =0, it is seen that w(k',0) =0 for all
k 'eR>. But condition (45) implies that w(k k) = W(k,k"')
and w(k’'—k0)=w(kk’'). Thus it follows that
w(k ' k)=w(k' ~ k,0)=0.

Using operator conditions (27) and (30) the solution to

Eq. (38) is given by

o(k" k) = |k |(3 + D), %+ 1k 19, 1’%”1

£

2

(46)
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where the second term on the right-hand side involving the
operator £ is unknown. However, the results of Lemma 4
indicate that it should be uniquely determined when condi-
tion (45) is imposed.

To investigate this, first rewrite condition (45) in the
form

v(k'—hk) _ v(k+hk’')
&I 1k | k| k]
for which, for fixed 4, both sides belong to the Hilbert space
H ® . (It can be shown that this follows from the re-
quired condition that either side belong to #° @ #° when

h = 0.) This fact will be used in subsequent analyses.
Now insert expression (46) into (45") to obtain

(45)

T(k'—hp) v(k'—hp)
(S+E), ———2=+Q,, ————L~
PR el T Tkl
ey T(k'+hp) = Uk +hp)
=(+&), —2+§,, ——=.
k] Al “ k(o)

(47)

This will be reduced using the fact that 7'(k ’,k) satisfies Eq.
(17), or the equivalent form Eq. (41). As in the previous
section, we operate on Eq. (41) with (3 + T2 ) (3 +%2)
using Eq. (27) and Eq. (30) with 50, to yield

($+ED,(3 -y, T2=hD)
Lol Irl
=+ T, (3 =0, T2EtRD
|l 7]
Condition (48) can now be used to reduce Eq. (47) to the
form

(48)

k' —hp) = T(@+hr)
o) [ﬁ(___p_._(g_{_it,)’____
U 1kl SPTITY
=B, [TEID) _ (3 qp), ZE RO,
k|1 pl [pl1r ) (49

Equation (49) will now be decomposed into components
belonging to various subspaces @ 5. Operate on Eq.
(49) with the projection operator £, .2; to give

Qk,pﬁk’,r [v(r —hp)—v(p+ h,r)] —o.
|| | |
Similarly operate on Eq.
(3 — D4 )0y to give

—0,¥+T), [tk g

lpl il

Operating on Eq. (49) with (3 — £, )Q,. will produce an

equation similar to Eq. (51). Equation (47) reduces to the
two equations (50) and (51).

The unknown portion of expression (46) now can be

immediately obtained by first multiplying Eq. (51) by |k’|,
then setting |k '| = 0, yielding

o(—hp) _ o T(p +h0)
54 .

| | | p|
It will be expressed in a slightly different form, making use of

(50)

(49) with the operator

(1)

Qup (52)
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Eq. (17) for the special case when k' = k = 0, as follows:

T( — h,0) = T(h,0). (53)
Hence we have
k'p) T(k' —p0)
g, 2k'wp) : (54)
gl )l

It remains to be shown that Egs. (50) and (51) are satisfied
for all k, k' and 4 if relation (54) holds. First insert expres-
sion (54) into Eq. (50) to obtain
Qk,pﬁk',r {T(r—— h—p0)—T(p+h— r,O)] =0
7] | pl

(55)

It is immediately seen from relation (53) that expression
(55), and hence Eq. (50), is an identity and so does not yield
any new condition on 7'(k',k). Next substitute expression
(54) into Eq. (51) to yield

Do {3+ Fp), TEEED
|2l |r]
T(r—p—h,O)] _
Il | p| 3
Using the properties of the operator (3 — £), this can be
reduced further to

—(-5,)

T(p+hr)
| £l ||
T(q—p—h0) ] —o.
|2l lq|

The term in the curly brackets vanishes identically as a con-
sequence of Eq. (17). [In Eq. (17) set k' = 0, replace 4 by
p + hand k by r.] Hence Eq. (51) is also an identity.

We can now state that the solution of Problem P’ is
given by

D, (3 +§:,),[

- (3+%,), (56)

T(k'p)
| p|
Tk’ —p,0)
| p|

The results can be summarized as follows.

Theorem: If T(k',k) satisfies the Holder conditions
(13) and relation (17), then the solution to Problem P’ is
given by Eq. (57). Furthermore if 2 "T(k ',k) satisfies the
Holder conditions (13), then 2 ™u(k ',k) is given by

vk k) = k(3 +ED),

+ |k D4, (57)

Dok k) = k| (S + sm,,@'m—T—‘l"?'ﬁ
T(k ’ -P:O)

|

VIil. INVERSE SCATTERING PROBLEM

Here we formulate and briefly examine the inverse scat-
tering problem, which is to determine V(&) from knowledge
of on-shell values (|k’| = |k |) of T'(k ',k). As was shown in
the previous sections the necessary and sufficient conditions
for T(k',k) toproduce a solution v(k ',k) of Eq. (38), which
satisfies the reality and translation invariance conditions, is
for T(k'k) to satisfy Eq. (17). This equation thus consti-

+ |k |, 2™
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tutes a nonlinear equation for T'(k’,k), which, if solved,
would then yield a solution of the inverse scatterin ing problem
given by V(k) = T(k,0). Explicitly then, the inverse scat-
tering problem consists of solving the equation
T(p.k)T(p — hk')dp

p2 —k 2 +0
for T(k',k) given on-shell values |k | = |k | ofT(k "k).The
index of refraction is then recovered from the relation

T(k—hk') +k?

» (D

(r?(x) — 1) = Jewz'( 2.0)dp.

However, system (I) is difficult to solve by iterative
techniques that require the Fréchet derivative and its inverse
such as Newton’s methods.'®!" This is due to the various
different arguments of T'(k ',k) appearing in system (I). A
form more suitable for such analysis can be obtained by as-
suming differentiability of T'(k ',k) with respect to the com-
ponents k ;,j = 1,2,3, of the first argument. Such an alterna-
tive form to system (I) is given by

- E)[T(k k)+k'2fT(P’k)T(p,k’)dp}=

k240
(]_'_E){éﬂk_& (I’)
ok
, T(pk') dT(pk) ]
k 2 d =09
+ pPP—k?+i0 dp ?

where j = 1,2,3 and E stands for the operator that inter-
changes k and & ' and takes complex conjugate of the result-
ing expression.

The first equation corresponds to the reality condition
[given by Eq. (17) with A = 0]. The remaining three equa-
tions correspond to the translational invariance condition.
They can be derived directly from system (I) through a
limiting process in which 4 tends to zero. Or else, they can be
derived by first expressing the translational invariance con-
dition on v(k',k) in the differential form

a
—uv(k'k) +—v(k'k
ok ’+a,"( )=
J

k:—p*+i0

1 = 1, (= 1
=— [T y ™ T(— - — Ry
> [T(x, — &) + T( —Kk)] + 2/rz_fT( Kp)T(Kp)[Kz_pz+,o+

and then modifying it using the reality condition to give

ak’ v(k'k) +ak, o(kk') =
Then by using equations (58) in conjunction with Eq. (8),
the remaining equations of system (I') can be derived in the
same manner as Eq. (17) was derived in Lemma 1.

The remaining nonlinear formulations of the inverse
scattering problem are obtained under the assumption that
the null space of ¥ + X is empty, in which case the solution
v(k',k) toEq. (58) is given by Eq. (40). Reality and transla-
tional invariance conditions are then imposed on the solu-
tion v(k',k). Explicitly, the inverse scattering problem is to
solve the system

(58)

vk’ k) =50k — bk’ —h), kk'heR’,
, . T(kp) T (k' p)dp (an
k' k) = T(k' k) + k2 ,
v(k' k) = T(k" k) + R

for T(k ',k), givenon-shell values |k ’| = |k | of T(k ' ,k). The
index of refraction is then recovered by noting that
v(k' k) =V(k'—k).

An equivalent form of system (II) more suitable for use
in iteration schemes involving Fréchet derivatives can be ob-
tained by applying the translational invariance condition on
v(k',k) in the form given by Eq. (58). The resulting system
is
(I—E) ’T(k &)+ k2 f T(k,p)T(k w)dp] 0,

J T(k.p) aT(k’.p)dp]=0
k*—p*+0  3k; '

ar(k ’,k)

(I+E)[

Since nonlinear systems have multiple solutions, one might
want to include, with system (II'), the first equation of sys-
tem (I').

Special nonlinear systems can be formulated that are
useful when certain on-shell data is available, such as back-
scattered data. For instance, by employing the reality and
translational invariance conditions in the form

v(k'k) =4u(k’' —hk—h) + 1wk —-hk'—h), (59)

setting A = 4(k + k'), and inserting expression (40) into
Eq. (59), one obtains the following equation:

1
dp,
x’—pz—iO] P ()

where x = }(k’ — k). The first term on the right-hand side of system (III) involves backscattered data only.
System (III) can be solved by the method of successive approximation'®!! for solutions 7°(k ',k) belonging to the Banach

space with norm

|T(k'+h'k+h)—

[|TCk" k)| = sup
k'k

[Bl<1 |hl<1

[(lT(k',k)l +
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LEI L

T(k’,k)l)(l + |kr_k|)l+90(l + |k|)1’],
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where ¥ is restricted by the relation 2y + 6, >3 . However,
such an approach is valid only for very weak scattering® cor-
responding to the small norm 7'(k',k).

IX. COMMENTS

The nonlinear systems derived in Sec. VIII need to be
completely analyzed, to determine, under various circum-
stances, which is the best system to use to get off-shell data
from on-shell. It also may be possible to derive other qua-
dratic systems that are more practical. The analysis here can
be extended to other systems. It appears noteworthy that it is
applicable to Maxwell’s equation.
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APPENDIX: HOLDER CONTINUITY OF CERTAIN
INTEGRALS

Let f(ky,k,k3), k,€R3, be a Hélder-continuous func-
tion with indices u; (i =1,2,3) and estimating function
M(k,k,.k3), e,

If(kvkz:k3|<CM(‘kpk2:k3) (A1)
| f(ky + hyky + hoks + hy) — f(kykoyks))
3
<CM(k1’k2,k3) Z |hj Ii‘/’ (AZ)
f=1

where |h;|<1. Let the integral of the estimating function
over the unit sphere satisfy the inequality

J.M(kl)kzykS)d03<CN(kl,k2)(1 + |k3|) _1_9’ (A3)
then! it can be shown that
F(kykyz) = fi’ﬁL’f&M’. (Ad)
(k3 —2)

is a Hélder function for k,,k,€R? and z in the complex plane
cut along the positive axis. Here F(k,,k,,z) has indices u;,
43, and v with u] <y, 43 <, and v (the Holder index
corresponding to z) given by v = min(4, ,). The estimating
function for F(k,,k,,z) is

M, (kky2) = N(k,k;) (1 + lzl) —8'/2’ (A5)

where 6’ <min(1,0) can be made as close as possible to
when0<8<1.
For the special case where z = |k, | + /0, it is seen that

[F(k ko k,y|* £ i0)|
SC \N(kyk, (1 + |k, |*) — 97,

To obtain the corresponding estimates for the Holder in-
dices, note that for |4 |<1

|F(kyykzlley + b |2 £ 10) — F(kyko ki)
KCN(kyk,) |h? + 2koh |
SCoN(kyky) (1 + |ky])¥|A )™
From this it is seen that F(k,k,,|k 2| & i0) is a Holder func-

tion for k;eR?®, with indices p} = min[u} 4, 4], p3 = p3,
and the estimating function
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Mz(kvkz)(N(kpkz) ( 1 + Ik , )v— 9’9
where 8’ <min[1,6].

To obtain the estimate (A3) for the various estimating
functions in this paper we require the following inequalities
that are found in Faddev':

(T +|k—p))~°(1 + |k' —p|) ~

<Cl(1+[k=p)~°

(A6)

+ U+ k" =pD "1+ [k—k'|) %, (A7)
valid for 0 < 4; and
f(l + |k—p|)—%dQ,
C(1+ k) ~%(1+ |p]) %,
0,+0,=0<2. (A8)

Combining the results of (A6)-(A8), with 8, =0 and
6, = 6, it can be seen that since V(k' — p)T( p,k) has the
estimating function

A+ k' —pD =" %+ |k—p|) "' =% + |k|) 7
and Hélder indices y; > 1, then

k2 J‘V( p)T(p,k)dp
pP—k?—

is Holder continuous w1th the estimating function
(14 |k'—k|) =1 =%+ |k )79,

where 8 can be made as close as possible to &,.

The corresponding Holder estimates for the operator
given by Eq. (23) are similarly obtained noting that
T( p,k)| p|¢( p) is Holder continuous with indices > 1, and
estimating function

A+ |p—kD~""%A+ k=71 +|p) %

Hence using expressions (A6) and (A8), the Holder esti-
mating function is obtained:

lf T(P’k)lpl¢(P)dP <C( + |k |)l/2—r—9'-—ﬂ’

(A9)

where 8’ < 6,.

To obtain the Holder estimates for the function

27 ’
J-k T(kp)T(k'p)dp , (A10)

k2—p*+i0
it should first be decomposed into two parts:
27

| Torri prap + [ ELEDZER® ()

Noting that p?T(k,p) T(k',p) has the estimating function
A+ k—p) ' =%+ k' —p~"'~%

(14 |p])~2+2,

it can be shown, using (A7) and (A8) with 8, =0 and
6, =1 + 6,, that the first integral in expression (All) is
Holder continuous with estimating func-
tion (1+ |k—k’|) '~ % provided that 2y + 6, — 2> 0.
Again, using Egs. (A6)—(A8) with 8, = 1 + 8, it can be
shown that the second integral in expression (All) is
Holder continuous with indices > 4, and estimating function
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A+ k=K' %1+ k)27,
where
0'= <Min[1,2y — 2 + 6,].
Hence it can be seen that expression ( A 10) is Holder contin-

uous with estimating function (1 + [k —k’|) ~'~% pro-
vided that ¥ is chosen so that 2y 4+ 6,>3 + 0.
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A discrete model for quantum mechanics is presented. First a discrete phase space S is formed by
coupling vertices and edges of a graph. The dynamics is developed by introducing paths or
discrete trajectories in S. An amplitude function is used to compute probabilities of quantum
events and a discrete Feynman path integral is presented. Many of the results can be formulated in
terms of transition probabilities and unitary operators on a Hilbert space /2(S).

I. INTRODUCTION

Modern quantum theory appears to have reached a
stage similar to its beginnings when Planck postulated his
quantum action principle. This principle stated that radi-
ation of a given frequency v could only exist in discrete ener-
gy packets with values nAv, n = 1,2,... . Of course, Planck’s
postulate was necessary to circumvent the ultraviolet catas-
trophe of classical mechanics that predicted an infinite ener-
gy for a radiating body. The situation is similar in the mod-
ern theories of QED, QCD, and their more rigorous
versions, quantum field theory and gauge field theory. The
former theories are plagued with infinities and singularities,
while the latter lack concrete physical models and predictive
power. Some investigators believe that these theories break
down at small distances or high energies because they are
based upon a continuum model of space-time.'~> These the-
ories cannot succeed because space-time is not a continuum
but is discrete. There exists in nature an elementary length
and an elementary time and all length and time measure-
ments must be integer multiples of these.*'?

In this paper, we present a discrete model for quantum
mechanics that might be called quantum graphicdynamics
(QGD). The first stage of the model is a graph G that repre-
sents discrete locations for a particle. A discrete phase space
S is formed by coupling vertices and edges of G. Quantum
mechanics comes into play by postulating an amplitude
function 4: S X S—>C, which gives the amplitude that a parti-
cle can move from one point in .S to another in one discrete
time step. The dynamics is developed by introducing paths
or discrete trajectories in .S. The amplitude of a path is de-
fined as the product of the amplitudes of its one-step parts.
By summing the amplitudes of various paths and taking the
modulus squared of this sum, we obtain the quantum prob-
ability of events. This is the discrete analog of the Feynman
path integral, and results in a quantum random walk. This
theory not only describes an evolution in discrete space-
time, it may also be useful for models in which a composite
particle is described by a finite graph, whose vertices repre-
sent elementary particles such as quarks.

In the following section we develop the general theory of
QGD. Free and perturbed amplitude functions are intro-
duced. It is shown that amplitude functions give a transition
probability on a Hilbert space / 2(S) over the discrete phase-
space S. Moreover, it is shown that dynamical propagators
are given by unitary operators on />(S). A relationship
between free and perturbed propagators is derived. In Sec.
I11, simplifying assumptions are made and the theory is spe-
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cialized to infinite square lattices. In Secs. IV and V, con-
crete examples are discussed in low-dimensional lattices and
finite graphs, respectively.

Some other approaches to discrete quantum mechanics,
which are quite different from that presented here, may be
found in Refs. 13-17.

Il. GENERAL THEORY

In this paper a graph is a pair G = (V,E), where Vis an
arbitrary nonempty set and E is a collection of two element
subsets of V. The elements of V are called vertices and the
elements of E are called edges. Suppose that ¥ = {v, e J}
and that the edges containing v; are denoted by e, ke K( ).
If {1,,v, }e E we write v, lv, and say that v, v, are adjacent.
The phase space on G is the set

S={(ve4): jeJ, ke K()}CV XE.

Ifg= (v, ) S, ¢ = (v; .- )e Sand v lv,, wewriteglg'.
For neN, an n-path is a sequence of not necessarily distinct
elementsgy,....g,€ Swithg;lq; , ,,j=0,....n — 1. Wecall g,,
g, the initial and final elements, respectively, of the n-path.
Denote the set of n-paths with initial element ¢, and final
element g by 2, (¢o,q). Physically, we think of ¥ as a set of
discrete position coordinates for a particle and adjacent ver-
tices correspond to “nearest neighbor” positions. An edge
containing ve ¥ corresponds to a direction that a particle
located at v can move and hence represents a momentum
(the magnitude will be added as a parameter later). If
e = {v,,0,}€ E, then a particle located at v, can move along e
to v, in one time step. An n-path pe 2, (¢,,q) is a possible
trajectory for a particle moving in a discrete phase space
from g, to ¢ in n time steps.

A function 4: § XS—C is an amplitude function if
A(q,9') = 0if glg’ and for all ¢,,g,€ S we have

> A41q)A(qq) =Y A(q'4)A(q'32) =6,,, (D)
q q

where 4 denotes the complex conjugate of 4. We then call
(G,4) an amplitude graph. If

p= {%:--qu }E '@n (qO’q)
the amplitude of p is defined by

A(p) = A(q0:91)A(q1,92) - A(g,,_ 1,9,)- (2)
For go,q€ S, the n-step transition amplitude of q, to q is

4,(909) =Y {4(p)pe Z ,(g00) }, (3)
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and by convention 4y(¢9p,9) = 8,,. Notice that 4,(g.9)
= A(qq,q9)- The n-step transition probability of g, to q is
P,(40:9) = |4, (g0,9)|*- Moreover, for v,€ V we define

An (qoyvj) = z {A(P)Pe -@n (qo,q),

g=(vex), keK(p}

P, (go0;) = |4, (gov)) |*

We now give physical interpretations for the definitions
in the previous paragraph. We interpret 4(g,q’) as a prob-
ability amplitude that a particle moves from ¢ to ¢’ in one
time step. The corresponding probability is
P(q,q') = |A(q,4’)|*. The first condition means that if g and
q' are not nearest neighbors, then a particle cannot move
from ¢ to ¢’ in one time step. If ¢, = q,, then Eq. (1) gives

ZP(qu,) = Zp(quql) =1
7 q

The first summation states that a particle beginning at ¢,
must move to a nearest neighbor after one time step, and the
second summation states that a particle ending at ¢, must
have begun at a nearest neighbor one time step previously.
As we shall later show, Eq. (1) is equivalent to the existence
of a unitary propagator T on a Hilbert space H. Moreover,
any geS§ corresponds to a unit vector §,€H and
A(q,q") =(T5,.6,).
For g,#¢,, Eq. (1) gives

(8,,,8,,) =(T8,,,T8,,) = ¥ (T6,,,6,)¢8,,T5,) =0,
<

so ¢, and g, correspond to orthogonal states. We can then
interpret Eq. (1) as meaning that a particle cannot simulta-
neously be at two different points in S. Equation (2) is a
Markov property for the amplitude of a trajectory, and Eq.
(3) states that 4, (go,9) is the sum of the amplitude for all n-
step trajectories from g, to ¢.

In the following theorem, (a) shows that probability is
conserved after » time steps and (b) is the discrete Chap-
man-Kolmogorov equation.

Theorem 1:

(a) 3 |4, (qop)|*=1.
q9

(b) If m,ne N with m<n, then

4,(90q) = Y A,,(909' )4, m (4'9). 4)
-

Proof: 1t is clear that (4) holds if m = n, so assume that
m <n. We prove (a) and (b) by inductionon n. Forn =1,
(a) holds by Eq. (1). For n = 2, we have

A2(909) = 3 {4(p): pe Z,(909)}

= ZAx(QO,q')Al(quQ),
e

50 (b) holds for n = 2. Moreover, the sum converges abso-
lutely since by Schwarz’s inequality

Y 14(90,9)4(4',9)|

ry
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<[Z 14(g04") 1>y |A(q',q)|2] =1.
q q

It now follows from (1) that

2 |42(909) > = z ;A(qo’q')A (¢

q q

XY 4(909")4(q"q)
2
= 2 A (qqu)A (qO’q”)
7.9
XY A(¢.q)A(q" )
q

= 2 A(90,9')4(90q" )0 = 1.
q.q9"

Hence, (a) holds for n = 2. Now suppose that (a) and (b)
hold for n = 2,3,...,rand let n =r + 1, m <n. Then

Ar+ 1 (qorq) = z {A(P)pe gr+ 1 (quQ)}

=Y Y {4p)4(d.9)p'e 7, (904}

qle
=3 A9 Y Q@Y pe 7, (404"}
qlq
=3 4,(¢'9)4, (404"
Z

Hence, (b) holds for m = r. Moreover, using the induction
hypothesis and proceeding as before, the sum converges ab-
solutely and

z |A,+ 1 (qO’q)lz =1
9

Hence, (a) holds for n =  + 1. Finally, if m < r we have, by
the induction hypothesis,

4,,.(909) = zAl(q”q)Ar(qO’q’)
<
=Y 4,(9'9) Y 4, (904" )4,_ . (q".q)
q q
=34,,(909")) 4,_m(9"9)4,(¢'9)
q q

= ZAm (qO’q" )Ar+ 1—m (Q"’q)
Py

Thus, (b) holds for n = r + 1, and the proof is complete by
induction. O

Let /2(S) be the Hilbert space of functions { # S—C:
2, | AA@)*< o} with inner product (f,g) =2 f(¢)8(q).
Anorthonormal basis for /*(S) is theset {5,: ge S}, where
8,(¢") = &,, . Notice that f(g) = (£, ), for every fel *(S),
ge S. It follows from (1) that A(g,, - ), A( - ,g,)€ 12(S) and
from Theorem 1(a) that 4,, (g,, - )€ /2(S). Using the usual
quantum terminology, we call a unit vector g / 2(S) a state
and if ,,y, are states, we call (1,,%,) the transition ampli-
tude from o, to ¢,. Moreover, |(¥,,¥,)|? is the transition
probability from ¢, to ¢,. Define the linear operators T, Uon
12(S) by
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(TH(g) =) A(q.4) A9,
<

(5)
(UN(g) =S A(q'.9) f(q).
2

We call T the propagator for A. It is clear that
A(q09) = (T5,,6, ). It will follow from the next theorem
that 75, is a state and hence 4(gp,q) can be interpreted as
the transition amplitude from this state of §_ .

Theorem 2: The operators T and U are unitary and
U=T*

Proof: To show that T is unitary, we have for f,ge /%(S5)
that

(ITg) = > (IN(9) (Tg) (9)
q
=S 4(q.9) ¢ T 4(9.9")8(¢")
29 q"
=Y flghg(g") Y A(q,9)A(g.9")
959" q

= 3 f(g)E(q")8, = fg).
q.9"

Similarly, U is unitary. To show that U = T *, for f,ge I 2(S)
we have

(fTe) =3 flg) Tg(q)
q
=Y fl9) Y 4(4.9"8(q)
q q
=Y 28(q) Y 4(g.4") f(®)
q q

=Y 2(g)(UN(q") = (Ufg). ]
c

We have seen that if A is an amplitude function, then its
propagator T is unitary. We now show that the converse
holds. Let4: § XS—Cbeafunctionsatisfying4(g,q') =0
if giq’. Define the linear operator T on /%(S) by (5) and
suppose that T'is unitary. Then

T A(qu)4(g2")
q9
= > (75,6, )( 15,.5,,)
9

= z (T*aqz ’5q’ ) (5q' ’T*aql )
7

=(T*5,,,T*5,) =(6,,,0,) =6

In a similar way, the other equality in (1) holds so that A4 is
an amplitude function.

For fe 12(S) we define 4, (f|go) = Z,/(9)A4,(g0,4),
Ay f|g0) =f(q,). Notice that 4, ( -|g,) is a bounded linear
functional and that 4, (6,|g,) =4,(g09). Moreover,
A(f|g0) = Tf(gy). For £ S—R we define the n-step ex-
pectation E, ( f|qo) = Z, flg)P,(qoq) provided that the
sum converges.

Theorem 3: For fe /(S), wehaved, ( f|q0) = T"f(q0)-

Proof: Proceeding by induction on n, the result holds for

9q:°
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n = 1. Suppose the result holds for » and apply Theorem
1(b) to obtain

A, 1(f190) =3 fl@) Y A,(909')4,(q',9)
q q
=> A40q) Y f(9)4,(q'.9)
q q

=3 4(90:4')4, (flg)
<

=T4,(f1g0) = T"* 'f(q0) g
Corollary 4: 4, (90,9) = (6,,U"6,).
Proof: Applying Theorem 3 gives

4,(90q) =A4,(8,90) = T"8,(g0) =(T"5,,8,,)

= (8,,(T")*8,) = (5,,U"5,). u!

Let P, be the one-dimensional projection onto the unit
vector 8,€ /*(S). For £ S—R, define the self-adjoint opera-
tor B, on!?(S) by B,g(q) = f(¢)g(g). Then B, has the rep-
resentation B, = X _f(q)P,. The next corollary gives the
usual quantum probabilities and expectations.

Corollary 5:

(a) Pn (qO’q) = <Pq Un‘SQ()’U"JqO >.

(b) E,(flgo) = (B,U"5,,U"5,).

Proof:

() P,(g0q) =|(6,,U"8,)|* = (P,U"5,,U"6,,).

(b) E,(flgo) = X (9P, (90:9)
=3 fg)(P,U"8,,U"S,,)

_ <E AP, U”&,,D,U"5%>

= (B,U"S,,U"S,,). O
Assume that the amplitude function 4 corresponds to a
free evolution of a particle. Now suppose that a function
V: SR represents a potential energy. We then define 4 *:
SXS—>Cby A¥(q,q) =e ""P4(q,q'). Then clearly, 4"
satisfies (1) so A ¥ is a new amplitude function. We regard
AV as the amplitude corresponding to a particle evolving
under the influence of the potential V. Notice that if V is
identically zero, then 4 ¥ reduces to the free amplitude func-
tion A. If p = {go,...., }Y€ Z ., (¢0,9), then we easily obtain
the Feynman-type formula

n—1
A" () =A(P)exp[ iy V(qj)] .

We thus obtain the following perturbed n-step transition am-
plitude:

n—1
4(go) =3 {A(p)eXP[ —iy V(q,-)]:
i=o

= {qO""’qn }E '@n (%,q)}-

Now define the unitary operator e~ by e~ "*f(q)
= e~ "'9f(q). The next corollary shows that the propaga-
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tor for 4 ¥is the unitary operator T}, = ¢ ~"'T.

Corollary 6: (a) If T}, is the propagator for 4 ¥, then T,
=e "T.

(b) 4)(g09) = (8, (Ue”)"8, ).

Proof: (a) By definition of the propagator for 4 ¥, we
have

(TyN () =3 A7 (a.4)/(9)
<
=Y e "P4(q.9")/(q")
.

=e” " Y A(9.4"/19) = (¢~ TN ()
(b) Applying Corollz:ry 4 and (a) we have
4, (goq) =(T38,8,) = ((e~"1)"6,8,,)
=(8,,(e~"T)"8, ) = (6, (Ue™)"6, ). O

Let U= "e”P(d 0) be the spectral representation of
U. 1t follows from Coroliary 4 that

2
An (qO’q) = J.

0

€"°(8,,P(dD)s,,).
Hence, there exists measures 2, , on [0,27] such that

27
4,(40:9) = J " g,,q (d0)
0

for all ne N, go,q< S. In the case that U has a complete set of
eigenvectors ¥; with corresponding eigenvalues e, Corol-
lary 4 reduces to

4,(g09) = (5,,U"S,)

- <2 (5q,¢j)¢j,U" E (6‘10’¢f>¢j'>
= > %@ (40) (™Y, )

=Y e ",(4)¥ ().
J

Ill. SQUARE LATTICES

In this section we apply the general theory of Sec. II to
the case of a square m-dimensional lattice V'=2Z",
Z =10, + 1, 4 2,...}. Two vertices v,,v,€ V are defined to be
adjacent (v,lv,) if one of their components differ by 1 and
the others are equal. Thus, nearest neighbors in the usual
sense are adjacent. Denoting the set of edges by E, we obtain
a graph G = (V,E). As usual, we denote the phase space on
G by S. Now any ve V has 2m nearest neighbors and hence
2m incident edges. We can represent any ge S in the form

q= (U,S) = (jl;-“’jmys)r
se{l,...2m}, j.eZ,

We can represent an fe€l%(S) by fi(jieorim)
=f(J1seers Jmss). If A1 § XS—C is an amplitude function,
we have

r=1,..,m.
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(T£) Crseeosfim)
= EA(jl’---’jm’Ssj; ’--"j:n»sl)fy (]; ""’j;n ).

We now make a simplifying assumption, which is rea-
sonable on physical grounds. In the sequel we shall assume
that A4 is translation invariant, that is, for all k = 1,...,m.

A JrseeesJi F Preves JonsSif 1 seeos Sk = Freers JionsS')

= A(jlr--»jm ’S’J; ""’j:n ’sl)

=A(Jyseees JomsSs J1seees JinsS')
for any re Z. Let I be the set of m-tuples ( j,;..., j,, ) Where
one of the j, equals + 1 and the others are 0. Clearly, the
cardinality |I|=2m. Then A is determined by the 8m>
numbers

A(s, j,r) = A(0,...,0,8, f15eees Jims?)s

sr=1..2m, j= (jysjm)EL

In general, it is quite difficult to compute the value of

A4, (g4,9) in a closed form. In this section we shall simplify

this computation by transforming / *(S) to a new representa-
tion space. Let

X =[027]" = {xx = (x4,....%,,,),
xe[027], j=1,.,m}.

Form the Hilbert space H = L *(X) ® C2"and denote a func-
tion f'in this space by £, (x), x€ X, se {1,...,2m}. The inner
product in H is taken to be

1

(fg) = a

21
f f-gdx,
o

where f-g = 3?7 f.g.,dx =dx, - dx,,. For je Z™, xe X,
define j - x =j,x, + - + j,.X,,. Define the linear transfor-
mation F: /2(S)—H by

EN,(x) = T £ (el

rez™

It is easy to see that F is unitary and that

1 21 .
(F7g), ()= f s(x)e™ ¥ " dx.
8);(J 2m b g
Let ?‘s, = /7\‘5, (x) be the 2m X 2m matrix given by
TS,=2A(s,j,r)e"7"‘.
1

Now T, corresponds to a linear operator 7 on H given by

A 2m
(Tg); (x) = Y 7,8.(%).

r=1
The next theorem shows that T'is the transform of the propa-
gator TinH.
Theorem 7: 7= FTF ~!,
Proof: 1t is easy to check that the vectors

{8, * jeZ™ se{1,...2m}},
form an orthonormal basis for H. If we show that 7 and
FTF ~! agree on these vectors, we are finished. For any
(v,8) = (j,5)e S we have
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[T6, ] (V')
= 2 A [(U,,SI) (U" ”)]6(,,5) (U” /l)

(v”,s™)

=A[('s),(vs)]

— z A(S”,_]'",s)‘s(j—j".s) (U’,S’).
Py
Hence,

T5 i)y — Z A(s”’]"’s)au —J"s)

We therefore obtam
FTF—15.¢9*

=FT8,, = Y A(s",j"s)e” V" 5. >
s*J"

= T5.e¥ *. 0
Corollary 8: 1f ¢ = (j,5), ¢ = (J',5'), then
A, (q.9) = (/7\""55e'7"‘,5,,e'7"‘).

Instead of finding the nth power (or spectral resolution)
of the infinite-dimensional operator T, Corollary 8 reduces
the computation of 4, (¢,¢’) to finding the nth power of the
2m X 2m matrix T,. The next corollary reduces this compu-
tation even further. .

Corollary 9: Suppose that the matrix 7, has a complete
set of unit eigenvectors ¥, (x) with corresponding eigenval-
ues A, (x), k= 1,....2m. If g = (j,8), ¢’ = (j',5"), we have

1 J‘Zﬂ' _ e
A I x gy,
( 27) m ; b k¢ks¢ks
Proof: Let P, be the one-dimensional projection onto
Y,k = 1,...,2m. Applying Corollary 8, we have

A" (q,ql) = (z/{‘ ZPk‘SSel'j'.x"ss,elf.x)
k

4,(q9) =

= (S5 pod,er )
k

= 3 (" Py A LUy B, 87 %)
k

= )e¥ A (x)
) (21r)"‘f Y (e AL x
><1// .(x)e"’"‘dx

/1 -7 xdx, O
(277_)," Z ¢ks¢ 44

We shall apply Corollary 9 in the next section, where we
consider one-, two-, and three-dimensional lattices.
We now introduce a notation that will be useful in the

sequel. Define the following unit vectors in R™
k,-(lOO, +0),-..k,, = (0,0,...,0,1), Kyt
= — k,, wkyy, = — k We can then represent the phase
space as

S={(k): jeZ™, kelkyskym}).

We now assume that the amplitude function has the follow-
ing simple form:
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a, ifk' =k,
be, ifk'= —k
AR, (J+ k' kD)= S ’ 6
(k) (j+ )) e ifk's 4k, (6)
0, otherwise,

where a,b,c >0, 6,¢€[0,27).

Physical motivations can be given for taking A to have
this form. First it is clear that A is translation invariant and
that 4(g,q9’) = 0if glg’. Second, since probabilities are inde-
pendent of a multiplicative phase factor, we can take one of
the values of 4 to be positive; hence, we have the value a > 0.
We shall later add conditions on a,b,c,8,4 so that A4 satisfies
Eq. (1) for an amplitude function. This amplitude function
describes the following motion. If a particle is initially at the
point ( j,k), then it moves in one time step in the “forward
direction” to the point (j + k,k) with amplitude q, in the
“backward direction” to the point (j — k, — k) with ampli-
tude be”, and in the “‘orthogonal directions” to the points
(j+ k' k") k’'# + k, with amplitude ce. Since there is no
physical way to distinguish between the various orthogonal
directions, they all have the same amplitude.

We now find conditions on a,b,c,0,¢ that are necessary
for 4 tobe an amplitude function. Let R, be the permutation
on the set {k,,....k,, } defined by Rok; = k;, , (mod 2m).
For fe 12(S), the propagator satisfies

(TNCik) = Ak, (kD) fUT k)
= af(j + k,k) + be’®f(j + R Jk,R Tk)
+ce? 3 {f(j+ RokRGk):

r=1..2m—1, r#m}.

Let S and R be the linear operators on /2(S) defined by
SfUjik) =f(j + k.k) and Rf( j,k) = f(j,Rok). It is easy to
check that the “translation operator” S is unitary and
S*(j.k) =f(j~— k,k). Moreover, the “rotation operator”
R is unitary and R * = R >" ~!. We then have

T=S [a]-}- be?R™ 4+ ce“’z {R"

r=1..,2m—1, r¢m}|.

Theorem 10: The propagator T is unitary if and only if

the following three equations hold:

(A)a? +b%2+4+2(m—- 1) =1;

(b) abcos @ + (m — 1)c?> =0;

(c)acos¢g +bcos (B—¢@) + (m—2)c=0,
ifm#1.

Proof: Let

L =al + be’®R ™ + ce® > {Rr=1,.2m—1, r#m},

sothat T'= SL. Since S'is unitary, T'is unitary ifand only if L
is unitary. Now

LL*= (a1+ be® R ™ + ce® Y R ’)
r#Em
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X(aI+be“"R”'+ce"'¢ 2 R’)
r#m

=[a®+b%*+2(m— 1)
+2[abcos@ + (m—1)*1R™
+ 2clacos ¢ + bcos (6 — @)

+(m—2)] ¥ R".
r#m
The result now follows. O
Corollary 11: If A is an amplitude function, then

la + be” + 2(m — 1)ce?|? = 1.

Proof: Applying (a), (b), and (c) of Theorem 10 we
obtain

la + be® + 2(m — 1)ce?|?
=a?+b2+4(m—1)%?
+2abcos 6 +4(m—1)c
X [acos¢ + bcos (8 —¢)]
=a+b2+4(m—1)%?
—2m =12 —4(m—1)(m =2)c
=a>+b24+2(m—~1)c*=1. ]

We interpret Corollary 11 as follows: Let B be the event
that the particle is at the nearest neighbor of ( j,k) given that
it was at (j,k) the previous time step. Then B occurs with
certainty. Notice that this is different from the result given
by (a), which says the sum of the probabilities that the parti-
cle reaches a nearest neighbor in one time step is unity. More
generally, we saw in Theorem 1(a) that 2_|4,, (¢oq)|* = 1.
However, when A is given by (6) we also have the following.

Corollary 12: If A is an amplitude function, then
|2qAn (qO’q) ‘2 = 1

Proof: The expression 2, A, (¢,,q) is the sum of the am-
plitudes of all n-paths with initial point g,. It easily follows
by induction on 7 that this sum equals [a + be’

+ 2(m — 1)ce®]". The result now follows from Corollary

11. O
Theorem 10 gives a necessary and sufficient condition

for A to be an amplitude function. However, we then only
have the three equations (a), (b), and (c) to find the five
quantities a,b,¢,0, and ¢. In order to determine these quanti-
ties uniquely, we need two more physically motivated equa-
tions. One of these equations can be obtained as follows. Let
0<v< 1 be a parameter. If the particle is massive, v would
correspond to the particle’s speed (we set the speed of light
to unity) or deBroglie frequency, and if the particle is mass-
less (say a photon), v would correspond to the particle’s
frequency. Suppose the particle is initially at the point
4o = (0,k,). We assume that after one time step, the parti-
cle’s average position is v. Let £ S—R be the position ob-
servable f(( j,k)) =j. Then

U=E1(f|qo)=2f(q)P1(qOﬂ)=az‘-b2- W)
q

There seem to be various choices for a fifth equation
depending on our particle model. One approach is given in
the following.
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Theorem 13: Suppose m>2 and 4 is an amplitude func-
tion of the form (6). If (7) is satisfied and g has its minimum
possible value, then a=(14+v)/2 b= (1-0)/2,
c=[(1—v)/(m—-1)]Y2/2,0 =7, and

cosd=[(2—m)/][(1 —v*)/(m—1)]"2

Proof 1t follows from Theorem 10(b) that
(m — 1)c*<ab. Applying Theorem 10(a) and (7) we obtain
(1 4+v)/2<a. Since a has its minimum possible value,
a=(1+v)/2. The result now follows from Theorem
10(a), (b), (c), and (7). O

Except for the case m = 2, the above result is not very
satisfactory since the cos¢ equation requires that
v3» (m — 2)/m. Another approach will be given in the next
section.

IV. LOW-DIMENSIONAL LATTICES

In this section we shall consider one-, two-, and three-
dimensional infinite lattices. Besides (a), (b), (c) of
Theorem 10 and Eq. (7), we shall usually make another
physically motivated assumption for the amplitude func-
tion. We begin with the one-dimensional case.

Let ¥V = Z be the one-dimensional, infinite linear lattice.
In this case, Eq. (6) becomes

a, ifk'=k,
Ak, (j+ k' k"))=1be®, ifk’'#k, (8)
0, otherwise,

where a,b >0, ¢ [0,27). In this case only (a) and (b) of
Theorem 10 are applicable. These and (7) givea® + b2 =1,
cos@=0, and a®’—b*=v, respectively. Therefore,
a=[(14+v)72]1"%, b=[(1—=0v)/2]"? and we take
0 = n/2 for definiteness.

We now use the methods developed in Sec. III to find a
closed expression for A4,(q,q). The matrix elements of
A(s, j,r) become

a O
¥ | 91’ = [ ] ’ y — L) = [
(s,1,r) b0 A(s,— 1L,r)
Hence, the matrix T, (x) is given by
ae = ibeb‘]

the > age™

0 ib]
0 .

T,(x) = [

Notice that ’T\',, (x) is a unitary matrix. The eigenvalues of
T,(x) are A,=acosx+ia(x), A,=A, where
a(x) = (1 —a®cos? x)/2.

The corresponding unit eigenvectors are

¥, = N,(be",a(x) + asin x),

¥, = N,(be*, — a(x) + asin x),
where N,N, are the normalization factors given by

N =2a(x)[a(x) +asinx],

N;?2=2a(x)[a(x) —asinx].
Forg, = (0,12, )og=( j,l%,) we obtain from Corollary 9 that

2T

4, (400 =f

0

e a(x)~!
X [a(x) cos n¢ — ia sin x sin n¢}dx,
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where
¢ = tan ~'[a(x)/a cos x].
For g, = (0,k), ¢ = (jk,) we obtain

27
Ut Yxg(x)cos ng dx,

4,(909) = f
(0]
where ¢ is given above.

We next consider the two-dimensional, infinite square
lattice V = Z *. We again assume that 4 is an amplitude func-
tion of the form (6) and that (7) holds. If we assume the
condition in Theorem 13, we obtain a= (1+v)/2,
b=(1—=v)/2, c=(1—-v)""*/2, 8=m, and $ =7/2 or
37/2.

There is another approach to obtaining reasonable
values for 4; and this will be important when we get
to the three-dimensional case. Consider b as a function b(v)
of v. As v increases, more of the particle’s motion should
be in the forward direction so 5(v) should be a decreasing
function with (1) = 0. Also when v = 0, we require that
the motion should be one-dimensional so &(0)
=v2. The simplest function satisfying these condi-
tions is b(v) = (1 — v)/v2. We then obtaina = [(1 + v*)/
212, ¢ = [v(1 —v)/2]"% @=cos™'[ —v/(1 +v))'?],
¢ =tan"'[1 4+ 20*/(1 —v)].

We now come to the three-dimensional, infinite cubic
lattice ¥ = Z 3. If we assume the conditions in Theorem 13,
we obtain @ = (1 +v)/2, b= (1-v)/2, c= (1 —v})"V¥/
22,0 =m,cosp = — (1 —v?)"/2/2v2. As mentioned ear-
lier, this last equation has a solution if and only if v>4. Thus,
in this approach small values of v are not admissible.

We therefore use the second approach employed in the

two-dimensional case. By that same reasoning, we obtain
a=[(1+v®)/21",b= (1 —v)/V2,c=[v(1 —v)]"?/2,
@ = cos ~'[ — v/(1 + v*)""?]. Using (c), we can now solve
for ¢. After some algebraic manipulation we obtain

cosg=[—ay+B@+B>—y)"? 1/ (> +BY),
(9)
where a=(1—v+2v?), B=1—v, y=[v(l—v)(1
+ v%)/2]"/2%. We must now convince ourselves that (9) has
a solution for every 0<v< 1. It is easy to show that

B+ B> — ) >ay.
Hence, (9) has a solution if and only if the following inequal-
ities hold:

B(a?+B*— 1)<’ + B + ay, (10)

v’<a® + B> (11)
Now (10) is easily verified, and (11) is equivalent to

9* — 9v° + 130 — v + 4>0. (12)

Since

9yt — 9% + 130> — 9w 4+ 4130 — v + 4,
Eq. (12) holds if the function f(v) = 13v* — 9v + 4 is non-
negative or all 0<v< 1. Now f(0) = 4, f(1) = 8 and fattains
a relative minimum at vy =& or v,=0.5573. Since

f(v,) = 0.2383 we are finished.
We conclude this section by considering infinite trian-
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gular lattices. In the two-dimensional case, the plane is tes-
sellated with equilateral triangles. We define V' to be the set
of all vertices of these triangles. For v,v’e V, we define vLv’ if
v and v’ are vertices of the same triangle. Then each vertex
has six nearest neighbors. Assume that 4 has the form (6),
where @ corresponds to the forward direction, be® to the
backward direction, and ce’ to the other four directions. The
values of 4 then reduce to the ¥ = Z? case. In three dimen-
sions, R is tessellated with regular tetrahedra and each ver-
tex has 12 nearest neighbors. The values of 4 then reduce to
the V' = Z % case.

V. FINITE GRAPHS

While infinite graphs may be useful for describing the
motion of a quantum particle in space, finite graphs may be
important in the description of “elementary” particles them-
selves. For example, in the quark model, mesons are com-
posed of a quark and antiquark while baryons are composed
of three quarks or three antiquarks. Thus, two- and three-
vertex graphs may give a useful description of the hadrons.
In other particle models, finite graphs with an even number
of vertices can describe bosons and finite graphs with an odd
number of vertices can describe fermions. In this section we
shall consider only finite graphs of a very simple type.

Let ¥ = {v,,...,u5 } be a finite set with [V | = N>2. We
define v;lv;, if | j—j| =1 or N — 1. Denoting the set of
edges by E, we obtain an N-graph G, = (V,E). For N33,
each vertex has precisely two incident edges. We call {v;,
V1 5J=1,.,N (j+ 1is taken mod N) the forward edge
Sromy;and{v;,v;,_, },j=1,..,N (j — listaken mod N) the
backward edge from v;. In order to include G, we assume
that G, is not a graph but is actually a multigraph with two
edges, which we denote v,v, and v,v,. Then v,v,, v,v, are the
forward edges from v,,v,, respectively, and v,v,,0,v, are the
backward edges from v,,v,, respectively. The phase space on
G, can be represented as

S={(ik): je{l,.N}, k= +1},

where k = 1( — 1) corresponds to the forward (backward)
edges from v;.

Let 4: S X S—C be an amplitude function of the form
(8) (with j+ k' taken mod N). It easily follows that
a@®> 4+ b?=1and 8 = 7/2 or 3r/2. For definiteness we take
6 = 7/2. If we also assume a*> — b =v [Eq. (7)] then we
obtain @ = [(1 +v)/2]"?, b= [(1 —v)/2]"% However,
this last assumption is not necessary for what we do in the
sequel. Now /2(.S) is a 2N-dimensional Hilbert space with
orthonormal basis 8 x,,/ = ,....N, k = 4 1. The propaga-
tor T, satisfies

(Tnf)(Gk) = af(j+ kk) + ibf(j—k, — k).
It follows that

T g =8 iy T8¢ 11y (13)
Relative to the basis & ;,, Ty can be represented by a
2N X 2N matrix whose entries are given by (13). Suppose the
unitary operator T, has eigenvalues A,...,4,y with corre-
sponding normalized eigenvectors #,,...,¢0,5. According to
the discussion following Corollary 6, we have
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A, (God) = 3 A 79,(90)¥, (4)- (14)

We first consider G,. In this case the matrix T, becomes

0 0 a ib
0 0 ib a
L=, » o o
ib a 0 O

The eigenvalues of T, are A, =a+ib, A,=a—ib,
Ay= —A,,and 4, = — 4,. The corresponding normalized
eigenvectors become

¢l =%(1’1’131)’

¢2=£(11 - 1’19 - 1)’

¢3 = %(1:1; - 1) - 1)!
and

¢4=£(1) - 17 - 111)-
In functional form we have ¢,(j,k) =14, ¥,(j,k) =1k,
(k) =3 — 1Y+, and ¢,(j,k) =1(—1Y* 'k, with
j=12,k= + 1.Ifg,= (j,k)andg = (j,k '), then apply-
ing (14) gives

A,(g09) =13[(a +ib)" + (a — ib)"kk’
+(—a—ib)"(— 1)+
+ (—a+ib)"(—1Y*7kk']
=11+ (- 1)n+i+r]
X [(a + ib)" + (a — ib)"kk'].
Letting § = tan~' b /a we obtain

A ( )_[£[I+(—1)"+j+f]cosn0, ifk:k"
WD =) 14 (= 1)+ 1sinnd,  ifk £k,
(15)

It follows from (15) that
4,(40,J") = A4,490,(J, 1)) + 4,(g0,(J's — 1))
= %[1 + ( _ 1)n+i+j'] el‘nB.
Hence,

Pn(qo,jl) =i|1 + ( _ 1)n+j+j’|2
ifn +j+J is even,

1,
- [0, if n +j +j is odd.

Now suppose that the particle evolves under the influ-
ence of a momentum independent potential ¥: S—R. Then V'
hastheform V' ((1,k)) = a,V ((2,k)) =B,k = + 1. Accord-
ing to Corollary 6, the propagator T, for the perturbed am-
plitude 4 ¥ satisfies T, = e ~*'T,. We can represent e ~ "V by
the unitary matrix e ~ ¥ = diag (¢ ~*,e ~*,e ~ ¥, ~#). The
eigenvalues of T, are A,=(a+ib)e @+
Ay=(a—ib)e " @+P72 j =4 ,andA, = — A,. Thecor-
responding normalized eigenvectors become

¢l — %(e—ia/Z’e—— l'a/Z’e—lﬂ/Z,e— l‘ﬁ/Z)’

Yy =14 a2 _ g—ialt g—iB/2 _ o= iB/2)

y = %(e—-ia/Z’e—iaIZ’ — e—iﬁ/2’

'p“ —_ %(e—ia/Z’ _ e-l'a/Z’ - e—iB/Z’e-—-iﬂ/2).

—iBr2
—e B ),
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In functional form we have

Gk =4 [e (14 (—1Y*))
+e 81+ (— 1)),

$2(jik) = (k/2)[e {1 4 (= 1Y)
+e 14+ (- 1)),

(k) = [(= 1Y+ 12 [e~ %1 + (= 1Y)
+e P21+ (= 1)),

Ya( k) = [(= 1Y 'k 72][e (1 + (= 1Y+
+e B+ (—1Y)).

The general expression for 4 ) (g,,9) corresponding to (15)
becomes quite complicated and it is simpler to divide it into
cases. Forthecaseg, = (1,k),q = (2,k’), upon applying the
analog of (14) we obtain

A4.(g09)
=lexp[ —i(n+ 1)(a+B)/21[1 - (- 1)"]
X [(a +ib)" + (a — ib)"kk']
yexp[ —i(n+ D)(@+8)/2][1 - (- 1)"]
Xcosn6, if k=k’,
Jexp[ —i(n+ 1)(a+8)/2][1 - (—1)"]
Xsinn @, if k#k’.
In particular,
A :(q0’2) =4 :(QO’(Z’I)) +4 :(qo’(z» - 1))
=lexp[ —i(n+ 1)(a+p5)/2]
X [1 _ ( _ 1)”]e"""',

and

0, if n is even
Y(go2) =} |1 — —1"2=[’ '
P(ge2) =41 - (1) 1, if n is odd.

For the case ¢, = (1,k), ¢ = (1,k ') we obtain
A :(%,‘1)
yexp[ —i((n+2)a+nB)2]1[1 + (- 1)"]

_ Xcosnf, if k=k',
(i72) expli{(n + 2)a +nB)/21[1 + (- 1)"]
Xsin ng, if k #k'.
In particular,

A ,’,,(qo’l)
=}exp[ —i((n +2)a +nB)/2][1 + (- 1)"]e™®
and

1, if n is even
PY(gn1) =11 —1"2=[’ : ’
n@oD) =31+ (= D= e o odd.

We next consider G;. The eigenvalues of the unitary
6X6 matrix T; are A, =a+ib, A,=a—ib, A=A,
=[—a+i(4—a*)"?1/2, and As=As=[—a—i(4
—a*)"?]/2. The corresponding normalized eigenvectors
become

¥, =6""2(1,1,1,1,1,1),
¢2 = 6_1/2(’1, - 1,11 — 191, - 1),
¢3 = (4 - a2)—1/2(/{3’ - ib, - (1'3 + a)!oya’ib)’

Stanley P. Gudder 1789



Yo=(4—a*>)""(0, — (A4 + a), — ibA,iba),
¢5 = (4 - a2)—1/2(/15’ - lb’ - (/15 + a)’oya)ib))
V6= (4 —a*)"V2(0, — (Ag + a), — ibA¢ibsa).

We can now compute 4, (¢4,9) using (14). For example, let
go = (1.1), g = (j,k). Then

A, (god) =§[A18:1(9) +254:(9)]
+ [1/(4—a)[A57 '93() + A5+ 9s() ]
=4[AT +kAY]
+ [1/(4=a) ][5 'P(g) + A5+ 'Ys() ]
If k = 1, we have
4, (gop) =427 +17]
+[1/(4=a) ][5 'P(a) + 457 's() ]
={Red} + [2/(4 —a*)|Re A3+ 'gy(q).
If k= — 1, we have
A, (goq) =3[4T —A7]
+ (/4 —a)][A57 %) + 1517 ' 9s(9) ]
= (i/)NImA; + [2i/(4 —a®) ]¥s5(g)Im A2+
Finally, let us consider G,. The eigenvalues of the uni-
tary 8X8 matrix 7, are A,=a+4ib, A,=a—1ib,
Ay= —Ay,, Ay= —A4,, As=A4¢=1i, and A, =4,= — i
The corresponding normalized eigenvectors become
¥ =8""3(1,1,1,1,L,1,1,1),
¢2 = 8‘-1/2(1’ - 1119 - 1’1) - 1’1, - 1)9
¢3 = 8*1/2(1y1: - 19 - 111’1, - 1’ - 1)’
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v, =8""%(1,—1,— ,L,I, = 1, — 1,1),
vs=8"V*(1,lja+ b, —ia—b,—1,—1,

— ia — b,ia + b),
e = 27'(1,0,ia, — b, — 1,0, — ia,b),
¥, =8"Y%(1,1, —ia — bja+ b, — 1 — lia + b, — ia — b)
¥y =27 1(1,0, — ia,b, — 1,0,ia, — b).

Again, 4, (¢4,9) can be computed using (14).

Continuing in this fashion, one can see similarities in the
G, ’s for n even (corresponding to bosons) and the G, ’s for n
odd (corresponding to fermions).
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Hilbert-space representations of transition probability spaces are studied. The notions of
superposition and the superposition principle are introduced. It is shown that, provided the
superposition principle and the postulate of minimal superposition are satisfied, transition
probability space can be represented by a generalized Hilbert space.

I. INTRODUCTION

In an axiomatic approach to quantum mechanics, Miel-
nik introduced the concept of transition probability space.’
The set of all pure states of a quantum-mechanical system is
considered as an abstract space with a geometry determined
by transition probabilities. In general, the states of a transi-
tion probability space need not be realizable in a Hilbert
space. Mielnik' studied the criteria under which two-dimen-
sional transition probability spaces can be embedded in a
Hilbert space. Belinfante? studied the structure of three-di-
mensional transition probability spaces.

In this paper, we study infinite-dimensional transition
probability spaces and possibilities of their representations
in vector spaces. We show that under only one additional
assumption, the so-called “‘postulate of minimal superposi-
tion” introduced by Gudder,® a version of the Piron
theorem* for transition probability spaces can be proved.
Cantoni’ has shown that a transition probability can be ob-
tained on the basis of only the two first Mackey axioms.® Asa
consequence, adding only two additional assumptions to
Mackey’s first two axioms,’ a representation of state space in
a generalized Hilbert space can be found.

Il. BASIC DEFINITIONS AND KNOWN RESULTS

In this section, we introduce the definitions and results
of Mielnik' and Belinfante.?

Let % be a set of pure states. Denote by a, B,7,... the
elements of 7.

Definition 2.1: Amap T: & X #—(0,1) is called a tran-
sition probability if it satisfies

(i) T(e,p)=1 iffa=4,

and
(iii) calling a, B orthogonal if
T(avﬂ) =T(ﬁ,a) =0, z T(a,ﬂ)——— 1
BeR

for any maximal set R of mutually orthogonal elements of %
andanyae.f.

The sum in Definition 2.1 is thought of as the supremum
of all finite partial sums.

A transition probability T is symmetric if

(iv) T(a,B)=T(Ba), foralla,Be . *.

In our considerations, we shall not suppose the symmetry of
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T. We note that, owing to (i), the orthogonality relation is
always symmetric.

A set R of orthogonal elements of % will be called an
orthobase of 7 ifit satisfies 2,  T(a, B) = 1foralla € &.
By (iii), an orthogonal set R is an orthobase iff it is maximal.

Definition 2.2: A set ./ with the mapping T satisfying
(i)—(iii) of Definition 2.1 is called a transition probability
space and denoted by (%, T).

For AC % we denote by 4 * the set of all 8 € .% that are
orthogonal to all elements of 4, i.e.,

A*={BeS:T(a,B) =0, forallaeAd}.

We shall write 4 1 B, A,BC .7, if T(a, B) = 0 for any
acAandBeB.IfA ={a}, B={p}, wewritea L B.
Lemma 2.1: Let AL BC .#. Then

(i) ACBimpliesB‘CA4",

(i) ACA™ =YY,

(ili) And'=0, (LudaH)'=0@D.
Proof: Straightforward.

Lemma 2.2: For any a € %, {a}** = {a}.

Proof: Let {a,{ B, },} be an orthobase of .# (it exists by
Zorn’s lemma). Then for any y € .7,

ST(y,B) + T(ra) =1
i

Ify e {a}", then T(y, B;) = Oforalli, sothat T(y,@) =1,
which implies that y = a.

It is clear that /" = %7, i.e,, @' = .%. Also, §,CS3
implies S *CS3', §,5,C .. This implies that S—S** is a
closure operation.” Let ¥ (%) = {SC.%: S =S''}. Then
F () is a complete atomistic orthocomplemented lattice
with the singleton sets {a}, a € .%, as the atoms and with the
lattice operations defined as follows:

A S, =nS,
V S, = (S

Definition 2.3: A subset S of .¥ is called an orthoclosed
subspace of ¥ if there is a set of mutually orthogonal ele-

ments 4 such that § =4 “.
Lemma 2.3: For any orthogonal set B,

BLI.___[ .Y: T y =l].
ae ﬂ;ﬂ (a, B)

Proof: Letabesuch that 25_, T(a, B) = 1 and let y, be
such that T( B, ¥,) =0 for all Be B (i.e., y,€B'). Then

(the set-theoretical intersection),
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there is CC .# such that Bu C is an orthobase of .¥ and
%o € C. We have

z T(a’ﬁ)+ z T(d,7)=1,

BeB yeC
which implies T(a, 7,) =0, i.e., @ € B*. Now let « € B**.
Then ¥ L Bimplies ¥ L a. Let CC.% be such that B | C and
Bu Cis an orthobase of . Then T(a, ) =0forallye C
and

z T(a’ﬂ)+ 2 T(a17)=l’

BeB reC
implies that

z T(Q,B) =1L

BeB

If S = B*, where B is an orthogonal set, we shall call B
an orthobase of S.

Lemma 2.4: If S is an orthoclosed subspace, then every
maximal orthogonal subset of .S is an orthobase of S.

Proof: Let S = B, where B is an orthobase of S, and let
A be any maximal orthogonal subset of S. Then for any
ae”,

Z T(a’ﬂ) + z T(a’ 7’) = 19

BeB veC

where C L B is such that BuC is an orthobase of .. If
aeS', then 2, T(a,y) =1 By Lemma 2.3, Cis an or-
thobase for S. Now ¥ L C implies ¥ € $** = S. Therefore,
AuC is an orthobase of %, If ¢ €S, then al1C, ie.,
2pe4T(a, B) = 1. Again by Lemma 2.3, 4 is an orthobase
of S.

If S'is an orthoclosed subspace of %, then T restricted to
S§ is a transition probability, i.e., (S,7T) is a transition prob-
ability space. Let us denote by & (%) the set of all ortho-
closed subspaces of .%.

Proposition 2.1: The set & (%) is an atomistic orthomo-
dular poset.

Proof: From the proof of Lemma 2.4 it follows that
Se d(S) implies §* € (7). Let $,,5, € (%) and let
S, 1.5,. Let B, and B, be orthobases of S; and S,, respective-
ly. We have B, 1 B,. Further,

(BIUB2)1=B{ ﬂBé =SJI- ﬂSl = (SIUSZ)l,
ie.,
Sl V S2 = (Sl USz)ll = (Bl UBz)ll,

hence B, U B, is an orthobase of §; V §,. To show orthomo-
dularity, let 4,4, € £ (%), A,CA,,and 4,n A = D. Let
B, be an orthobase of 4,. As y 1 4, iff ¥ L B,, there is no
y € A,, ¥ 1 B,. This implies that B, is an orthobase of 4,, i.e.,
A, = A,. As by Lemma 2.2, every singleton set {a}, a € .#,
has an orthobase {a}, and Z (%) is atomistic.

In the preceding propositions we did not need to sup-
pose the symmetry of the transition probability. The follow-
ing proposition is the only one in which we suppose the sym-
metry.

Proposition 2.2: If (%,T) is a symmetric transition
probability space, then every orthobase of .% has the same
cardinality.
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Proof: Let B, and B, be two finite orthobases of .%.
Owing to the symmetry,

> Y TBa)= 3 I T@p,

BeB, acB, aeB, BeB,
which implies that card B, = card B,. Now let B, and B, be
infinite-dimensional orthobases of .¥. For any a€B,,
3p.5,T(a,8) =1, so that the set J(a) ={BeB,:
T(e, B)#0} is at most countable. Put A= U, J(@).
Then ACB,, card B, = card A<card B,. Similarly we ob-
tain the opposite inequality, i.e., card B, = card B,.

We have & () CF (). The following proposition
gives us a condition under which every element of ¥ (%)
has an orthobase.

Proposition 2.3: Let there be, for any set Pof £ (%) with
an at most countable orthobase and any a € ¥, 8 1 P such
that PV {BYCP V {a}. Then F (&) = £(F).

Proof: Let S € ¥ (%) and let B be a maximal orthogo-
nal subset of S. Our aim is to show that §=B". Let
aeS\B". As 3,y T(a, B)<], there is an at most count-
able subset B, = { |, ¥,,...} C B such that T(a, ) = 0 for
any ¥ € B\ B,. By the supposition, there is # 1 B, such that
SOBi' V {a}DBt'V {B}.Asa L B\B,,B, 1L B\B,,and
Be (B,u{a})**, we have §1 B\B, This implies that
B L B, which contradicts the maximality of B.

Definition 2.4: A transition probability space is called
irreducible if it cannot be written as a set union of two or-
thogonal transition probability spaces.

Every transition probability space can be written as a
set-theoretical union of mutually orthogonal irreducible
transition probability spaces.

. SUPERPOSITIONS OF STATES AND THE
SUPERPOSITION PRINCIPLE

In the sequel, (%, T) is a transition probability space.

Definition 3.1: Let PC .. We say that a € .% is a super-
position of P if T(y,B8)=0 for all yeP implies
T(a,p) =0 ([j_ef).

Denote by P the set of all superpositions of P, i.e.,

P={ae 7 T(y,B8) =0Vye P=T(a,B) =0}

Lemma 3.1: A** =4 forany AC.%.

Proof: Let a e A**, and let T( , B) =0 for all y € 4.
This implies that B € 4*, i.e., T(a, B) =0, hence € 4. Let
acd.Iffe A, then T( B, y) = Oforall y € A. This implies
that T(a, B) =0, i.e., x € A**.

Definition 3.2: A subset S of ¥ is called a (linear) sub-
space if it is closed under the formations of the superposi-
tions of any pair of its elements, i.e., if {a, 8}~ CS for any
a,BeS.

If S is not a linear subspace, we denote by A(S) the
smallest linear subspace containing S.

Lemma 3.2: For any $,,5,,SC.¥* and a, Be .7,

(i) SCA(S)CS,
(ii) S, CA(S,) implies A(S,) CA(S,),
(ili) A(S)=Sif Se (D.{a}{a, B}}.

Proof: Straightforward.
Properties (i) and (ii) of Lemma 3.2 imply that
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S—A(S) is a closure operation.” Let .Z (%) = {SC /"
S=A(S)}. Then £ () is a complete atomistic lattice
with the singleton sets {a}, @ € ¥, as the atoms and with the
lattice operations A S; = n.S; (set-theoretical intersegc-l

orthoclosed subspaces
n

closed subspaces
N

subspaces

In what follows, we shall suppose that the Gudder’s pos-
tulate of minimal superposition (MSP) holdsin (%, T) (see
Ref. 3).

Definition 3.3: Let S = {a,,a,,...,a, } be a finite subset
of .. We say that a is a minimal superposition of Sif @ € §
and aeE_Q for any proper subset Q of S.

Definition 3.4: We say that the postulate of minimal su-
perposition (MSP) holds in (#,T) if for any finite subset .S
of & and any minimal superposition a of S the following is
satisfied: (Q, v {a}) nQ,#D for any Q,0,CS, @, #3,
0,#D, suchthat Q, U0, =Sand O, n @, =D.

Proposition 3.1: If MSP holds in (.#,T), then for any
a,B,ye S, mutually different, ae{B v}
if Bei{a, v}~ ifye{a, B}~

Proof: As a is a minimal superposition of { 3, v}, MSP
implies that {a, 8} n{v}#J,ie,ye{a, B}

Definition 3.5: A subset S of % is independent if for any
aeS,a4(S—{a})".

Proposition 3.2: Any orthogonal set B in % is indepen-
dent.

Proof: Let B be an orthogonal set. Leta € (B — {a})~
nB.Then forany B8 € &, T(B,y) =0forall ye B — {a}
implies T( B,a) = 0. But then T(a,a) = 0, a contradiction.

If S = 4, and 4 is independent, we say that 4 is a base of
S. Anorthobase is a special case of a base. It is easy to see that
a maximal set of independent elements in S, where
Se.F(),isabaseof S.

Proposition 3.3: Let {a,,a,,...,a,} and { B, Ba,-...sB: }
be two finite bases of § € F (7). If MSP holds, thenn = k.

The method of the proof is standard, see, e.g., Gudder.?

Proposition 3.3 implies that, provided MSP holds, every
orthobase of .% has the same cardinality even in a nonsym-
metric transition probability space (see Proposition 2.2).

If S € ¥ (%) has a finite base {a,,2,,...,a, }, we call §
finite dimensional and put d(S) = n. We call d(S) the di-
mension of S. By Proposition 3.3, d(S) is well defined, pro-
vided MSP holds.

Now we shall study the properties of the set .¥ () of
linear subspaces of .. We shall suppose that MSP holds in
(F,T). As the proofs of the following propositions are the
same as the proofs of corresponding statements in the auth-
or’s previous papers® we omit them.

Proposition 3.4: For any finite subset S of %, A(S) = 5.

We can define independence also in the sense of the op-
eration S—A (S): we say that the set 4 is independent if for
any a € 4, a¢A (A4 — {a}). By Proposition 3.4, both defini-
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tion) and ZS; = A(US;). We note that = is different from
V inthe set # (%). By Lemma 3.2 (i), F (%) C.Z ().
We shall call the elements of % (%) closed (linear) sub-
spaces of .¥. We have

& (¥ )—atomistic orthomodular poset
F (& )—atomistic complete ortholattice

£ (F)—atomistic complete lattice.

tions of independence are equivalent for finite subsets of %,
This implies that, provided MSP holds, every finite-dimen-
sional element of .’ (%) belongs to ¥ (.¥).

Proposition 3.5: For every S,,S,€ £ (%),

S, + 5=A(S5,US,)

={a€y2 ae{ﬁ,V}_, ﬁesb 7’652}~

We note that Proposition 3.5 shows us the linear proper-
ties of the elements of the set . (.%).

Proposition 3.6: The set .%° (%) has the following prop-
erties: (i) it is modular; (ii) it has the covering property;
(iil) if w € ¥ and A C ¥ issuch that w € A(4), then thereis
a finite subset {w,wy...w,}CA such that
we A{wy,....w,}); and (iv) to any Se.F (%) there is
Qe L(S)suchthat S A Q=D and S+ Q=7

For the definitions of modularity and the covering prop-
erty see, e.g., Maeda and Maeda.®

Proposition 3.7: Let S € . (%) be finite dimensional.
Then d: Q—d(Q) is a dimension function on [D,§ ] = {Q
€ .Z(5): QCS}, and [D,S] is a complemented modular
lattice.

Proposition 3.8: For any Se€ % () and any finite-di-
mensional Qe F(*),SV Q0=S+0.

The concept of a superposition enables us to introduce
the definition of a superposition principle.®

Definition 3.6: We say that a superposition principle
(SP) holds in the transition probability space (%, T) if for
any a, B € ., a#p, there is y € {a,B}, v#a, y#B.

If MSP holds in (., T), we can define in the set % (%)
the notions of points, lines, and planes: an element S in
£ (S )isapointifd(S) = 1,itisalineif d(S) =2, anditis
aplaneifd(S) = 3. If a, Baredifferent points, then {a, B}~
is a line. This yields a new formulation of a superposition
principle: a superposition principle holds in (., T) iff every
line in .% (%) contains at least three different points.

To find a connection between the superposition princi-
ple and irreducibility, we introduce the notion of a sector.

Definition 3.7: We say that the subspace S€ .2 (%) isa
sector if

(i) foranya,BeS, {a,B} #{a, B},
(ii) foranyaeS, B¢S, {a, B} ={a B}

In the following proposition we do not need the MSP.

Proposition 3.9: If ¥ = S, U S,, where S, L S,, then for
every sector S, SCS, or SCS,.

Proof: Let S be a sector. Suppose that there are a, S € §
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such that a €5, B € .5,. By the definition of a sector, there is
aye{a, B}, v#a,y#B.Buty€ S, US,. Suppose ¥ € S,.

We have T(d,a) =T7(65,8) =0 imply T(,y) =0 for
5 7. For 6 €S, we have T(8, ) = 0, so that T(5,a) =0
implies 7(8, ) = 0. This together with S, L@ and S, L ¥
givesus {a} C{y}',ie., { y}" C{a}" and, by Lemma 2.2,
¥ = a. Similarly, if y € S, then ¥ = 3, a contradiction.

Proposition 3.9 gives us the following corollary.

Corollary 3.1: If the superposition principle holds in
(&,1), then & is irreducible.

Definition 3.8: We shall say that @, B € ./ are perspec-
tive if @ = B or if {@, B} ~ #{a, B}. We shall write a ~5.

By Definition 3.8, perspectivity is a reflexive and sym-
metric relation.

Proposition 3.10: If MSP holds, perspectivity is transi-
tive.

Proof: Suppose a ~ B, B~ v, where ¢, 3, ¥ are mutually
different. If ¥ € {a, B}, then B € {a, ¥}, and we are fin-
ished. Let ¥ & {a, B} . Then a, 3, y are independent. Let
8, e{a, B}y —{a,B}, 6,e{B, v} —{B, 7} This im-
plies that Be{y.6,}-, hence 8 ,e{a, y,6,}~. If 6,
e{a,y}~, we are finished. If 6,€{a,6,}~, then &,
e{a,6,} n{a, B}~ ={a}, ie, 6, = a, a contradiction.
Similarly, 8, € {7.8,}~ implies 8,€{6,, 7} n{B, v}~
= { 7}. Hence, 8, is a minimal superposition. By MSP,
{6,,6,}~ n{e, ¥}~ #@, which implies {a, v}~ #{a, 7}.

Proposition 3.11: Let MSP hold. Then any two different
equivalence classes by the perspectivity are mutually ortho-
gonal orthoclosed subspaces.

Proof: Let S, and S, be two different equivalence classes
by perspectivity. Let a€S,, B€S,. We have {a,f}~

={a,B}. By Proposition 3.8, {g} +{B8} ={8}

vV{g} =2 If a¢{p}, then by Proposition 3.5,
ac{Bs} forabe{B}. Thenbe{a B}, b6#a B, a
contradiction. Therefore S; L .S,. Now % = U S;, where the
S; are equivalence classes, Let B be an orthobase of .
Clearly, a € §; if and only if

1= S T@h) =3 3 T@ph)
Ty T BEBNS,

= Z T(ayﬂ):
BeBnS;

and, by Lemma 2.3, B n S; is an orthobase for S;.

Proposition 3.11 implies that every equivalence class by
the perspectivity relation is a sector. The following state-
ments are immediate consequences.

Corollary 3.2: If MSP holds in(.%,T), then .¥ can be
written as the set-theoretical union of sectors.

Corollary 3.3: If MSP holds, then (%, T) is irreducible if
and only if SP holds.

Proposition 3.12: If MSP holds, then every finite-dimen-
sional element of . (.#°) has an orthobase.

Proof: Let S € £ (%) be finite dimensional. Let B be a
maximal orthogonal set in S. Put P=BCS. We have
P+ P = %, so that for any @ € S there are ye P, e P*
such that ae{7,B}~. By MSP, Be{a,y}CS, ie,
BePAS Thisshowsthat S=PV (P AS). AsBisa
maximal orthogonal subset of §, P A § =, ie,S=P.
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A condition for orthomodularity of % (#) is given in
Proposition 2.3. The following statement gives us another
necessary and sufficient condition.

Proposition 3.13: If MSP holds, then % (%) is ortho-
modular iff for any Se€ £ (%) and any a € %, S + {a}
€ O(57).

Proof: If F () is orthomodular, then every
S € F (%) has an orthobase, i.e.,S + {a} € 7 (7). On the
other hand, let S+ {a} € £(5) for any Se€ 7(5) and
any ae.¥. By orthomodularity, S+ {a} =S5V {a}
=SV SVA{ahHhAS. If a¢S, then (SV {ah) A S
#@, so that thereis S € (S V {a}) A S*. But then the con-
dition of Proposition 2.3 is fulfilled, so that
O(F)=F(F).

IV. REPRESENTATION THEOREMS

For the definitions and theorems used in this section see
Baer,'® Maeda and Maeda,® Piron,* and Varadarajan.'!

A theorem of Baer'® and Proposition 3.6 imply the fol-
lowing statement.

Theorem 4.1: Let (°,T) be a transition probability
space such that SP and MSP hold and let there be at least
four independent states in .. Then there exists a division
ring %" and a vector space ¥~ over %, such that the lattice
£ () isisomorphic to the lattice .# (#") of all linear sub-
spaces of 7.

Theorem 4.1, Propositions 3.4 and 3.8, and Lemma 7.2
and Theorem 7.40 in Varadarajan'' imply the following
theorem.

Theorem 4.2: Let (.#,T) be a transition probability
space such that SP and MSP hold and let there be at least
four independent states in .#. Then there exists a division
ring ¥, a vector space 7~ over %, an involutive antiauto-
morphism 8 of %", and a definite symmetric @-bilinear form
JSon 77X 7 such that the set 7 (%) is isomorphic to the set
ZL () of all fclosed subspaces of 7.

Theorem 4.2 yields a version of the Piron theorem for
transition probability spaces. The ortholattice % (.%) need
not be orthomodular; it is orthomodular iff 5 (%)
=/(S5). Owing to the isomorphism of % (%) and
L (7)), F () is orthomodular iff & ;(7) has the Hil-
bertian property: M + M' = ¥ forany M € . (7).

The relation between the transition probability 7" and
the bilinear form f is, in general, not clear; we only know
that they both define the orthocomplementation. If the divi-
sion ring %" is the field of complex numbers ¢, then, using
the Gleason theorem, the following result can be obtained.

Theorem 4.3: Let (#,T) be a transition probability
space such that the conditions of Theorem 4.2 are satisifed
and let the representing space, which exists by Theorem 4.2,
be a complex inner product space 7% with the inner product
(,). Let @2 F(FL)>L ,(F) be the isomorphism
stated by Theorem 4.2. Then T'(a, B) = tr(P () Py g) for
every a, S € ~, where P, {a} P, By are projectors corre-
sponding to subspaces @ a},:p{ ﬂf)of L., (F), respec-
tively. In addition, the space 57 is complete

Proof: Every {a, B} is contained in some four-dimen-
sional subspace S. The interval [(J,S] with the relative
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orthocomplementation is an orthomodular lattice (Proposi-
tion 3.12). For any ae.” and Aef(5), put
T,(d4) =2z.5 T(a, B) where B is an orthobase of 4. It is
easy to check that T, is well defined, and it is a probability
measure on & (%). For a € S, the restriction of T, to [@,5]
is a probability measure on [Z,S]. Put u, (P)
=T, ~'(P)), Pep(S), a€S. Then u, is a probability
measure on @(.5). By the Gleason theorem, there is a trace-
class operator D on @(S) such that u, (P) = tr(DP),
Pe@(S). Let u € p{a} be the unit vector and P, be its cor-
responding projector. As u,(P,)=T,(a) =1, D=P,.
LetBe S, p{ B} = €v. Then T(a, B) = T, (B) =, (P,)
=tr P, P, = |(u,v)|* By (iii) of Definition 2.1, Parseval’s
equality holds for any maximal orthogonal system, so that
by Ref. 12, 77 is complete.
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The theory based on the nonlinear Schrédinger equation with an additional term A ()™ is
investigated. The standard quantum mechanical interpretation of ¥ is assumed at the beginning of
the considerations. It turns out that every finite set of pure states can be transformed with the aid
of an adequate time sequence of external potentials into a set of pairwise nearly orthogonal states.
As a consequence, there exist measurements more selective than quantum ones. In particular, it is
possible to discriminate between various mixtures of states that are equivalent in quantum
mechanics. The possibility of existence of deterministic measurements is also discussed.

I. INTRODUCTION

Quantum mechanics is the only linear theory that at-
tempts to describe physical reality completely. However, the
rest of physics tells us that linear equations are usually an
approximation to a more adequate theory. One can doubt
whether the linearity of quantum dynamics is “the law of
nature.” Yet all the experimental data received up to now
supply unequivocal arguments for standard theory. On the
other hand, the problem of its interpretation is still open. It
may be interesting to check which of the controversial quan-
tum properties depend on the linearity of dynamics. How
would the world of quantum waves evolving nonlinearly
look?

To answer this question we have to make some elemen-
tary assumptions. The systematic developing of physical
theory in terms of primitive operations on the system, which
can be (at least in principal) performed by an experimenter,
has been presented by Lamb,' Lubkin,? and Mielnik.>* Miel-
nik has also noted the usefulness of such an approach to the
study of nonlinear generalizations of quantum mechanics.
Its advantage is the small number of assumptions on obser-
vational properties of the system. We have to postulate the
set of pure states, the law of evolution in all the admissible
external forces and describe results of elementary measure-
ments as functionals on states.

Let the set &7 of pure states be essentially the same as in
standard quantum mechanics, i.e., the unit sphere in
PL*(R) (projective Hilbert space) or a set dense in it. How-
ever, let the Schrédinger equation be modified by a nonlinear
term f()) (see Ref. 5)

9 _ _ R J

t o wm o + v + [P 9. (1)
Here v = v(gq,t) are external potentials. As no counterexam-
ples are known in the nonrelativistic theory, we shall assume
that all the functions v(g,t), for which there exist global solu-
tions of (1), are allowed as physical potentials. The class of
these potentials will be denoted by 7. In particular, assume
that 7~ contains potentials changing abruptly with time.
Then, the evolution transformations S(z,v), >0, ve?” form
a semigroup Z called the mobility semigroup.> The ele-
ments of & represent all the admissible dynamic transfor-
mations of the system the experimenter can cause with the
use of external forces.
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The last element we need is a primitive interpretation of
wave functions. It will be the same as in the linear theory: the
elementary measurements consist of the determination of
the probability that a particle is “caught” in the space vol-
ume A, The mathematical description of this probability is
given by the functional y—f¥(q)E, (q)¥(q)dg, where E,
is the characteristic function of A. Such measurements, in
which only two outcomes are possible: “yes” or “no,” have
been called counters (likewise the functionals describing
probability of “yes” outcomes).> We denote the set of
counters by Z. It can be constructed out of the set €, of
elementary counters and the mobility semigroup & . Indeed,
before any elementary measurement F, the system can
evolve in a certain external field.> If its evolution is S€Z,
then the corresponding functional will be given by F.S.
Thus, the elements of ¢, - & represent admissible counters.
Moreover, counters can be mixed as well as states.>® In what
follows, € is defined as the convex set spanned by %, - .
For mathematical and physical reasons the closure of % in
an adequate topology may be taken.®

In quantum mechanics the dynamic transformations
are linear and elementary measurements are described by
quadratic forms. Therefore only quadratic forms can be in-
terpreted as counters or observables. This yields the peculiar
properties of quantum systems called “‘impossibility princi-
ples.””?

(1) There are different mixtures of pure states that can-
not be distinguished by any measurements. The class of such
mixtures, the mixed state, is described by the density opera-
tor.

(2) The counters registering every system in the state ¥
have to register the systems in the state ¢ with probability
| (¥|@) |2 So called “transition probabilities” are nonzero for
nonorthogonal vectors.

The nonlinear modification of evolution (1) changes &
and what follows, the sets of counters and observables. These
changes turn out to be radical. Haag and Banier have studied
the dynamics with the nonlinear term A - VS, where A is an
external vector potential and S is the phase of wave function.
They have proved that every two finite mixtures of pure
states are distinguishable.” Mielnik has considered finite dif-
ference approximations of Eq. (1) for various types of non-
linearities.* He has shown that both impossibility principles
cease to hold. This has been confirmed in the case of differen-
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tial equations for two nonlinearities: ||’ and (In|¢|*)y
(see Ref. 8). The striking example is given by (#V’¥)y/
2m|y|, which leads to classical mechanics.®

Below we shall study Eq. (1) with the nonlinear term

f) =A@)%, A#0, a>0, a#2. (2)
At first it is shown that & contains all the unitary operators
and the nonlinear one-parameter semigroup generated by
the pure nonlinear term in (1) (Sec. IT). Then, a transfor-
mation of an arbitrary finite set of pure states into a set of
pairwise nearly orthogonal states is obtained. This leads to
the rejection of both impossibility principles (Sec. IIT). The
considered nonlinear models are “intrinsically classical,”*
contrary to quantum mechanics, and the problem of their
deterministic interpretation arises. We point out that its
complete solution depends on the structure of extremal
points of %, which has not been found yet (Sec. IV).

Il. MOBILITY

To prove various identities we put Schrédinger dynam-
ics into the canonical formalism.'!! The nonlinear Schré-
dinger equation and its conjugate equation can be considered
as a pair of canonical equations

—_ = 2 =
_‘2{2 = — _ﬁ__ﬂ = {¢
o S0a) {¥(q,),H},

where functional derivatives are taken of the functional Ha-
miltonian

H=K+V+N, 4)
with

K@) ——zfxﬁ

V(gy) = _ifrpmpdq, (5)

N@y) = _,-f](.w)dq.

Here f is a prime function of £ f'(x) = f(x). The Poisson
bracket of F(¢,%) and G(¢,%) is defined as follows:
{F.GY @)
J‘( _6F 8G )dq. 6)
81(g,t) 6¢(q,t)  8U(gn) SY(g,)
Let us denote by S} the one-parameter group generated by
F. We shall prove the following theorem.
Proposition 1: Let fbe given by (2). Then & contains
all the unitary operators and the nonlinear semigroup S'%,
c>0.
Proof: Every canonical evolution can be described as a
series of multiple Poisson brackets

v(t) =¢ + {¢,tH} + {({YtHeH } + - (7)

Thus S}, is determined by the term tH. For H(¢) = K + (a/
1)V + N, we obtain tH(t)—aV as t—0. This yields that
“shock transformations” S'$,, aeR are contained in & . The
S'¢, are unitary operators exp{ — iav}.!2%1213
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Similarly, the following identity holds:

S:;S;,S;a=sf]) (8)
where
H=H+aHV}+ @/ {HV}LV}+~. (9

Now, putting in (9) v(g) = ¢*/2 and
H=H,+ (a*/2)V, H,=K+N,
we obtain by (8) S}, , ., where

i (=(d d
A=— (_ + __) da.
2f¢ ki s Ydq
In the limit +—»0 witha = b/, S}, , ., tends to S, beR.

The dilatation transformations S% are unitary operators
that act on wave functions as follows®!4:

(S5 9)(g) =& *Y(e’q). (10)
Let us now consider the one-parameter group
t—>S8 58 5,8 1 °. Its generator has the following form:

W -2 L 0%y et Gy, (11)

at 298
Therefore this group is generated by the Hamiltonian
H(b) =e K + e~ "N.Ifa#2, then H, is “dynamically
decomposable” in two independent generators K and N,
namely, let ¢ = ce?®. For a <2 in the limit 5— — «, we ob-
tain S%, ¢>0. For a > 2 these transformations can be ob-
tained in the limit 5— + co. Similarly, S, ¢>0, can be
achieved if we let £ = ce® and take the limit 5— + o for
a <2 and b— — « for a>2. At the end, the semigroup
spanned by S%, ¢>0, and §%, beR, ve?", contains all the
unitary operators. % [ ]

llIl. MEASUREMENTS, TRANSITION PROBABILITIES,
AND MIXED STATES

For every two quantum waves ¥ and @, there is a dy-
namic unitary transformation UeZ such that Uy = @ (see
Ref. 1). Thus, in the linear theory & is a transitive on Z.
Let us consider now transformations of finite sets of (pure)
states, i.e., transformations of points in finite Cartesian pro-
ducts of Z. The set of transformations on & transitive on
X %12 is called M-transitive.'” It is easily seen that in the
linear case & is not two-transitive, for scalar products have
to be conserved. In contrast, the investigations of the parti-
cular nonlinear models have shown that their mobility semi-
groups are two-transitive.*® Here we shall prove the follow-
ing proposition.

Proposition 2: Let fbe given by (2). Then forevery e >0
and any M different vectors (4,,...,¢05,), M < o, there is an
Se< such that | (S, |SY;)| <€ if k #j.

Proof: The set of wave functions ¢,,...,,, can be embed-
ded into a K-dimensional subspace, K<M. If M is finite then
there is an orthonormal base (g,,...,px ) such that for every
k the absolute values of coefficients a;,, 1< j<M, in decom-
positions

Z %k Px

are different numbers. The semigroup & contains a unitary
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operator U that transforms (@,...@x) onto (ky,...Kx)
(Proposition 1), where

. = [A(q—k-{— 1)1 for ge(k — 1,k),
*lo, for ge(k — 1,k),
where A is a normalization constant independent of k. Thus,

K
U=y = kZ By
=1
Now, & contains also the nonlinear semigroup S¢,, ¢>0
(Proposition 1)

S () (q) = exp{ — icd |y () }x(9). (13)

The scalar products (S (y;)|S % (¥;)) depend on c as fol-
lows:

(12)

(S5 ()15 000) = 3, Tuae (), (14
where )
& () =J. lxil*(g)exp{ —icd |4 |**
X (Jaw|** — lan ) (g —k + 1)}dg  (15)

are (up to a multiplicative constant) Fourier transforma-
tions of [« |*(¢). Therefore g, (¢)—0 if c— 0 (Riemann-
Lebesque lemma). In what follows (S, (v;) [S & (v ) )0 if
C—> 0. [ |

Proposition 2 shows operational consequences of gener-
alized Schrédinger dynamics. In particular, it implies the
possibility of “selective measurements.” Namely, for two
finite and disjoint sets of pure states there is always a counter
such that positive outcome of the measurement is almost
certain for every state of the first set and almost impossible
for every state of the second set.

Proposition 3: Let f be given by (2), (¢,,....¥5,) and
(@1, ) be finite and disjoint sets of pure states, and
ACR. For every €> 0 there is an SeZ such that

(SW)IEsSW,))>1—€, m=1,..M,
and
(S(¢I)IEAS(¢1))<€’ l= 1,..-,L.

Proof: The set (¢5,...,05 @ 15---¢, ) can be transformed
by S,€Z onto the set of pairwise nearly orthogonal states
(Proposition 2). Then, let us take a unitary operator U,eZ
(Proposition 1), which transforms (S,¢;,...,5,¥,,) almost
into E,L*(R) and (S,@,.--S¢,) almost into
(I — E,)L*(R). Thus, S = U,S,. ]

As a result, the second impossibility principle of quan-
tum mechanics has to be abandoned. The same thing also
concerns the first one. Now, two different finite mixtures of
pure states are always distinguishable, for one can construct
a counter reacting with various probabilities on systems in
these two mixed states.

Proposition 4: Let f be given by (2) and

M L
5= z a,6(¥,), 52=121315(¢1)
m=1 —

be different mixtures of pure states. Then, there is an Fe?
such that F(s,) # F(s,).
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Proof: Let (xy,...,¥x ), K<M + L, be the set of different
pure states that participate in at least one of the mixtures s,
and s,. Then, these mixtures can be described as

K

K
S1=k2 ,uka(Xk)’ s2= 2 Vks(Xk)!
=1 k=1

where some of u1,.,v, may be equal to zero. Thereis a y; such
that u; #v;, for 5, and s, are different mixtures and there is
an Fe¥ suchthat F(y;) =~ 1and F(y, ) =0ifk 5; (Proposi-

tion 3). This yields F(s,) =u; #v; =F(s,). [ |
Thus, the set of mixed states is a generalized sim-
plex.>*7#

IV. PROBLEM OF DETERMINISTIC INTERPRETATION

The considered models of nonlinear wave mechanics are
much more “classical” than quantum mechanics. Does this
mean that they are deterministic? To answer, one has to de-
fine accurately the term ‘“‘deterministic.” It should mean,
first of all, the existence of measurements fully deterministic
when applied to the system in a pure state: their outcome
should be always “yes” or always “no.” Moreover, there
should be sufficiently many deterministic counters: every in-
deterministic counter should be a mixed counter. This
means that extreme points of € should be characteristic
functionals of subsets of 7 and all such functionals should
be counters.

Thus, the question of deterministic interpretation re-
quires the complete description of ¢ . Here we have made a
first step toward it. The pure counters may turn out deter-
ministic or not. There are three possibilities.

(1) Pure counters are not deterministic; the theory is
intrinsically probabilistic.

(2) There are as well deterministic as indeterministic
pure counters; the theory has a “middle of the way” charac-
ter.

(3) All the pure counters are deterministic; the theory is

intrinsically deterministic.
The ultimate answer depends on & and the choice of 7 ,.
Maybe the theory with primitive Born interpretation will
turn out to be of type (1) or (2). Even then, one can hope to
construct such elementary counters, which allow one to en-
large 4 and make the theory deterministic. Thus, to pre-
serve indeterministic properties, one would have to intro-
duce an impossibility principle, e.g., “it is impossible to
construct any elementary counter that is not described by a
quadratic form.”

The third possibility seems to be especially interesting
and promising.'® Is there a theory that is able to approximate
quantum mechanics with arbitrary accuracy (A—0) and is
deterministic? This would mean that quantum mechanics is
a “singular point” in the set of possible “wave—particle” the-
ories. Or, do peculiar quantum properties have to be attri-
buted to systems with nonlinear laws of evolution?
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A new kind of path integral is introduced. In ordinary quantum mechanics, it gives the projectors
on the eigenspaces of the Hamiltonian. For parametrized systems, it represents a direct path
integral version of the Dirac canonical quantization method by giving the projector on the
physical space. Its properties on the most simple examples are studied. Applying it to quantum
cosmology, the Hartle-Hawking wave function of the universe is recalculated.

I. INTRODUCTION

In recent years, we have witnessed a renaissance of the
minisuperspace quantum cosmology. On one hand, this fin-
ite-dimensional model of quantum gravity is not charged
with divergences, and one can study some principal prob-
lems like the time problem, the Hilbert space problem, the
positivity problem, etc. (see, e.g., Ref. 1). On the other hand,
if the model can be considered as some sort of approximation
to the full theory, then one also obtains observable predic-
tions like the inflationlike start of the universe,” the evolu-
tion of the observable structures,? etc.

Central for this development is the path integral meth-
od. In the present paper, we are going to define and investi-
gate a path integral, which seems to be often used in quan-
tum cosmology (e.g., Ref. 4) under the assumption that it
gives the transition amplitude, but which, in fact, has a quite
different meaning.

In Sec. II, we introduce this kind of path integral into
ordinary quantum mechanics and study its properties with
the help of two well-known simple models: a free nonrelati-
vistic particle in one-dimensional space and a one-dimen-
sional barrier penetration. We will see quite explicitly that
the value of the path integral is independent of the regime,
Lorentzian or Euclidean, that one is using to calculate it, and
even that it, loosely speaking, chooses for itself the most suit-
able regime for the calculation.

In Sec. II1, we show that our kind of path integral repre-
sents, in a quite straightforward way, the Dirac canonical
quantization method for parametrized systems.’ Thus, it is
different from, and, in general, not equivalent to, the kind of
path integrals that are rooted in the reduction canonical
quantization method® (such path integrals are described,
e.g., in Ref. 7). We shall also see how our path integral
differs from that introduced by Teitelboim.? We study two
well-known simple examples of parametrized systems: the
free relativistic particle and the Robertson-Walker cosmolo-
gical model with positive cosmological constant.

ii. ORDINARY QUANTUM MECHANICS
A. General theory

Consider a time-independent Hamiltonian H acting on
a space of functions of n variables. We shall generally use the
rigged Hilbert space, consisting of the triple { Ho,H,H,} (see
Ref. 9), where H, is the space ., of rapidly decreasing
functions on R”, H, is the space %’ of tempered distribu-
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tions, and H is the Hilbert space L 2(R") with the scalar
product

(¢p) =fd "g Y* (g, g @(g s nq").

Let H be self-adjoint in H and let its spectrum a(ﬁ ) contain
a continuous part so that its eigenfunctions lie in H,.

The motivation for using the rigged Hilbert spaces is
that our main goal and object of study are the eigenspaces of
H at some points of the continuous part of o(H), as it is, for
example, the physical space of the Dirac canonical quantiza-
tion method (see the cosmological section).

The space H,, can be considered as a linear subspace of
H, and H as alinear subspace of H,. More precisely, there are
linear maps iy: Hy—H and i,: H—H, defined by

iop =class of functions equal to ¢ almost everywhere

and

(ihp ) = (P*iop), Ve H,
Here, (¢, ) denotes the value of the linear functional e H,
at the point g H,,.

An important property is that i,H, is dense in H and
that HH,C H,,. .

The eigenfunctions ¢z,€ H, of H are defined by

<¢EP’H¢ ) =FE <¢Ep,¢ ): V¢€ Ho,

Eeo(H). Here p represents all other parameters that can
label the eigenfunctions of H in the case of degeneration. The
set {!ﬁgp} is complete in the sense that every element of H,,
can be expanded as

(i104g)p = L du(E) fm dus ( p) ¢(E, p)¥s,

with the property

(¢*,x)=f du(E)
Rl

Vye H,.

Here, u(E) and puz( p) are suitab,l\e Stieltjes measures for
summation over the spectrum of H and over the E-eigen-
space basis labeled by p.

The set {/z, } is also orthonormal in the sense that the
coefficients c(E, p) in the above expansion satisfy

c(E,p) = (Yt,.¢).
Let ¢, be a one-parameter family of linear functionals

dﬂg(p) C(E;P) <¢Ep’/¥)’

B(E)
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from H, depending differentiably on 7. We shall say that ¢,
satisfies the Schrédinger equation, if

i% W) = (Poiz 1oBoigp), Ve H,

We have, then, the following property: If (i,9/;) @, satisfies
the Schrédinger equation in the above sense, then

i%(l'otp,) = Aligp,). (1)

Let K, (¢,q') be the kernel of the time development oper-

ator e ~ “¥ in H; then, for any e H,, we define

@:(q) =fd"q’ K, (9.9)Yp(q),

so that @, satisfies the Schrédinger equation (1). We can
construct K, by means of the eigenfunction expansion:

(i\%)p, = J;‘ du(E) L(E) dug(p) (,ﬁgp P )d,Epe—itE.

Hence,

K.(g.d) = f du(E)e-"K; (q.0),
Rl

where we have defined

Ke (99" =f dug (p)Ye, (9%, ().
B(E)

Roughly speaking, K is the projection operator on the ei-
genspace of H corresponding to the point Eco(H). More
precisely, for each Eeo(H), thereis an operator K ;: Hy—H,

such that K H, is dense in the E-eigenspace of H
The inverse relation between K and K, reads
1 (d#(E))_IJ‘ {E '
— = dte™K, (q,9').
27 \ dE R! «(2.4)
We express K, as a path integral,

K:(g9.4) =

K. (9" =fdﬂ[q(7)]eﬂlq(r);t], )

where I[g(7);t] is the value of the action at the path
q = q(7), 1€[0,t], ¢(0) = ¢, q(#) = q. Then, we can write

—1
(3

where
Slg(n),t,E] = I{q(7);t] + Et 4)

is a “Legendre transform” of the action . We must have,
again, the boundary conditions

q(0) =g, q(1)=gq. (%)

One can consider the right-hand side (rhs) of (3) asa
new sort of path integral: it is the integral over all paths from
¢’ to g without any restriction, whereas the rhs of (2) is an
integral over all paths from ¢’ to ¢ with a fixed total time .
Equation (3) gives the interpretation of such an integral: it is
the projector on the E-eigenspace of H.

The integral over ¢ in (3) has to be defined more accu-
rately: K, is singular at # = 0 and the contour of integration
must go round the singularity through the lower complex ¢
plane.
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As the contour for the ¢ integration is given, it becomes
unimportant in which regime we calculate K ;. We can take
the formula (3) as it stands and call this “Lorentz-regime
calculation.” Or, we can make the substitutiont = — it for
t, integrate along the correspondingly rotated ¢, contour,
and call this “Euclidean-regime calculation.” The expres-
sion that will appear in the exponent of the Euclidean path
integral is given by

—Sg [q(TE)’tE;E 1= —1Ig [q(TE);tE] + Etg,
where I is the usual Euclidean action.

Hence, going over from one regime to another means
nothing but a transformation of the time integration varia-
bles in the path integral (3) and the result remains un-
changed by this. Let us stress this point once more by saying
that it is not sensible (and even not possible) to continue
analytically the obtained “propagator” from the Euclidean
to the Lorentzian time (because it does not depend on time
at all). We illustrate these properties by two simple exam-
ples.

B. Free particle in one-dimensional space
In this case, the formula (3) reduces to

Ko(xx') = \/E_ J- dt 1 ell(x—x)'/4t+ Et] (6)
T Jo  \[4mit

We have integrated over all g(7), substituting

K, (xx'") = (1/\/&mit )e'>—*"/%
for K, (x,x') and

duB) _ 1

dE

for the measure. The mass of the particle is set equal to }.

Let us calculate the integral in (6) by the method of the
steepest descent. '® The corresponding formula reads

i JE 1 27
4=1 T J4g7it, Q4|

where the index 4 numerates the saddle points, ¢, is the
value of 7 at the saddle point 4, Q, the value of the exponent

Q= (x—x')/4t + Et,

at t,, Q, =(3°Q/t?|,_,,, and a, = (7/4)sgn(Q,)
(see Ref. 10).
We easily find that there are two saddle points 7 ,

t, = +|x-x'|/2JE,

iQ, + iay (7)

’

Ke(xx')=

so that
Qi = :t\/le—xl"
Qi = +4E¥Y|x — X'|,
and
a, = +7/4

Setting this into (7), we obtain
Kg(xx')=(1/2m) (e~ VEW =% L @lElx—xl),
or

Kg(xx')=(1/m)cos E (x —x').
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(This is exact!)

The saddle points lie at the real axis of the Lorentz time
(or at the imaginary axis of the Euclidean time) and repre-
sent, therefore, Lorentzian classical solutions, the physical
trajectories that begin at x', end at x, and have energy E:

g, (1) =x+sgn(x —x")2JE 7,
t= + |x—x'|/2JE.

C. Barrier penetration

Let ¥V(q) be a potential hill, V(g)>0 for all
qe( — o, ), E a number such that £ <Max, V(g), and
x'x chosen such that x'<x, V(x)=V(x' ) =E, and
V(gq) > E for ge(x'x).

Let us calculate in the Euclidean regime. The Euclidean
action reads

SE[q(r)tE]—f [q+V(q) ]

where
q(0) =x', q(t)=x.
The saddle points are the extremal paths of Sg:

Y™ . ,
(a) = — Mg(1) + V'(g(7))=0.
dq(7)
Multiplying by ¢(7), we obtain
— M@ () + V(g(7)) =const, V7, (8)
aSg
(®) at
OSg 9
—F dr ——
Eiw+vim) +f ot

J . dq ]
9 [ myr 94 (],
+J; = [ 4(r) 35, (1)

Setting this equal to zero and using the first equation, we
have

%f(n + Vig()) — E + My(1) % @

- Mq(O) (0) (9

Weneeda relatlon between ¢ and dg/dt. The extremal path
q(7) is also a function of t:

qg=q(71)
with
q(tro) - -x,’ q(tst) = x,’
for all ¢. Derivation of these equations with respect to ¢ yields
2 10y =
(10)
aq
t,t + (t t) =
(23] 3
that is,
9 1y = — 0. (1
at
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Setting (10) and (11) into (9), and comparing with (8), we
obtain
- qu(r) +Vig(r)=E, Vr (12)

This is a classical Euclidean equation for a path ¢(7) with a
constant “Euclidean energy” E. The total time ¢ along such a
path, if it begins at x’ and ends at x, is given by

=+fxd M
= L%\ v —E1

The saddle is, therefore, at the real axis of the Euclidean
time. As we must go round the singularity at O through the
right half-plane, we can deform the contour only to go
through ¢, . The value of the exponent there is

Sglg (7))t E]
=f df[ M, (1) + Vig, (1) —E ]
0

We can substitute for AM§*, from (8) and obtain

(13)

Splgu (Mt E] =2 f “dr(Vig,(n)—~El.
0

Now, we change the integration variables from 7to ¢, using

do. _ , [V -E]
dr M '

The result is

S (extreme) = fx dg2M[V(q) — E].
Hence,

Kexx') ~exp( — | gV —E1),
which is the desired formula.

illl. PARAMETRIZED SYSTEMS
A. General theory

Consider the action of the form

t 1  qs
Ilg(r),a(r);t] =fo dr (zguq‘qﬂ -

where a(7) and ¢*(7), 4 = 1,...,N, are the dynamical varia-
bles, g5 (¢",...,¢") is some metric, which is supposed to be
nondegenerate, g = Det(g,;) #0, and ¥(q',...q") is a po-
tential. The space of variables ¢',...,¢" is usually called “su-
perspace” or “‘minisuperspace.”

For example, setting ¢* = x*, g,5 =1,,, £ =0,1,2,3,
and V= — Im’, we have an action of a free relativistic parti-
cle of mass m ( Ty 18 the metric of Minkowski space-time).

If we choose ¢' = R, ¢*> = ¢,

gu= —3R /4G, g,,=0, g,=R>
V= (3k /47G)R — m*R *¢*> — (A/3)R3,

we have the Robertson—-Walker cosmological model with
the space-time line element

R2(p) (

aV) , (14)

ds* = a?(t)dt? —

’—2
7 ),
LS +rd
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coupled minimally to a (spatially constant) Klein~Gordon
scalar field ¢ (7). Here, G is the Newton constant, k = + 1,0
gives the sign of the curvature of space, m is the mass of ¢,
and A is the cosmological constant.

The action (14) is typical for relativistic systems. Thus,
the parametrized action of a nonrelativistic particle in a po-

tential will not be of this form.

The generalized momenta are defined by

JL 1 .
PA—an— agABqB!
pom P _
* da
The constraint 7%, is obtained as follows:
81 | 4
o ba(r) 227 84594
=18"paps +V,

and the Hamiltonian H is defined by
H=quA —L=a%0.

There are essentially two different methods of quantiz-
ing this system canonically: the reduction method and the
Dirac method (see, e.g., Ref. 6).

The Dirac method consists of taking L 2(R") as an aux-
iliary Hilbert space and associating the operators §* and p ,
with all 2V variables ¢* and p, as if they were independent;
¢*and p, are defined on .% , the space of rapidly decreasing
functions as follows: if ¥(g)€.” , then '

99 =q'Y(q),

A , d
Pa¥(q) = —l%'ﬁ@)-

One can extend these operators to self-adjoint ones on
L?*(R™). Next, one rewrites the constraint 5, by substitut-
ing the operators §* and p, for ¢* and p,, into it, choosing the
factor ordering such that #°; is (a) symmetric in L *(R")
and (b) independent of the choice of coordinates ¢*. This
leads to

Ho= —3(UN1gN3,VIg[ g% +ER + 7 + V,
where £ and 7 are arbitrary real constants and 4 is the cur-
vature scalar of g,.

Then, the constraint is implemented by the following
condition on states:

ZFu=0. (15)

This is the celebrated Wheeler-DeWitt equation. The solu-
tions of (15) are called “physical states” and the set of all
physical states is called “physical (Hilbert) space” H,.

A difficulty arises at this stage. For most potentials ¥,
zerois a point of the continuous part of the spectrum o' (#%)
of the self-adjoint extension of 7,. Thus, the solutions of
(15) donotliein L (R"). If one assumes that H, CL *(R")
and that the scalar product on H, is identical with that of
L 2(R¥), one obtains strange paradoxes.!’ Hence, we must
take the rigged Hilbert space, {H,,H,H,}, where

H,=%,, H=L*R"Y), H, =%},
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consider H,, as a subspace of H,, and introduce a scalar pro-
duct on H,, which is independent of the auxiliary scalar pro-
duct on H (using, say, the conserved current associated with
the Wheeler-DeWitt equation, see, e.g., Ref. 1).

Our main point is based on the observation that the con-
straint #°, and the Hamiltonian H are proportional to each
other, if a is chosen to be a fixed (but arbitrary) function of z.
We can, therefore, directly represent the Dirac quantization
method by path integrals as follows. Let us introduce an
auxiliary dynamics on H by the Schrodinger equation

i _anFw. (16)
or

This is the Schrodinger equation that corresponds to the ac-

tion (14), if the variable « in (14) is replaced by a fixed

function a(7) of time. Equation (16) can be written

9 _ % 17
i at 0'/” ( )
where
t=fdxa(x). (18)
0

The Schrodinger equation (17) has a time-independent
Hamiltonian #°;. The kernel X, (¢,¢") of the projection op-
erator on the O-eigenspace of 2””0 is, therefore, given by the
path integral:

K,(gq) =— £
»(2:9") 7\ 4E

Xeil[q(f).a(‘r);t].

|
1 (d.u(E)) fa(t)dtfd#[q(f)]
C

(19)

Here, for a(7) or a(t), a fixed function must be insert-
ed. This means that we allow only this particular class of
gauge conditions. The result will be independent of the
choice.

There are two interesting problems, which are not diffi-
cult to solve, but which will not be dealt with in the present
paper.

(1) Extend the path integral formulation of the Dirac
method, as given by (19), to a more general class of gauge
conditions. That is, for example, a gauge condition of the
form

X(QA,PA) = 0

(2) Extend the path integral formulation (19) of the
Dirac method to parametrized systems with more than one
parameter. Thus, there will be more constraints, the Hamil-
tonian will be a linear combination of them (like in general
relativity ), and the O-eigenspaces of it will not coincide with
the physical space any more.

We illustrate the formula (19) by two simple examples.

E=0

B. Free relativistic particle

In this example, we will see that, by our method, we will
obtain the projection operator on the whole of the “physical
space,” even if it is highly degenerated. Also, we obtain the
projection operator on the space of all solutions of the
Klein—Gordon equation and not just on the positive frequen-
cy solution or other interesting subspaces, as it would be the
case with other sorts of propagators.
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We will work in the momentum representation and
choose @ = 1. Thus, the auxiliary dynamics is

— v, _ 2
3t z(n“pupv m*)y,

where ¥ = ¥(¢,p), p=( Po, P1» P2 P3)- This can be immedi-
]

ately integrated to give
K, (p,p') —e (/2 (P — m1)1-64(p _ pr),

where K, (p,p’) is the kernel of e = “# and =7, p,.
Then, according to our recipe,

d,u(E)) , . 1 J'w [ L9 3 € z] '
Gz K (pp)= lim — dt _ = m2)t &
( dE /E=0 » (BP) s—»01+ 27 J— N 2 (» ) 2t (P—p)
. (P2~m2)2] ' 2 2 4 '
— 1 —_—— 6 — =25 —_— ‘6 —_ .
= lim — exp[ ” (p—p") (p"—m*)-8"(p—p")

This is the desired result.

We can see from it, moreover, what is the difference
between our path integral and that introduced by Teitel-
boim: the latter will give the causal propagator for the
Klein-Gordon field.®

It is not clear whether such a “‘causal propagator” is
desirable or sensible in general relativity. As Misner very
clearly explained,'? there is no necessity for classical trajec-
tories to lie inside the “light cones” of the superspace metric
8.5, and so there is no physically relevant time orientation of
the superspace. The Wheeler-DeWitt equation has twice as
many solutions as a Schrédinger equation would have, be-
cause the former is real, whereas the latter is complex. All of
these solutions are physical; the time orientation of a given
state is determined by the corresponding value of the
Wheeler-DeWitt conserved current.

C. The wave function of the universe

In this section, we are going to illustrate two points.

(1) The path integral (19) does not yield, in general, a
theory equivalent to that obtained from the usual path inte-
gral for parametrized systems. By “usual,” we mean the con-
struction described in Ref. 7, which starts by the path inte-
gral expression for the propagator of the reduced theory. It is
well known that the reduction method and the Dirac method
of canonical quantization can give different results. One (a
little artificial) example of it has been described in Ref. 13.
Here, we shall give another, even simpler, example, which is,
moreover, directly relevant to quantum cosmology.

(2) On recalculating the wave function of the universe
by our method, we show that our path integral coincides, in
fact, with that which is calculated in Ref. 4. This may seem
surprising at first sight, because Hartle and Hawking arrived
at their integral by “generalizing” the path integral formula
for the transition amplitude to the parametrized system. The
end result of this generalization is as follows: one fixes two
three-geometries, 4 ;; and 4, say, and then integrates over all
four-geometries that contain 4 j; and 4; as their boundary.
However, such a path integral does naturally include the
sum over all proper time distances between 4 ;; and 4,;. It will
not, therefore, give the transition amplitude between / /;, and
h; but rather the projection operator on the physical space.

In our calculation, we will consider the system with the
action (14), in which we set =0, k = 1, and A > 0. Instead
of A, we shall use a length parameter ¢ defined by
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{
a=+3/A.

As it is well known, the corresponding classical theory
has no dynamics of its own, all degrees of freedom being
dependent, and all “dynamical” information being con-
tained in the constraint:

Ho= — (R/e*)R? —kR +a *R*=0.

The only classical solution to this constraint is the de Sitter
space-time of radius a. Still, the Dirac method of quantiza-
tion can be formally applied, giving a nontrivial Hilbert
space H = L >(R"), and a nontrivial Wheeler-DeWitt equa-
tion. This will be an ordinary differential equation and the
corresponding physical space will have finite dimension. We
shall see, however, a typical way that the Dirac method al-
lows tunneling into regions forbidden by the classical con-
straint.

Let us set & = 1 and rewrite the formula (19) in a way
corresponding to our system:

K, (R,R’)~J dtfd,u[p(r)]
C
Xexp( 3 fd’r( — P +p—ap ),
47G Jo

where p(0) = R ', p(t) = R. Following Hartle and Hawk-
ing, we choose R’=0, obtaining a function
Y(R) =K,(R,0), which will be interpreted as the wave
function of the universe.

Let us calculate /(R ) by the method of steepest descent.
The saddle points are the extremal paths of the action. Vari-
ation with respect top (7) and ¢ leads to the differential equa-
tion for the extremal paths:

pp’+p—a P =0,

This is nothing but the constraint; ¢ must satisfy the condi-
tions

p(0) =0, p(t) =R,
where R is fixed.

Distinguish two cases: (A) R<a, and (B) R>a.
(A) We have four solutions of the form
p=asini, T = i€o, t=ie(£z+naarccos—R—),
a 2 a
0<o<an/2 + ma arccos(R /a),
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where € and 7 are given, in the four different cases, by

(A1) e=+1, = +1,
(A2) e=+1, = —1,
(A3) e=—1, 5= +1,
(A4) e=—1, 7= —1,

and we define the arccos x to satisfy 0<arccos x<7/2.

The corresponding metrics are metrics of the Euclidean
four-sphere with radius a and with an S boundary of radius
R:

ds? = —do® — a*sin’*(a/a)(@dr/(1 —r*) + r* dQ?).

(B) We have again four solutions, this time of the form

0<o<an/2: p =asin g R R
a

T =leo,
-al<a<~al+aarccosh£: p=acosh(-0——1r-),
2 2 a a 2

. €eamwr amT
=] — —_——,
=i +1’( 2)

t=ia"'—ﬂ'+17aar<:cosh£
2 a

where € and 7 are given by

(Bl) e=+1, =41,
(B2) e=+1, 9= —1,
(B3) e=—-1, = +1,
(B4) e= -1, 5= —1,

and arccosh x = log(x + VX% — 1).

The metrics in all four cases are those of the well-known
Vilenkin solutions.*

The extremal values of the action are given by

. a? a’ RZY

A == e ™" G ( ==

2 2
(B) iIl= - e __ in a (arccosh 5)3 .
27G 27G a

We will approximate the function # by the sum of the
exponential expressions over the saddle points.

The kinetic term pp? in the action has an unusual sign.
Thus, we have to lay the integration contour in the ¢ plane
above the real axis near ¢ =0, and so the contour can be
deformed to go only through the saddle points that are above
the real axis. These are the cases (Al), (A2), (B1), and
(B2). Hence, the wave function has the form

1805 J. Math. Phys., Vol. 27, No. 7, July 1986

‘lﬁ(R) ~eil(A1) + eil(Az)

2 2 \3
=2€—a’/21chosh[ a ( l_R_ ],
207G a?

for R<a,
P(R) ~ B 4 il(BD)

2 3
= 2¢~F/2G o5 [a_ (arccosh 5) ] ,
277G a

for R>a. 20)

We observe that i equals ~1 at R = 0 and has a local
maximum there, then falls off exponentially, tunneling
through the classically forbidden region, till it reaches the
value 2¢~“/2"C at R = g, the smallest classically allowed
radius; d¥/dR (a) = 0. Then, ¢ is given by a linear combina-
tion of two semiclassical solutions corresponding to de Sitter
space-time with two opposite time orientations. The wave
function (20) can be interpreted as describing a spontaneous
coming of the universe into being, the probability being
~e~ /2" _Notice, however, that, at least for the present
model, no explanation of the origin of the universe is really
required, because the classical solution, the de Sitter space-
time, is eternal in both time directions.
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The classical Birkhoff~-Gustavson normal form (BGNF) has played an important role in finding
approximate constants of motion, and semiclassical energies. In this paper, this role is examined
in detail for the well-known anharmonic oscillator H = 1/2(p* + x* 4 gx*). It is shown that,
with appropriate restrictions, this is the only perturbation series that preserves the period of this
system. This series has a nonzero radius of convergence in contrast to the zero radius of
convergence of its quantum analog, the Rayleigh-Schrodinger perturbation series. In addition,
the BGNF is generated to high order, and a technique is given based on Padé approximants for
summing this series. The summation of this series makes possible an accurate comparison of torus
quantization energies with the known quantum energies over the entire range of quantum
numbers. This example also demonstrates that divergence of the BGNF series of a Hamiltonian is

not sufficient to refute its global integrability.

I. INTRODUCTION

The classical Birkhoff-Gustavson normal form'?
(BGNF) has received considerable attention? in finding
approximate constants of motion and semiclassical energies
of nonlinear Hamiltonian systems. In our recent work® on
the quantum normal form, we have shown that there exists
an algebraic connection between the BGNF and the Ray-
leigh-Schrodinger perturbation (RSP) theory. The role
played by the BGNF in classical mechanics is equivalent to
that of the RSP in quantum mechanics. In addition, quanti-
zation of the BGNF by techniques such as torus and Weyl
quantizations>® are straightforward. Therefore, the BGNF,
which is derivable by the technique of Lie transforms,”'° is
of special importance among all possible perturbation meth-
ods of classical mechanics and it is worthwhile to look at the
BGNEF in detail for some model system.

Until now, applications of the BGNF have been restrict-
ed to relatively low order approximations.>~® In their work
on vague tori, Shirts and Reinhardt* generated, through the
introduction of a simplification, the first ten terms in the
BGNF series for the two-dimensional Hénon-Heiles and
Toda systems and summed the “direct” ten-term series by
employing the Padé approximant technique. (We are grate-
ful to the referee for drawing our attention to this summation
of a BGNF by the Padé approximant approach.) However,
in their work on the summation, they found that additional
terms would be “highly desirable.” Also, in applying the
BGNF approach, the convergence properties of the series in
question have not been sufficiently emphasized. In practice,
the BGNF series may diverge, as illustrated later on, even for
simple integrable'! systems.

The objectives of this work are (1) to generate and sum
the BGNF series of a model anharmonic oscillator, (2) to
present the solution in a form suitable for addressing an old
and fundamental question of how to quantize a classical sys-
tem in which the coordinates and momenta do not appear in
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a simple manner, (3) to provide additional evidence empha-
sizing the special importance of the classical BGNF pertur-
bation method, and (4) to compare the anharmonic oscilla-
tor energies obtained by quantum calculations and by torus
quantization of the BGNF.

Algebraic and exact computations have played a crucial
role throughout all phases of this investigation. All compu-
tation, numerical or otherwise, reported in this paper has
been carried out using the MAPLE'? symbolic algebra system.

1l. THE BGNF OF AN ANHARMONIC OSCILLATOR

The Hamiltonian of the anharmonic oscillator of our
present work is obtained by substituting b = O in Eqgs. (24)-
(27) of our earlier work.® That is

H=H,+H +H,/2, Hy=1}(p*+x%), H, =bx’
b=0, g>0. ()

This Hamiltonian has been extensively studied as a math-
ematical and physical model*™ in classical and quantum
theories. The exact solution'*'® of Newton’s equation of
motion for H is known in terms of Jacobi elliptic functions,
and the period and action of this classical problem have been
reported in terms of generalized hypergeometric functions. '
Some approximate solutions'®!” of Newton’s equation are
also available in the literature. However, none of the current-
ly existing solutions are in a convenient form for studying the
fundamental quantization problem. The BGNF approach
not only provides the solution of the classical equation of
motion but also yields the solution in a form that is suitable
for applying known quantization procedures.

The work '~ on the solutions of the Schrodinger equa-
tion for the anharmonic oscillator is more extensive than on
its classical counterpart. While detailed analy-
sig?!-37:38.43.4546 of the convergence of the RSP series for the
problem is available in the literature, such is not the case for

H2 - gx4,
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the BGNF, the classical analog of the RSP. In our present
work we fill this gap.

In the BGNF approach, the Hamiltonian H(x,p) is
transformed? to the normal form K(£,7) by a canonical
transformation of the phase space variables (x,p) to the var-
iables (£,77). The Hamiltonian H(x,p) is assumed to have

the form
M

H
H b/ = “ b
(x P) n;o n!
where the H, (x,p) are homogeneous polynomials of degree
n 4 2 in x and p and M>0. The normal form K(&,7) is
= K,
K=3 , (2)

n=0 n!

where the K, are homogeneous polynomials of order n + 2
in £, 5 and the Poisson brackets {K,,K,, } = 0 for all m. The
required canonical transformation is carried out using the
method of Lie transforms for which the details are given in
the earlier paper.® The first few terms of the series, Eq. (2),

obtained using Lie transforms in this manner are
Ky=H,,
K,=H,+{H,w},
K, = H, + 2{H,w,} + {How,} + ({How, }w,}

where {4,B} represents the Poisson bracket of 4 and B and
the generating function w(&,n) is given by

UJ(§,7’) — 2 wn+ 1 55’77) .
n=0 n!
Here the w, | (§,7) are homogeneous polynomials of de-
green + 3infand 5. The X, andw, , | are determined from
the equations of the Lie transforms and the condition
{K,K,,} = Oforallm. We have set b = 0 (i.e., H, = 0) and
g>0.

The advantage of using the Lie transform is that a con-
nection® between the BGNF and RSP follows when the Pois-
son brackets of the BGNF are replaced by the corresponding
commutators. A partial result generated by this method for
the series in Eq. (2) is X = UK, where

[
U1, Y 1 375 10689  87549° 3132399° 238225977 18945961925
4 16 128 1024 2048 16 384 262 144 4194304
194904 116 847y° 8240234242 929" 11128512976 035y'" 15 671 733 036 451 359"
8388 608 67 108 864 16777216 4294 967 296

87 535 900 033 269 525" 7925 536 921 177 219 335p™

1451 374 598 407 735 283 589y'°

4294 967 296 68 719 476 736 2199023 255 552
268 400 255 715 098 864 816 085y'® | 3129 005 835 033 377 759 527 767y""
70 368 744 177 664 140 737 488 355 328

_ 147029 573 283 245 261 933 818 725p'®

1739 007 165 801 666 889 770 104 925y'°

1 125 899 906 842 624
331111 612 436 057 226 338 390 665 719y

1981 052 002 445 082 082 574 905 382 175y

2251799 813 685 248

72 057 594 037 927 936

and
vy =gK,, Ko=%(§2+772)- (4)

The BGNF series, Eq. (3), for the integrable anharmonic
oscillator of Eq. (1) has a positive radius of convergence y,,
as compared to the zero radius of convergence?>*7*!** of its
quantum analog the RSP series. The questions of determina-
tion of y, and summation of the series for K will be discussed
below. The divergence for y >y, of the series in Eq. (3), even
though the associated anharmonic oscillator is integrable,
demonstrates that the divergence of the BGNF series of a
Hamiltonian is not sufficient for ascertaining its global non-
integrability.

In terms of the BGNF, the dynamics of the anharmonic
oscillator is essentially reduced to that of a harmonic oscilla-
tor. This can be seen by considering the action '

and Hamilton’s canonical equations of motion
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3
72 057 594 037 927 936 &)
|
dé _
dt =N, 6
dy (6)
a = Y
where
w= =a constant for a given K. @)

]

The above equations of motion are the same as those of a
harmonic oscillator with the Hamiltonian

k= (0/2)(§*+7%) . (8)

The main difference between the equations of motion of
the anharmonic oscillator, Egs. (6), and those of the har-
monic oscillator with Hamiltonian « is that for the anhar-
monic oscillator the @ depends on the action 7 and hence on
K, while for the harmonic oscillator the w is independent of £
and 7. However, for every given I the @ is fixed and the time
evolution of the coordinate and momentum of the anhar-
monic oscillator is that of a harmonic oscillator with the
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corresponding . This simple relationship for the dynamics
of the anharmonic oscillator combined with the summation
of the BGNF series will be utilized in a following paper ad-
dressing the quantization question.

lll. THE SUMMATION OF THE BGNF SERIES

As mentioned earlier, the normal form series, Eq. (3),
diverges when y>y,. We now discuss how to determine y,
and find expressions for X that are valid for all y>0. Summa-
tion techniques such as Padé*® and Borel-Padé**>® suggest
themselves since these techniques have been successfully ap-
plied by earlier workers®”*’ to the analogous RSP series of
the anharmonic oscillator.

A. The Padé and Borel-Padé summation of the BGNF

Before applying these summation techniques, it is in-
structive to look at the asymptotic behavior of K as y— 0.
From a first-order WKBJ calculation,’® which is valid for
large quantum numbers #, and considering the validity of
the semiclassical torus quantization, K, = n + }, one finds
the limiting values (see also Sec. III B)

lim U=CK,"? and lim K = CK,*?, 9

y—o Eand

where
C=a*g"®, a=3T¥r"22%%. (10)

We also have the lower limits U = 1 and K = K, as y—0. A
valid summation technique must yield these limiting values
for Uand K.

Because of the fractional powers of K, in Egs. (9), the
Padé sum of the “direct” series, Eq. (3), will fail to produce
the correct asymptotic value of K. For example, the incor-
rect behavior of the [m,m], [m,m + 11, and [m + 1,m]
Padé approximants of this direct series is illustrated in Fig. 1.
Thus, in what follows, we will not deal with the Padé approx-
imants of the direct series.

The | power of K, in U suggests that instead of working
with the direct series, we should calculate the [m + 1,m]
Padé approximants, P[m + 1,m], for Z= U". Then

TABLEL Coefficients of the [ 14,13] Padé approximant, P[14,13] = {Z}¢ ,

given by setting m = 13 in Eq. (12).

RADIUS OF
1 CONVERGENCE™

4]
Q
Q 4]
é LEGEND
] eeroD
2 Pl
1 12524
i 2428 - - —
1] 12a2¢ -
0

A — S -

4 -3 2 4 0 1 2 3 4 5 8
log,, oK,

FIG. 1. Comparison of the exact period with those determined from various
Padé approximants. The period for P[ 14,13] coincides almost exactly with
the exact period and is not visible. The period for P, [14,14] deviates from

the exact period for low values of y = gK|,, while each of the [24,25],
[25,24], and [24,24] Padé approximants of the direct series deviate signifi-
cantly outside the radius of convergence y~0.116.

Z=P[m+ 1,m] (11)

and

K=K,{P[m + 1,m]}'/3. (12)

The terms of Z are inaccurate beyond the chosen order of U.
For our purposes a choice of order 50 was more than ade-
quate and we have used this to obtain P[2,1],
P[3,2],...,P[25,24]. The coefficients for P[14,13], given in
Table I, yield Z~P[14,13] and K ~K,{P[14,13]}'/3,

If the sequence of Padé approximants converges, then
any desired accuracy in K can be obtained by an appropriate
choice for the value of m. Our numerical results suggest that

cy}/{3}2 , d,y'} of the series Z associated with Eq. (3). The normal form X is

i C; d;
0 1.000 000 000 000 0000000 1.000 000 000 000 0000000
1 44.831 784 212 934 880188 42.581 784 212 934 880188
2 898.880 683 944 016 77951 804.571 624 464 913 29908
3 10 639.165 060 022 835 342 8 888.321 893 796 182 7393
4 82 640.647 992 903 648 310 63 676.695 257 241 372 118
5 443 020.526 179 025 895 32 310 150.585 440 022 009 38
6 1678 200.116 692 228 089 6 1047 147.533 089756 735 5
7 4523 026.628 791 581046 9 2452 852.612 5869519973
8 8 617 937.258 956 140 827 5 3 926 329.085 240 141 660 5
9 11 383 768.694 822 983 447 4 155451.165 4373157189
10 10061 467.373 625 541 364 2744 725.555003 753 572 5
11 5611 136.004 484 921 306 3 1024 710.372 500 140 240 7
12 1789 539.665 080 642 886 7 179 818.300 386 857 591 76
13 272 303.169 746 185 049 47 9 642.611 655 328 590 2038
14 12 965.942 908 295 871 194
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(1) the Padé sequence for Z converges, (2) there are no
zeros or poles of the P[m + 1,m] on the positive real axis
r>0), (3) as y—>ow0, the P[m + 1,m] with increasing m
yield results that approach the asymptotic values given by
Eqgs. (9), and (4) the Padé sequence yields better results for
smaller y. We have also performed the Borel-Padé summa-
tion for K, which gives slightly better results than
P[m + 1,m] for any given m. For example, the Borel-Padé
sum obtained using Z with any given m will be comparable
with the Padé sum obtained by P[m + 3,m + 2]. However,
the gain in the Borel-Padé approach*’ is offset, for the pres-
ent system, by the necessary extra numerical work and hence
our Borel-Padé results will not be discussed further in this
paper.

Although the sequence of Padé approximants converges
as m increases and gives, at least in principle, the sum of the
BGNF series, the rate of convergence of the sequence is rath-
er slow when y becomes large. For example, at y = oo,
P[14,13] and P[25,24], respectively, give the values
1.076 84 and 1.072 53 for the constant a, Eq. (10), while the
exact value for this constant to six figures is 1.068 63. We
therefore present a second expression for the sum of K that
converges faster as y becomes larger. This additional expres-
sion is based on a connection between the BGNF and gener-
alized hypergeometric functions.

B. The BGNF and generalized hypergeometric
functions

Recently, Codaccioni and Caboz'® have worked out the
period of the anharmonic oscillator in terms of the hyperge-
ometric function F(}, 3, 1; — 8gE), where E'is the total ener-
gy. If E is a function of K, it is a simple matter to relate K, to
E by using this hypergeometric function. By Hamilton’s ca-
nonical equations of motion, the period of the classical mo-

tion is

the BGNF series K. Thus, at least for the anharmonic oscil-
lator under consideration, the BGNF series is the unique
series for K in powers of K, which represents the period
exactly. This provides strong additional evidence emphasiz-
ing the special role played by the BGNF perturbation meth-
od.

Setting E = K in the above equations, we obtain

2 dK
== = 1
aK _ 1 , Y=gk, (14)
dK, F(},31;,—8Y)
and
Ko=KF(}, 3 2; — 8) . (15)
Since the hypergeometric function’*>® F(1,3,2; — 8Y)

converges for Y <}, we obtain the radius of convergence Yo of
the BGNF series by solving the equation

gk=1}. (16)
Using Eq. (12) for X and since y = gK,,, Eq. (16) gives
y{P[14,13]}2 =}, (17)

The physically acceptable solution of Eq. (17) gives the ra-
dius of convergence y, = 0.116 162 780 721 1097. This is in
contrast to the RSP series, the quantum analog of the BGNF
series, which has a radius of convergence of zero.

To find a valid expression for X in the range y, <y< o,
the hypergeometric function of Eq. (15) is analytically con-
tinued’>** to obtain

Y3/4F(1 31 1

= _’___,__’._—Y)
Y= T T T T
341/4
ST (3L L)
a2 4 472 8

The reversion of the series in Eq. (18) is complicated by the

T= 2 , Q= dE . fractional powers of Y. In order to overcome this difficulty,
Q dK, we expand the F’s of Eq. (18) in series to order N, set
Using the results of Codaccioni and Caboz we obtain z=(ay) ¥ and W= Y ~'/2 and expand the expression
dE _ 1 z=W[ZN , a,W']~**toorder N. This allows us to deter-
Q= dK, F( L3 _87)’ Y=¢E, mine the Lagrange series®*> for Wand hence for Y. Finally,
which has the solution the reversion gives K in terms of K, as
=EF(},3 2, —8Y), © a3
in agreement with the equation for the action given by Co- - go @z, z2=(ay) ' (19)
daccioni and Caboz. The unique power series solution for £
(in powers of X)) of this functional equation turns outtobe A partial sum of this infinite series appears as
J
1 4c 27 1 8¢’ 5¢* 1 c 14¢° 1c*
K=—{1———z+(—————)22 2 (B 55) * o (e 1)
z° 3 3 16 81 243 3072 1920 6561 13824 z
, ¢t 1 8 220¢° 11c? 143¢
z' + Z° — — 29
19 440 5120 7340032 1594323 139968 247 726 080
( 286c'0 1001c® 2431¢? ) 10 43¢c* it
4782969 50388480 1857 945 600 20 643 840
( 1547c" 24318 148 291¢* 1003 )212] (20)
129140 163 906992 640 = 57 330892 800 ' 6 696 927 756 288 ’
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where
c= —3r@3)Y/m22.

Observe that the first term of the series in Eq. (20) is the
same as the asymptotic expression for K given in Eq. (9).
The coefficients of the series in Eq. (20) are also in agree-
ment with those for the quantum asymptotic expansion for
large quantum numbers # given in Eq. (1.9) of Hioe et al.??
This agreement is consistent with the validity of torus quan-
tization of the BGNF for large n (see Secs. III A and IV B).

Since the direct series, Eq. (3), and the “asymptotic”
series, Eq. (20), do not converge at y = y,, and since these
series converge only slowly for points near y,, a third func-
tion is required to conveniently represent X at and near y,.
The [m + 1,m] Padé approximants, such as the one in Eq.
(12), can be used. By using a Padé approximant of suitable
order one can join to it the asymptotic series at any point
> Y. In practice it is more efficient to construct [ j, j ] Padé
approximants, P, [ j,j ], for the asymptotic series and to
combinethe P, { j, j ] withthe P[m + 1,m] obtained earlier.
The point y = y,;;, used for joining the two Padé approxi-
mants should be in the region of validity of these approxi-
mants. We therefore advocate the use of the following ex-
pressions as the sum of the BGNF series in the interval
Oy oo

K=K{P[m+1,mI}'"?, y<po > (21)

K= (1/82)P,[j,j1s V>Vjoin » (22)
with appropriate values of m, j, and y,;,. The coefficients of
the [14,14] Padé, P, [14,14], are given in Table II. Like the
P[m + 1,m], the P,[ j,j ] does not have zeros or poles on
the positive real axis. Numerical results obtained by using

the two Padé approximants and by their combination are
discussed in the following section.

IV. SOME NUMERICAL RESULTS

In this section we discuss the “goodness™ of the above-
mentioned procedures for the sum of the BGNF of the an-
harmonic oscillator.

A. Comparison of the periods of the classical motion

While any desired accuracy in X can be achieved by
using the Padé approximants of appropriate orders, we re-
strict our discussion to results that are obtained by joining
the P[14,13] and P,[14,14] at y = 0.25. A sensitive test of
the accuracy of X is made by evaluating the periods of the
system at different energies. In Table III, we compare the
periods obtained by (1) evaluating the hypergeometric func-
tion of Eq. (14) (and its analytic continuation) and using
Eq. (13), (2) by using Eqgs. (12) and (13), and (3) by using
the expression K = (P, [ 14,14])/gz* and Eq. (13). It can be
seen from the table that if one uses Eqgs. (21) and (22) with
Yioin = 0.25, then the maximum error made in the period is
of the order of 10~ '. For most practical purposes this error
is negligible and hence Egs. (21) and (22), with m = 13,
J= 14, and y;;;, = 0.25, provide adequate representation of
the sum of K for all positive values of y.

The reason for using the two Padé approximants rather
than the direct series and the asymptotic series is that the
Padé approximants analytically continue the corresponding
series. The resulting regions of validity overlap substantially
as is illustrated by the data in Table III. Furthermore, the
two Padé approximants join smoothly as one can see by eval-
uating their derivatives at y,;, .

B. Results of torus quantization

Since the BGNF Hamiltonian is a function of the action
K, the torus quantization of the system is simple. It is ob-
tained by replacing K, (in K) by n + } where the integer n is
the quantum number. Since the radius of convergence y, of
the BGNF series is 0.116 162 780 721 1097 the usefulness of
the direct series, Eq. (3), is restricted to small values of
y = g(n + }). Our summation of the BGNF series allows the
semiclassical quantization of the anharmonic oscillator for
all values of y.

From Table IV, itis seen that the agreement between the
results of the more accurate six-term WK BJ quantum calcu-

TABLE II. Coefficients of the [ 14,14] Padé approximant, P, [14,14] = {Z!*, a,2}/{3!* , 5,2} of the series gz°K given in Eq. (20). The normal form X is

given by setting j = 14 in Eq. (22).

i a; b,
0 1.000 000 000 000 000 0000 1.000 000 000 000 000 0000
1 2.474 019 639 147 828 5351 2.164 895 567 909 549 4041
2 2.896 604 534 468 449 7231 2.248 755 492 033 467 6660
3 2.135 700 469 762 673 7868 1.485 593 992 001 730 0473
4 1.108 558 558 098 577 1433 0.694 508 929 992 645 2409
5 0.427 741 333 351 820 3117 0.241 674 147 528 744 4151
6 0.126 099 388 725 971 7405 0.641231 604 373 651 0107 10~!
7 0.287 165 710 030 707 5826 x 10~! 0.130 692 578 094 516 1537 10!
8 0.504 284 469 830 078 2695 102 0.203 361 222 563 497 8223 102
9 0.673 122 681 997 975 3551x 10~? 0.236 658 675 374 5700321 1073

10 0.662 594 851 279 210 0445 x 10—* 0.197 830 088 100 645 3629 10~*
11 0.455 331 053 824 176 9842 10~° 0.110 417 121 593 347 5518 x 10™*
12 0.197 633 578 589 394 3311 x10~° 0.357 550 719 906 155 8520 10~7
13 0.441 513014932178 3171x10~? 0.493 327 250 295 914 5830 10~°
14 0.309 342 718 650 039 6539 10~ *° 0.115 539 735 806 416 7831 10~
1810 J. Math. Phys., Vol. 27, No. 7, July 1986 Ali, Wood, and Devitt 1810



TABLE III. Comparison of the periods of the anharmonic oscillator. T}, T, and T, represent, respectively, the periods obtained by (1) evaluating the
hypergeometric function of Eq. (14) (and its analytic continuation) and using Eq. (13), (2) using Eqs. (12) and (13), and (3) using the expression
K=~ P,[14,14)/gz* and Eq. (13). Thelast three columns report the magnitudes of the differences identified by the respective column headings. They illustrate
the extent to which the Padé approximants have analytically continued the direct and asymptotic series. Because of the large region of overlap, there is
considerable freedom in choosing y;,;,,. An obvious choice from this table is y;.;, = 0.25. The coefficients required to evaluate T, and 7, can be found in Tables

Iand IL

gKo Th |Th_Tpl lTh_Tn] |T'p°~Ta|

0.10 5.578 514 051 266 051 5780 0.1273x 10~ 0.1081x 107" 0.1081x 10~ 1°
0.15 5.336 345 803 238 494 1227 0.2003 < 10~ 0.1219x 10712 0.1219x 10~ "2
0.20 5.135 845 449 401 070 0175 0.1245x10~"7 0.3617x 10" 0.3616x 10~
0.25 4.965 470 247 391 742 1306 0.6106 10— 1® 0.1991x 10~ 0.1380%x 10~
0.30 4.817 834 889 177 143 4982 0.1124 10~ 0.1662x 10~ 1'¢ 0.1107x 10~
0.35 4.687 936 728 690 030 8494 0.1181x 10713 0.2043x 10~"7 0.1181x 10~
0.40 4.572 235 301 409 713 3601 0.8139x 10~ 0.4506% 108 0.8139x 10~
0.45 4.468 136 302 124 691 6946 0.4109 1012 0.2213x 10718 0.4109x 10~ "2
0.50 4.373 684 179 224 986 2070 0.1639x 10~ 0.1736 10~ 8 0.1639x 10~ "

lations and those from the torus quantization of the BGNF
sum improves as n increases for any given g. The differences
in behavior of the two sets of energies of our model integrable
system are due to the inherent difference in the quantization
procedures rather than a poor representation of the invariant
tori (a situation that is common when a low-order BGNF
series is used without appropriate summation).

The torus quantization amounts to the quantization of
the classical Hamiltonian K(K,) by the operator K(K,),
where K, = — 1 (d?/dE* — £7). It preserves the Poisson
structure of K, and XK. Other quantizations also preserve the
Poisson structure® so one is justified in asking how to write
the correct Schrédinger equation for this nonrelativistic an-

harmonic oscillator when the Hamiltonian of the system is
given in the normal form K'(K,). Further discussion of the
quantization of this normal form will appear elsewhere.

V. SUMMARY

We have presented the BGNF series and its summation
for an anharmonic oscillator. We have also demonstrated
algebraically, through the use of hypergeometric functions,
that the BGNF series is the only series representation of this
Hamiltonian system as a function of K, which preserves the
period of the system. The summation of the BGNF series has
permitted us to compare the torus quantization results for
this system to its quantum results for all energies. In addi-

TABLE IV. Comparison of the torus quantization of the BGNF with known six-term WKBJ quantum results. (The six-term WKBJ results are more
accurate than the torus, or equivalently, the one-term WKBJ results.) The quantum energy level and coupling parameter are given by # and g, respectively.
The Ewgg numbers are obtained by rounding off the numbers given by Kesarwani and Varshni®'. The Eggyy numbers are computed by substituting

g(n + 1/2) for K, in the appropriate Padé approximant as determined by comparing g(n + 1/2) with y;, = 0.25. For a given value of g, agreement

increases with n, whereas for a given value of n, agreement decreases with g.

n g g(n+1/2) Eyxps Egonr
0 0.000 10 0.000 0500 0.500037 49 0.500 018 75
0.100 00 0.050 000 0 0.532 635 89 0.517 57783
2 0.000 10 0.0002500 2.500 487 31 2.500 468 58
0.100 00 0.250 000 0 2.873 979 63 2.865477 12
10.0000 25.000 000 8.317 639 39 8.272 911 80
40 000.0 100 000.00 127.501 150 126.795 606
10 0.000 10 0.001 0500 10.508 275 1 10.508 2565
0.100 00 1.050 000 0 14.933262 6 14.929 5411
10.0000 105.000 00 54.886 2854 54.868 905 2
40 000.0 420 000.00 859.417 218 859.141 872
100 0.000 10 0.0100500 101.247 040 101.247 022
0.100 00 10.050 000 252.448 468 252.447 633
10.000 0 1005.000 0 1103.214 33 1103.21048
40 000.0 4 020 000.0 17 458.896 7 17 458.835 6
1000 0.000 10 0.100 0500 1067.121 27 1067.121 26
0.100 00 100.050 00 5147.030 66 5147.03048
10.0000 10 005.000 23569.318 5 23 569.317 6
40 000.0 40 020 000.0 373 891.711 373 891.698
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tion, our BGNF series has reduced the dynamical equations
of the system to a form suitable for addressing some basic
questions of quantizing classical systems.
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Joint linearization instabilities in general relativity
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When Einstein’s equations are supplemented by symmetry conditions, linearization instabilities
can occur that are not present in either of the two sets of equations. The general conditions for this
joint instability are investigated. This is illustrated with an example where both the Einstein
equations and the flatness condition have more linearized solutions than exact solutions. In a
minisuperspace model the geometrical reason for these instabilities is shown.

I. INTRODUCTION

The validity of the linearized approximation to nonlin-
ear geometrical equations, such as Einstein’s equations, has
been largely clarified in the past decade.! It is appropriate to
think of solutions as points in a suitable function space; lin-
earized objects are then members of the corresponding tan-
gent space. If the tangent space defined by the linear approxi-
mation to the nonlinear equations is the same as the tangent
space to the manifold of solutions, then the equations are
called linearization stable. Thus linearization stability near a
solution means that the solution manifold is smooth near
that point—for each direction defined by a solution of the
linearized equations there is a family of exact solutions (a
curve on the solution manifold) whose tangent is that direc-
tion. '

Einstein’s equations have been shown to be linearization
stable about most globally defined solutions, both for asymp-
totically flat and for spatially compact manifolds. The excep-
tions are solutions on compact manifolds with Killing vector
symmetries. Here there are quadratic conditions, in addition
to the linearized equations. These conditions must be satis-
fied to assure that there be exact solutions corresponding, in
the above sense, to solutions of the linearized equations.
These quadratic conditions are of global type, involving inte-
grals over a spacelike Cauchy surface. In any finite local
region (with boundary), Einstein’s equations are always lin-
earization stable.”

However, in a remarkable paper,> Geroch and Lind-
blom have recently shown that in the context in which exact
solutions are typically discussed the linearized approxima-
tion is not always reliable; in fact they exhibited linearization
instabilities that are characterized by Jocal second-order
conditions (and therefore have nothing to do with the global
conditions mentioned above). The context where this occurs
involves existence of fixed Killing vectors in all the metrics
under consideration. This restriction to symmetric metrics*
is by itself linearization stable, and hence cannot be solely
responsible for the instability they find. The Geroch-Lind-
blom example exhibits another surprising feature, namely
that to linear order all solutions of their class are “gauge,”
i.e., related by diffeomorphism to flat space-time; yet in
higher order genuinely curved, nonflat solutions are ob-
tained.

*) Permanent address: Raman Research Institute, Bangalore 560 080, In-
dia.
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Although Geroch and Lindblom give a satisfactory and
instructive explanation of these circumstances, they do not
interpret their results in the standard language of lineariza-
tion stability theory. It is the aim of the present paper to
show that both of the surprising features found by Geroch
and Lindblom are a result of linearization instability in the
usual sense, and to give a geometrical interpretation of this as
lack of smoothness in a function space setting. The key to our
interpretation of this instability is the observation that two
linearization stable equations may not remain stable when
imposed jointly. For functions of a finite number of variables
this is the easily visualized fact that the intersection of two
smooth surfaces is not necessarily smooth (Fig. 1). In Sec. II
we explore this phenomenon, which for brevity we call “joint
instability,” and we discuss the second-order conditions that
follow if the joint stability criterion is violated. For simpli-
city the equations are written for the finite-dimensional case,
but they can be generalized easily to function spaces.

In Sec. III we consider the joint stability of the vacuum
Einstein equations and certain symmetry conditions, as well
as joint stability of space-time flatness and symmetry condi-
tions. We find that both systems are jointly unstable. Thus
there are more symmetric solutions of the linearized Ein-
stein equations than symmetric exact solutions, which is one
of the Geroch-Lindblom results; and there are more linearly
flat symmetric metrics than exactly flat symmetric metrics,
which is the other Geroch-Lindblom result.

FIG. 1. Simple example of a joint instability. The two surfaces described by
Egs. (4a) and (4b) are everywhere smooth. However, when @ = 1 their
intersection consists of the pair of lines L, and L,. This intersection is not
everywhere smooth but has a “conical” singularity at L,nL,.
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In Sec. IV we construct a finite-dimensional “minisu-
perspace” of symmetric initial data in which we study the
conical structure of the subspace of Einstein solutions, and
of flat metrics, which is the geometrical feature associated
with these instabilities.

Il. JOINT INSTABILITY AND SECOND-ORDER
CONDITIONS

We consider the nonlinear equations as a map ¢ from a
domain D to arange R. The space of solutions .S is the subset
of D that maps to zero, ®(S) = 0. The linearization of ® is
the differential d® that maps the tangent space at some point
of S to the tangent space of the origin of R. Let D be N
dimensional, with coordinates x°, and let S be described by
M equations ¢'(x*) =0 (a = 1,..,N, i = 1,...,M). If dx* are
coordinates of the tangent space at a point P € .S, then the
linearized equations about P are

dp' =9 ax—o,
-

(Here and in the following all partial derivatives are evaluat-
ed at P.) A convenient condition for linearization stability®
is that d® be a surjective map, that is, if dx® is allowed to
range over the whole tangent space of D then d¢‘ will fill the
whole of TR, the tangent space of R.

Suppose ® and WV are equations that can be simulta-
neously imposed on D, so that they map D to two possibly
different ranges R,, R,. Suppose further that they are sepa-
rately linearization stable, hence d® and d¥ are surjective
on TR, and TR,, respectively. Let S, and .S, be the subspaces
of D corresponding to the solutions, ®(S;) =0, ¥(S,) =0.
Imposing these equations simultaneously defines the inter-
section S;n S,. We can consider the simultaneous set as a
single map y = (®,¥) that maps D to the direct product
R, X R,. Then y is linearization stable—and hence ®, ¥ are
jointly stable—if its differential dy = (d®,d¥) is surjective
on TR, X TR,.

If, on the contrary, dy is not surjective, there must be a
linear relation between d® and dW (since they are linear and
separately surjective). That is, there must be one or more

covectors w = ( v) in T*R, X T *R, such that, for all dy*,
A

u,
A4 A
; .
u,-ag-dx"+vjﬂdx“=0. (1)
4 Ox° 4 9x°

As usual in the theory of linearization stability, existence of

such w allows us to construct second-order conditions on the

A
dx®. If these conditions are nonempty, there is joint instabil-
ity. To construct these conditions we evaluate the simulta-
neous equations (®,¥) = Otosecond order (hered ?denotes
the second derivative, notd Ad):

0 = (d’®',d*¥)

2 i
=( IV e + 9% a2,
Ix® Ix® Ix°

s .
o°¥ dx”dx"+£d2x“). 2)
ax° Ix® ox°
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Now we apply the linear relations (1) to find
( e ik 2
u; y;
4 Ox°IxP 4 Ix“oxb

N )dx"dx”+Qabdx"dx”=0,(3)

that is, one quadratic relation for each of the covectors w.

A
[ These are nonempty, that is, independent of the linearized

equations, unless there is a matrix L, such that Q,
A A

= (JY'9x*)L;(dy'/3x®). In the latter case, higher-order
A

approximations to the simultaneous equations must be con-
sidered to decide about instability. ]

A simple example of joint instability is provided by the
two surfaces in Euclidean three-space, the hyperboloid

O =(x")+ (xH)2—-(x*)?-1=0, (4a)
and the plane
V=x!—g=0, (4b)

as shown in Fig. 1. For a generic value of @ their intersection
is smooth, a pair of hyperbolas. However, fora=1itis a
pair of intersecting, lines, x> = + x>, hence the two lineari-
zation stable equations (4) must be jointly unstable for this
value of a. In fact, any point on the intersections satisfies
x'=a, (x?)®> - (x*)? =1 — a? For such values of x2, x°,
the linearization

dx = (d®,d¥)
= (Qadx' + 22 dx? — 2x* dx?, dx'), (5)

which maps R® to R! X R/, is surjective whenever x? or x’
differ from zero. However when @ = 1 and x? = 0 = x°, we
have the linear relation d® — 2d¥ = 0, which is of the form

(1) withu = 1, v = — 2. The corresponding quadratic con-
dition (3),
2(dx")? 4 2(dx*)*> — 2(dx*)?> =0, (6)

is nonempty, hence there is a joint instability: the linearized
equations for @ = 1 are satisfied by dx' = 0 and dx?, dx*
arbitrary; but exact simultaneous solutions of (4a) and (4b)
exist only for the directions that also satisfy (6).

lIl. EINSTEIN'S EQUATIONS AND SYMMETRY
CONDITIONS

Since it is sufficient, and more convenient, to discuss the
stability of the Einstein constraints, we shall assume that the
symmetries are spacelike and that the metric has nontrivial
time dependence. (This is not essentially different from the
case discussed by Geroch and Lindblom, where the metric is
independent of x, y, and ¢ but depends on z.) The space-time
is described in terms of the initial data on a Cauchy surface,®
namely the metric g; of the surface and its conjugate mo-
mentum 77 (related to the second fundamental form). The
Geroch-Lindblom symmetry condition demands that there
be three commuting Killing vectors that are passive, i.e., the
same for all metrics. Without loss of generality we can there-
fore assume that the three spacelike Killing vectors k are the
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coordinate directions d /dx’. The corresponding conditions
on the initial data are

Z 8y> (7a)

The Einstein constraints are
R(g) + ﬂ'ijﬂ'ﬁ - i(ﬁii)z» (8a)
0 - q)l(g:ﬂ') - [ﬂjju, (Sb)

and the flatness conditions are the Gauss—Codazzi equa-
tions’

Ry (8) + mym*; —y mymt, (9a)
Ty — Ty + 4 BT, ; —8ymi).  (9b)
The linearizations about flat space-time (described by g;

0 = q>2(g,17') = [

= §,, m; = 0), written in the usual notation dg;, = h;, dr’
= o take the form
_ dr;(h) = %(hk.-,_,- + hkj,i - hij,k)’ (10a)
- ¥y, (10b)
dR(h) =dT%, —dT},, 11
dq)l = [ " k . ( a)
o’ ;, (11b)
o — [dR,.j(h) =dl%, —drk (12a)
> @y —@n;) 3 (Bpo; —8;0,).  (12b)

Note that the equations for /4 and for @ decouple. Since the
exact equations (7b), (8b), (9b) are linear in 7, we do not
get an instability from the linear relations between (10b),
(11b), and (12b). However, the corresponding linear rela-
tions between (10a) and (11a) and between (10a) and
(12a) do result in second-order equations of the type (3).
For example, (11a) is a kind of divergence of (10a) and we
have

u=56(x—-x"),

W= —898,(x—x")+6/8,(x—x")

[where the index 4 of Eq. (1) corresponds to the continuous
index x, the index 7 to the continuous index x’, and the index j
to 4, j, k, and x'], so that the equation corresponding to (3)
obtained from Eqs. (7a) and (8a) becomes

d?R(hh) + 00" — (0,2 —d’T5(hh) ,
+d’Tk (hh) ;=0

= w0" — (0,)% (13)
Similarly from Eqgs. (10a) and (12a) we get
o*0,) — oo,k =0. (14)

Since the exact equation ¥ = 0 actually implies R,; = 0 (flat
three-space), the exact @, = 0 and ®, = 0 equations reduce
to Egs. (13) and (14), with »? replaced by #¥. It is then
easily seen that there are no further conditions on the linear-
ized solutions beyond (13) and (14).

What are the consequences of this joint instability? For
¥ and &, it means that there are too many linearized sym-
metric and flat space-time metrics. In fact, once D¥ =0 is
imposed, d®, always vanishes; that is, any constant 4,,0"
satisfy the first-order space-time flatness condition. All the
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corresponding space-time metrics are therefore “gauge,”
i.e., diffeomorphic (to linear order) to Minkowski space.
This is the first surprising feature noted by Geroch and
Lindblom.

Similarly, the joint instability of ¥ and ¥, means that
there are too many linearized symmetric vacuum Einstein
metrics; again, all solutions of d¥ = 0 also solve Einstein’s
equations to linear order. Those corresponding to actual so-
lutions have to satisfy the local second-order condition, Eq.
(13). This is the second surprising feature noted by Geroch
and Lindblom. [However, their distinction between true
and apparent gauge is not represented precisely by our flat-
ness condition (9). For example, all nonvanishing solutions
of Eq. (13) would be apparent gauge, but these still include
some flat space-times, namely those of Eq. (17) below.]

IV. A MINISUPERSPACE MODEL

The Geroch and Lindblom example that we discussed in
Sec. IT can be used to construct a minisuperspace® that illus-
trates the conical nature of the solution manifold at points of
instability. As initial data we consider only the Euclidean
spatial metric §; and spatially constant momenta 7. (Wedo
not consider the corresponding mini-phase space of all spa-
tially constant g; and 7%, with positive definite g,;, because it
has a conical singularity itself at g;—0.) These form a six-
dimensional space on which the six independent compo-
nents of 77; are smooth coordinates. We investigate the sub-
spaces ®, =0 and P,=0. Since the symmetry is
presupposed, the instability will be exhibited by singularities
of these subspaces.

The subspace X, of solutions of Einstein’s equations is
described by

0=¢1 =ﬂ'u17'u— (7Tii)2 = #jGUkIﬂ'kI, (15)
where the DeWitt metric
G = 646, — 6,64 (16)

has signature + + + + + — . Therefore 2, is a five-di-
mensional “light” cone over a four-sphere S*. [The four-
sphere can be obtained by intersecting (15) with the five-
plane 7, = 1.] The singular point of this cone occurs at
=0, i.e., at the Minkowski metric for the space-time gener-
ated by these initial data. Tangents at that point satisfy the
second-order condition (13), but they span the entire six-
dimensional space. All directions at the origin that are not on
the cone X, represent unstable solutions of the linearized
Einstein constraints.

The subspace 2, representing flat space-time metrics is
described by

0=9®,=r"*rS — 7 trab (17)
The general solution of (17) is
7’ = vy, (18)

where v’ are the components of an arbitrary spatially con-
stant vector on the initial surface. Therefore X, is a three-
dimensional cone over the two-dimensional surface P de-
scribed by points 77 of type (18) with v’ a unit vector. Since
any such v’ corresponds to a point on the two-sphere S, and
since v’ and — v’ map via (18) to the same point on P, Pis
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FIG. 2. Minisuperspace of Kasner space-times. The three axes (labeled 7',
72, m°, respectively) represent flat space-times. All other points on the
cone represent nonflat Kasner space-times. The plane represents the time
coordinate condition 7*; = const. All Kasner solutions satisfying this coor-
dinate condition lie on the circle C.

topologically the projective plane. Since (17) implies (15),
3,iscontainedin £, (and PCS*). Thesingular point of 2, is
again 77 = 0, and its tangents again span the entire six-di-
mensional space. All directions at the origin that are not on
3, represent unstable (“apparently flat”) solutions of the
linearized flatness conditions.

To recover the Kasner solutions in their usual, diagonal
form we reduce the number of minisuperspace dimensions to
three by setting

=2 =72=0.

The intersection with 2, is a two-dimensional cone; that
with 3, consists of three lines (see Fig. 2). Both of these
surfaces have a singularity at the origin, illustrating the geo-
metrical reason for the instability in this restricted case. To
regain the usual description of the Kasner solutions, we im-
pose the time coordinates condition, 7,' = const (see Ref.
9). The resulting family of solutions form a circle, as shown
in the figure. Since these metrics cannot be continuously
connected to the Minkowski metric, the geometrical reason
for the instability is not apparent with this coordinate condi-
tion.

V. CONCLUSIONS

We have seen that two individually linearization stable
equations can be jointly unstable when imposed simulta-
neously. This situation may of course arise in cases other
than the example we discussed above. Thus, joint instability
may become important in Kaluza-Klein-type theories,
where Einstein’s equations are supplemented by further con-
ditions.

Our results also have implications for the perturbative
approach to quantum gravity. For example, since the
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Kasner-type perturbation we discussed in first order corre-
spond to gauge transformations, only the phase of the quan-
tum wave functional will vary in first order. Another quan-
tum implication of linearization instability has been pointed
out by Moncrief'®: the operator form of the second-order
conditions should be imposed on the wave function of linear-
ized quantum gravity. An analogous procedure has to be
followed where there is a joint instability, provided of course
that a consistent quantum analog exists of the jointly unsta-
ble equations. Similarly, Moncrief conditions arise if there is
a classical joint instability, and if the supplementary condi-
tions are solved before quantizing (as in the minisuperspace
approach).
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The static, cylindrically symmetric solutions to Einstein’s equations with a cosmological term
describing cosmic strings are determined. The discussion depends on the sign of the cosmological

constant.

i. INTRODUCTION

The static, cylindrically symmetric solution to Ein-
stein’s equations describing a cosmic string characterized by
a linear mass density 4 (for £#1/4G in units for which
¢ = 1, G being the Newton constant) has been recently de-
rived.'~ The corresponding space-time is locally flat, but of
course it is not globally flat. The singular line source of the
field equations, which is the energy-momentum tensor of a
cosmic string,* is introduced by the existence of a conical
singularity>~’ of the space-time.

The purpose of this paper is to extend these results to the
case where the cosmological constant A does not vanish. To
do this, we shall determine the most general, static, cylindri-
cally symmetric solutions to the field equations

R.s —3Rg.5 +Ags=0. (nH
The solutions to the field equations (1) depending only on
one coordinate have been analyzed already.®'° The method
can be easily applied in our case. The main result will be to
select those that describe a cosmic string and to discuss fol-
lowing the sign of the cosmological constant.

Il. THESTATIC CYLINDRICALLY SYMMETRIC METRICS
A static, cylindrically symmetric metric can be written
ds’ = —dp® — g,(p)dz’> — g;(p)dp? + g4 (p)dt?,  (2)
in a coordinate system (¢, p, 2, @) with p>0 and 0,p< 2, the
hypersurfaces ¢ =0 and @ =27 being identified. The
square root of the determinant of metric (2) u is given by
u=(g:8:8)""". (3)

The field equations (1) reduce to the following system of
differential equations:

((u/g;) gl) +2Au=0, i=234, @)
1 ’ ’ 14 ’ ’ ’
8 8 + 8 84 + 8.8 +4A=0,
8283 8384 848>

where a prime indicates differentiation with respect to p.
From system (4), we deduce that u satisfies

u" +3Au=0, (5)
and hence u satisfies
= —3Au*+ K2, (6)

where K is a strictly positive constant of integration. Taking
into account Eq. (4), the first three equations of system (3)
can be integrated in the form
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KK '
L2 2 o234, M
& u 3u
where the K| are three constants of integration. They are not
arbitrary; insertion of expressions (7) into the last equation
of system (3) yields the following algebraic equations:

K2+K3+K4=0’

KK + KK, + KK, = — 4,
which determine the constants X in terms of one parameter.
The form of the solution to Egs. (5) and (6) is depen-
dent on the sign of the cosmological constant. Requiring
cylindrically symmetric solutions with respect to the axis
p = 0, we must take

u(p) = [K/(3A)"?Isin[(3A)"?p], for A>O0,

(8)

&)
u(p) = [K/(—3A)"?]sinh[( — 3A)"?p], for A<O.

Substituting u, given by (9), into system (7), the equations
can be integrated to give

172 :
gp) =g {tan[(3A2) p”K sin?*[(3A)"%],
for A>0,
172 :
&)= g? {tanh[% p”K Sinhz/s[( _ 3A)1/2p] ,

for A<O,

where the g? are three constants of integration that have to
satisfy

8 8584 =K’/|3A| (11
in order to verify relation (3). Moreover we can always give
arbitrary values for constants g§ and g2 with the help of an
appropriate change of coordinates ¢ and z.

We bave now completely determined the general, static
metric with cylindrical symmetry (2). They are given by
expressions (10) and they depend only on two parameters:
the one occurring in the general solution to algebraic equa-
tions (8) and the other K. We can calculate straightforward-
ly the nonvanishing components of the Weyl tensor; we find

(10)

. 2 (K? KK v
Cp'pl' = -K—z-_ (_l - -2_) - '2u ’ = 2)3,4 »
u 4 9 6u (12)
. K2 (K.K- 1) KK, +K)u'
Cl ==L 4= — T i,
T 4 + 9 + 6u’ » 1
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It may be of interest to note that the Weyl tensor is singular
at p = 0 except for the values of the constants K taken as a
circular permutation of — 4, — 4, and 4. Moreover for these
values it is type D in the Petrov classification.

lil. THE STATIC, CYLINDRICALLY SYMMETRIC
STRINGS

We now turn to select metrics (2) given by expressions
(10), which describe cosmic strings located at p =0. We
recall that a metric (2) has a conical singularity when in the
limit as p—0, it tends to the following form:

ds’ = —dp* —dz* — B%p*dp* +dt?, (13)
where Bisaconstant (B #0and B #1). Such an asymptotic

form (13) induces on the axis a singular part to the source of
field equations (1), which is the energy-momentum tensor

46 [F
where g is the determinant of the induced metric on the two-
surface, ¢ = const, and z = const. Form (14) of energy-mo-
mentum tensor characterizes a static, cylindrically symmet-
ric string of linear mass density # such that

u=(1-B)/4G . (15)

In order to arrive at the asymptotic form (13) for ex-
pressions (10), we must take

K2=—%1 K3=§9 K4='-%’

g(z) =2—2/3, g(; =24/3K2/I3A| , gs =2-—2/3-
We remark that this requirement does not fix constant X.
Hence metric (2) given by expressions (10) with the choice
of constants (16) describes a cosmic string of linear mass
density u given by

u=(1-K)/4G.

T! = and TE=T¢=0, (14)

(16)

(17)
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IV. CONCLUSION

We have to ask whether the space-times that we have
found to describe cosmic strings are regular outside the axis
p = 0. In the case where the cosmological constant is nega-
tive, there is no problem. The Weyl tensor is regular every-
where and it is type D in the Petrov classification and more-
over it tends to zero for large p. On the other hand, in the case
where the cosmological constant is positive, it is easy to see
from expressions (12) that the invariant C*% ;C " of the
Weyl tensor is singular at p = 7/ (3A)"/2 Consequently, the
geometry of this space-time is singular and such a solution
must be rejected.

The above analysis is based on the theory of a conical-
type line source. A recent attempt has been made* to deter-
mine the exterior metric for an extended cosmic string as-
suming some simple forms of the energy-momentum tensor.
Nevertheless, these questions should be reexamined within
the theory of a self-interaction scalar field coupled to a gauge
field as done by Garfinkle'? in the case where the cosmologi-
cal constant vanishes.
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Einstein’s equations in the Newman-Penrose formalism for vacuum, vacuum with cosmological
constant, and electrovacuum fields are expressed as Cartan ideals. Two different prolongations of
these ideals are obtained. These two types of prolonged ideals generalize previous prolongations

for vacuum fields to vacuum with cosmological constant and electrovacuum fields. Some
Bicklund transformations are obtained for vacuum, vacaum with cosmological constant, and
electrovacuum fields. These Béicklund transformations include the generalized Kerr—Schild
(GKS) transformation, and a two-parameter generalization of the GKS transformation. GKS
transformations are studied in detail. Expressions for the transformation of Newman-Penrose
quantities are given and algebraic properties are discussed. It is shown that the GKS
transformation cannot give algebraically general and asymptotically flat vacuum and

electrovacuum space-time metrics.

I. INTRODUCTION

The geometric theory of partial differential equations
(PDE’s) as found by Cartan,!™> besides its own interest, is a
useful tool for inverse scattering problems and construction
of Backlund transformations. The essence of Cartan’s ap-
proach is to express PDE’s as a differential ideal.® Then,
prolongating this ideal,> it is possible to obtain “associated
equations of the PDE,” which are used in solving the origi-
nal PDE’s via inverse scattering methods, or in establishing a
correspondence between solutions of the PDE’s (i.e., Back-
lund correspondence).

Inverse scattering technique® is a well-understood and
powerful tool in two-dimensional problems. Extension of
this method to higher dimensions is also subject to current
interest.® The first step in the application of the inverse scat-
tering technique is to find the associated linear equation for
the PDE’s, i.e., the linear equation whose integrability is
guaranteed by the original PDE’s. For problems in higher
dimensions existence of associated linear equations is not
sufficient to solve the PDE’s, but they may lead to Biacklund
transformations. The prolongation technique mentioned
above can be used to obtain these associated equations. Pro-
longation was first described by Cartan as a lifting of the
ideal representing the PDE’s to a fiber bundle, and used to
eliminate independent variables. A nontrivial generalization
is given by Estabrook and Wahlquist'® as prolongating the
ideal (representing the PDE’s) by lifting and adding new
generators. These additional generators represent associated
equations for the original PDE’s.

Applications of inverse scattering to general relativity is
practically restricted to space-times admitting symmetries.

*) Present address: Mathematics Department, State University of New
York at Stony Brook, Stony Brook, New York 11794.
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In fact, space-times admitting two commuting non-null
Killing vector fields has been shown to be completely inte-
grable' 12 and their associated linear equations led to several
equivalent Bicklund transformations.'>!> The applications
of prolongation technique to general relativity starts with
Harrison, by the construction of Bicklund transformations
for the Ernst equation.'® Later work, from Chinea'é and
Giirses,'” generalize this construction to space-times with-
out symmetries satisfying vacuum Einstein equations:
Chinea proposes a linear equation to be useful in inverse
scattering (see also Julia'®). On the other hand, Giirses’ ap-
proach leads to the construction of Bécklund transforma-
tions,'”! which are generalized to Einstein spaces (vacuum
with cosmological constant) and electrovacuum fields in the
present work.

Prolongation technique, as given by Chinea, Giirses,
and Harrison'®'"2%2! make use of a compact matrix formu-
lation of Einstein’s equations obtained from connections in
principal bundles. In fact, starting from a null basis for tet-
rad vectors, the expressions obtained constitute a compact
version of the Newman-Penrose (NP) formalism.?? Expres-
sion of Einstein’s equations for various (vacuum, vacuum
with cosmological constant, electrovacuum) cases in com-
pact form are given in Sec. II.

The formalism described above is used to study Ein-
stein’s equations in the framework of Cartan’s theory of dif-
ferential equations: The PDE’s in terms of differential forms
obtained in Sec. I are used to construct a closed ideal in Sec.
IIL. Then, in Sec. IV prolongated ideals are investigated, and
two different prolongations of the ideals constructed in Sec.
III are given. One of the prolongations generalizes the equa-
tions obtained by Chinea’® to nonvacuum fields,'® and the
other gives Biacklund transformations that are discussed in
detail in Sec. V. In Sec. V, some Béicklund transformations
are constructed. Construction of the Backlund transforma-
tion is not sufficient to ensure the existence of new solutions
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since it still remains to solve the associated equations that
may well lead (since the system to be solved may be overde-
termined) to nontrivial restrictions of the background (i.e.,
the known solution to start with) or to a trivial solution for
the transformation itself. This last step, that is, the solution
of associated equations, is presented in detail for the GKS
transformation in Sec. VI. The compatibility condition of
the GKS transformation for algebraic general backgrounds
is found and examples for space-times satisfying these condi-
tions are given. The main feature of this constraint is that
vacuum (and in general electrovacuum) backgrounds ad-
mitting the GKS transformation cannot be both algebraic
general and asymptotically flat,”>*>*¢ and since the con-
straint is invariant under the GKS transformation resulting
space-times also will have the same character.**

Il. EINSTEIN’S EQUATIONS IN THE COMPACT
NEWMAN-PENROSE FORMALISM

In this section we will give a compact formulation for
the structure equations of a space-time and the Einstein
equations. We will essentially express Newman—-Penrose
(NP) equations® in terms of s1(2,C)-valued forms.?” Then
Einstein’s equations are obtained simply by equating compo-
nents of the tracefree Ricci spinor and curvature scalar to
corresponding spinorial components of the energy momen-
tum tensor. The crucial point of the formulation is that we
have to write these equalities as matrix-valued differential
forms that will be suitable for the expression of equations of
motion for physical (nongravitational) fields.!”

In the following we denote by M a space-time manifold
with a Lorentz metric g. The bundle of orthonormal frames
on M is a principal fiber bundle?®**® with structure group
SO(1,3). Then the connection form of M takes its values in
the Lie algebra of SO(1,3), and in terms of the canonical
form of the frame bundle, structure equations of M can be
written in a compact form as

(2.1a)
(2.1b)

In the equations above, e is an R* valued one-form. In
fact the orthonormal tetrad one-form e = {e, }, where ¢,
= ¢, dx" in a coordinate basis with the metric given by

(2.2)

where @ denotes tensor product, and @ and (} are, respec-
tively, connection and curvature forms taking values in the
Lie algebra of SO(1,3). In Eq. (2.1) d is the exterior deriva-
tiveand A denotes exterior multiplication of corresponding
matrices. In the following we will drop the A sign for exteri-
or products, and all multiplications should be understood as
appropriate matrix multiplications with exterior products of
corresponding forms, unless otherwise stated.

To obtain a compact NP formalism, we will first estab-
lish correspondence between an orthonormal frame {e, }
and a 2 X 2 Hermitian matrix whose entries constitute a null
frame, then we will give structure equations in terms of this
matrix and s1(2,C)-valued forms, and finally we will present
transformations of the connection and curvature resulting
from the action of SL(2,C) on null frames.

de= —wle,
do= —oAw+ ().

g=e0®e0—’el®el —62882—83863,
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We establish a 1-1 correspondence between the ortho-
normal frame {e, } and 2 X 2 Hermitian matrix o as

1

3
o= (oe.), (2.3a)
‘/i k;() k“k
e, = (1/42)Tr(ooy), k=0,..,3, (2.3b)
where the o, are Pauli spin matrices, i.e.,
_ (1 O) _ (0 1)
=0 1 T\ o
0 1 0 )
"2‘(—1‘ o)’ ”3“(0 -/ 24
We then define a null frame {/,n,m,m} as
/= (eo+e3)’ "= (80—83),
V2 o
m= (€1+lez)’ = (91_192), (2.5)
V2 V2
with the metric given by
g=len+nel—mem-—mem. (2.6)

Then Egs. (2.3a) and (2.5) give an identification of the
null frame {/,n,m,m} with 2 X2 Hermitian matrices as

- 7)

It can be seen that any other identification of the null frame
{i,n,m,7} with Hermitian 2 X 2 matrices is similar, either to
o or its complex conjugate 5. We will write all equations in
terms of & and & = ege’ (see Ref. 30), where € = — io,.
That is,

S S S )

In the following, 7 and 7' denote complex and Hermitian
conjugates of 7 respectively, and 7 is equal to ene’, for any
7. Also we have

T= —elet = — T, (2.8b)
b= —ep'e'= —g". (2.8¢)

We now give structure equations in terms of & and
s1(2,C)-valued connection and curvature forms I" and R, as

dé+To—oel't =0, (2.9a)
dlT +TT —R=0, (2.9b)

and we obtain Bianchi identities by taking exterior deriva-
tive of Eqs. (2.9a) and (2.9b) as®’

(2.7)

(2.8a)

R +6RT =0, (2.10a)
dR — RT + TR =0, (2.10b)
with
r r, R, R,
F=(r(,) _ro)’ R=(R1 ~R()’ 21D
where
Lo=9l+€en —am — pm, (2.12a)
= —7l—«n+pm+ om, (2.12b)
I,=vl +an—Aim — um; (2.12¢)
Ry= (A — ¢y —¥)in+ 3lm + ¢,im
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— $ronm — pynim + (Y, — éy — A)ymii,
(2.13a)

R, = (¢, + do))in — (¥, + 2A)Im

— Poolf + Poonm + Yonin + ($o, — ¥ )mm,
(2.13b)

R, = — (3 + ¢21)In + ¢udm + ¢l

— Goonm — (P, + 2A)nim — (¢, — ¢3)mm.
(2.13¢c)

In Eqgs. (2.12), the scalars a,8,7,A.u,v,0,0,€,7.x,7 are NP
spin coefficients, and in Eqgs. (2.13), ¢,(4 =0,...,4), ¢;
(i,j = 0,...,2) are, respectively, components of the Weyl and
tracefree Ricci spinor and A is the curvature scalar.

We then give transformations of I and R corresponding
to the SL(2,C) action on null frames. If SeSL (2,C), then the
action of S on null frames is given as

&— SaS*. (2.14)

This action leaves the metric invariant. The connection I
and the curvature R transform as

L —->STS~'—dss ™, (2.15a)
R-—>SRS™. (2.15b)

Explicit expressions for Egs. (2.10), (2.15a), and (2.15b)
can be found, for example, in Ref. 31.

Finally we will express Einstein’s equations in the NP
formalism. They are

by =Ty (2.16)

where 7; and 7, are the corresponding spinorial compo-
nents of the energy momentum tensor. Thus to obtain a com-
pact formulation we have to separate tracefree Ricci and
curvature scalar components of R by a “compact oper-
ation,” which is exactly multiplication from the right by 4.
We remark that [Eq. (2.10a) ] Ra is anti-Hermitian, hence
energy momentum tensors will be represented by anti-Her-
mitian three-form matrices. We give Einstein’s equations for
vacuum ( V), vacuum with cosmological constant (¥ + A),
and electrovacuum (EV') cases in the NP formalism for both
component and matrix (compact) form.

(a) Vacuum: In the NP formalism we have ¢, = A = 0.
The corresponding equations in compact notation are given
as

A=rT1,,

R =0. (2.17)

TABLE 1. Einstein’s equations for vacuum, vacuum with cosmological
constant, and electrovacuum in the Newman-Penrose formalism: compo-
nent form and compact form.

Vacuum (V) $;=0 A=0 RoG=0

Vacuum with
cosmological
constant (¥ + A) A, constant

Electrovacuum ¢, =2kd, ¢, A=0

6, =0 A=1, R& + Ao555 =0

Ao constant
RG — 2ka¢'G¢5 =0

(EV)
&,’s given by Egs. (2.20) ¢ given by Eq. (2.24)
Maxwell equations by Maxwell equations by
Egs. (2.21) d(5¢5) =0
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(b) Vacuum with cosmological constant (Einstein space):
In the NP formalism Einstein equations are ¢, =0 and
A = A, where A, is a conistant. The corresponding equations
are given in compact form as

R6 + A,606 =0, (2.18)
where A, is a constant.

(c) Electrovacuum: In the NP formalism we have

¢ij = 2k¢i¢j9 A = Oy (2-19)

where k is the gravitational constant and the ¢,’s are given in
terms of the Maxwell tensor F,, as

$o=F,1"m", (2.20a)
¢, = \F,, (I"n" + m'm"), (2.20b)
¢2 = vam#nv (2-200)

(recall that / =/, dx*, n = n,dx", and m = m,,dx* in a co-
ordinate basis), and the ¢,’s satisfy Maxwell’s equations:

D¢, — 8¢y = (7 — 2a)d, + 206, — k5, (221a)
D¢, — 8¢, = — Ado+ 27, + (p — 2€)$,,  (2.21b)
8¢, — Ado = (4 — 27)do + 27, — 0, (2.21¢)
8, — Apy = — vdo+ 2ud, + (1 — 2B)4,,  (2.21d)

where Dy =[*3d,m, Ay =n*d,n, and &7 = m"d, 7 for a
scalar 7. For the purpose of formulating these equations in a
compact form, we define the Maxwell two-form as

F =F+i*F= —¢,(In — mm) — $,nm + ¢,lm,
(2.22)

where F = F,, dx* dx” and *F is the Hodge dual of F, i.e,,
*F=1€,,%F,; dx'dx".

Then the Maxwell equations are simply d% = 0. Now
we can give electrovacuum Einstein equations in compact
form as*®

RG — 2ké¢t o¢5 = 0, (2.23)
where & is the gravitational constant, and
-6 —¢
¢ —( 4 4, ) (2.24)
We write the Maxwell two-form as
1¥ = o¢a, (2.25a)
IZ = —&¢'o, (2.25b)

where [ is the 2 X2 identity matrix and .# is the complex
conjugate of .. Then Maxwell equations are

d(5¢5) = 0.

We summarize these results in Table I.

(2.26)

lll. CARTAN IDEAL FOR EINSTEIN’S EQUATIONS

Cartan’s geometric theory of partial differential equa-
tions (PDE’s) essentially consists of the description of a
PDE as a differential ideal I (equivalently, an exterior differ-
ential system) on a manifold N. Then an integral manifold of
I will be the pair (M, f), where M is a manifold and f:
M — N is an embedding such that f*a; =0, for a; in the
ideal I. The differential system is said to be completely inte-
grable if f(M) is a submanifold of N. The terms, integral
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submanifold or regular integral manifold, will also be used
for such integral manifolds, and the term regular embedding
will describe corresponding embeddings.

We recall that* systems of PDE’s can be represented as
systems of homogeneous p-form equations (PDE’s in the
form of exterior differential equations) by possibly introduc-
ing new variables. We describe V to be a manifold with local
coordinates consisting of all independent and dependent var-
iables in the PDE’s and auxiliary variables introduced in the
previous step. Local coordinates of M will consist of inde-
pendent variables. We then define the forms a; on ¥ such
that their restriction to M gives the PDE’s we started with,
i.e., for the embedding /: M -— N, f*a; = 0 gives our PDE’s
in the form of exterior differential equations. We remark
that, if f*a; =0, then f*(2,;£,a;) = 0 also for forms &; on
N. Hence any form in the differential ideal I = {a, } generat-
ed by the a; vanish when restricted to M. Therefore we can
conclude that it is rather the ideal generated by the ¢, that
represents the PDE’s.

We note that different sets of generators may represent
the same ideal: We define two exterior differential systems
{a,}and {a;} asalgebraically equivalent if they generate the
same ideal. Then {a;} and {a;} will represent the same
PDE, hence their integral manifolds will be (possibly differ-
ent) solutions of this PDE.

The closure of an ideal I = {a, } is an ideal T = {a;,,de, }
obtained, by adjoining to /, exterior derivatives of its genera-
tors. An ideal and its closure have the same integral mani-
folds since f*da; = df *a; = 0. Anideal is closed if it is alge-
braically equivalent to its closure (equivalently if dICIT).
The study of differential systems is concerned mainly with
regular integral manifolds of closed ideals.

In this study, our main interest will be the solution gen-
eration using Bécklund transformations and we will not be
interested in the existence and complete integrability prob-
Iems. We only note that, for ideals generated by one-forms
( Pfaff systems), the Frobenius theorem states that the sys-
tem is completely integrable if and only if the corresponding
ideal is closed.* For higher-order systems we do not have
such a complete result,”®® however, the Cartan-Kahler
theorem provides (in the real analytic case) a method of
construction for integral manifolds starting from lower-di-
mensional integral manifolds. We will now express the Ein-
stein equations for various sources (V,V + A,EV) as a dif-
ferential ideal 7 on a manifold .

We start by describing local coordinates of M (space-
time manifold to be embedded in N) as x*, u =0,1,2,3.
PDE’s in the form of exterior differential equations, repre-
senting structure equations, are given by Egs. (2.9a) and
(2.9b), and their integrability conditions, i.e., Bianchi iden-
tities are given by (2.10a) and (2.10b). Also Egs. (2.17),
(2.18), and (2.23) represent, respectively, Einstein’s equa-
tions for V,V + A, and EV fields. Dependent variables con-
sist of the components of the metric (in fact coordinate com-
ponents of the tetrad frame) of the connection of the
curvature, and of the physical fields, for the nonvacuum
case. They will constitute, together with x*, local coordi-
nates of N. We will construct for V,V + A, and EV, a closed
Cartan ideal with generators {e; } such that, for f M — Nan
embedding, f*a; = 0 gives the corresponding structure and
Einstein equations. To be precise, /is two sided, and includes
complex conjugates of scalar forms, hence complex conju-
gates and Hermitian conjugates of matrix forms. We will
give for each case (V,V + A, and EV) two algebraic equiva-
lent sets of generators denoted by generating set A and gener-
ating set B.

Generating set A: This generating set defines connection
and curvature forms and gives Einstein’s equations. We will
use this generating set to obtain a prolongation of I that will
be used for constructing Bicklund transformations.'®

(a) Vacuum: I = {a,,a,a,,a,}, where

a, =dé + I'é — 6T, (3.1)
a,=dl + T —R, (3.2)
a; = Ro, (3.3)
a,=dR — RT 4+ TR. (3.4)

We note that dim N = 58 since we have 10, 24, and 20 varia-
bles to describe the metric, connection, and curvature, re-
spectively. Also we remark that da, = a; + a;" and da,
= a,, hence I is closed.

(b) Vacuum with cosmological constant:
I={a,a,a,a,}, where a,, a,, and a, are given by Egs.
(3.1), (3.2), and (3.4), respectively, and

ay; = R + 4,000, (3.5)
where A, is a constant. The dim ¥ is still 58. We remark that
since go ¢ is anti-Hermitian, de, C I, and, using Eq. (2.86),
we obtain

do=a,+Ite—orl. (3.6)

TABLE I1. The generating set A and generating set B for the Cartan ideal of Einstein’s equations for vacuum, vacuum with cosmological constant, and

electrovacuum.
Vacuum Vacuum with cosmological constant Electrovacuum
a, =do + e — 6Tt a, =di+ g — 6Tt a, =dé 4 I'é — oT"
. a,=dl' +TT —R a,=dl'+TT —R a,=dl' +TT —-R
Generatingset A o _ R& @y = R& + Ago55 a, = Ro — 2kisd a5
a,=dR—RT +TR a,=dR—RT+TR a,=dR —RT 4+ TR
as = d(5¢5)
a, =dé + T — 6T @, =db + Té — 57" a, =dé + I'g — &T?
Generating set B a,= (dl +TT)o ay= (dT + I'T)& + A,655 a, = (dT + ') — 2ko¢'Ges
as =d(5¢5)
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Then, it can be checked that da, C 1, hence [ is closed.

(¢) Electrovacuum: I = {a,,a,,a;,0,,05}, where a,,a,,
and a, are given by Egs. (3.1), (3.2), and (3.4), respective-
ly, and ‘

a; = Ro — 2kad' 646, 3.7

as = d(G¢5), (3.8)
where k is the gravitational constant and ¢ is given by Eq.
(2.25), and we note that 5¢¢ is proportional to the identity
matrix. For EV fields, dim ¥ = 58 + 6 = 64. Using Eqgs.
(3.6) and (3.8) it can be checked that da;C1, hence I is
closed.

Generating set B: In this generating set, we omit the de-
finition of the curvature, hence the Bianchi identities, then
dimension of N is considerably reduced. This generating set
will give a prolongation of I that has been proposed for in-
verse scattering problems, '618:1

(a) Vacuum: I = {a,,a,}, where a, is given by Eq. (3.1)
and

a;=(dl +I'T)g, (3.9)
than dim NV = 38, and again it can be seen that 7 is closed.

(b) Vacuum with cosmological constant: I ={a,,a,},
where «, is given by Eq. (3.1) and

a, = (dl' + I'T)& + Ag00,
also dim N = 38 and [ is closed.

(c) Electrovacuum: I = {al,a3,a5}, where a, and a, are
given by Egs. (3.1) and (3.8) and

ay= (dU + I'T)a — 2k(5¢'065).

In this case, dim N = 38 + 6 = 44, and I is closed.

We present both sets of generators for V, ¥ + A, and EV
in Table I1.

(3.10)

(3.11)

IV. PROLONGATION OF THE CARTAN IDEAL FOR
EINSTEIN'S EQUATIONS

Prolongation of an ideal I in a manifold & is an ideal I’
containing /, in a fiber bundle N over N. If m: N’ — Nis the
projection, we construct I’ by lifting the generators {a; } of
to N’ and by adding new generators w ; thatis I ' is generated
by {m*a;,w}. In this construction the w ,’s are not of the
formw, = df,,for6,el’. ThenifI' = {7r*a;,w ,}is closed,
we have a nontrivial prolongation of I, and the PDE we
started with is said to have a prolongation structure.> "1

If(M, f'),f': M — N'isanintegral manifold of I, then
f'*(m*a;) =0and f'*w, = 0. Therefore (M,7of’) is an in-
tegral manifold of I with additional equations given by f*w ,

=0 also solved. Furthermore,'® for the nontrivial pro-

longed ideal I’ constructed as above, the maximum-dimen-
sional regular integral submanifolds of 7 and I’ are the same.
Therefore, if I is a completely integrable system, its prolon-
gation I is also completely integrable.*

In the prolongation process of an ideal representing a
PDE, we are interested in finding additional forms that are
linear in fiber variables. In these cases, they represent *“asso-
ciated linear equations” for original PDE’s. In any case, pro-
longation forms are useful whenever they represent equa-
tions easier to solve than the original PDE’s. Although the
term “‘associated linear equation” has a special meaning in
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inverse scattering problems, we will use the term “associated
equations” to designate the equations represented by f'*w ,
=0.

In the following sections we will give two different pro-
longations of the Cartan ideal constructed in Sec. III for V,
V + A, and EV field equations. The first =onstruction will
give the linear equation proposed to be useful in the inverse
scattering approach, the second will lead to Biackiund trans-
formations.

A. Prolonged ideals using generating set B

In this section we construct a prolongation of 7 using
generating set B given in Sec. II1. In each case (V,V + 4,EV)
associated linear equations are formally the Rarita-
Schwinger equations, and fiber variables admit a transfor-
mation that leave the associated equations and the ideal in-
variant. We give the prolonged ideals as follows.

(a) Vacuum: I' = {a,,a;,w}, where a,,a; are given by
Egs. (3.1), (3.9), and

w=0c(d+TI)Y, 4.1)

where W is a complex vector one-form. Using Egs. (3.1),
(3.6), and (2.8b), we find

do=2,(d¥ +T¥) + ¥ + T w, (4.2)
hence I’ is closed.

The transformation

¥Yo>¥ 4+ (d+De, (4.3)

where @ is an arbitrary zero-form vector, leaves @ invariant
(modulo I).

(b)  Vacuum  with  cosmological  constant:
I' ={a,,a;0,,0,}, where a,,a, are given by Egs. (3.1) and
(3.10) and

o, =0[(d+T)¥, +ud¥,], (4.4a)

o, =&[(d — THW, + u5¥,], (4.4b)
where 4> = A, and ¥, and ¥, are one-form vectors. Using
Egs. (3.1), (3.6) and (2.8b), we find

do, =a,(d¥, + TV, + ua¥,) — uoa,¥, + &Y,

+ o, + pow,, (4.52)
do,=a,(dV, — TV, + ua¥,) — uoa,¥,
+alV¥, + pow, — To,, (4.5b)

hence I is closed. It can also be checked that the transforma-
tion
\1’1—"\[’1 + (d + 1-\)¢71 +,U&¢727 (4.6a)
V,—¥, + (d - T, + use,, (4.6b)

where @,,@, are arbitrary zero-form vectors, leaves the ideal
invariant.

(c) Electrovacuum: I' = {a,,a,a5,0,0,}, where a,, a,,
and a; are, respectively, given by Eqgs. (3.1), (3.11), and
(3.8), and

w, =a[(d + )Y, + uds¥,], (4.7a)
w0, =&[(d—THV¥, + ugtaw,], (4.7b)

where u*> = — 2k, ¥, and ¥, are one-form vectors. Using
Egs. (3.1), (3.6), (3.8), (2.8b), and (2.8¢c), we obtain
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dw,=a,(d¥, + T'V,) +alV¥,

+ pas¥, + Mo, + podw,, (4.8a)
do, = a,(d¥Y, — T'V,) +alV¥,
—ual¥, + uid'o, — To,, (4.8b)
hence I' is a closed ideal. The transformation
V,—V¥, + (d+ D)e, + udop,, (4.93)
V,—¥, + (d — T, + ud'op, (4.9b)

leaves the ideal invariant.

Equation (4.1) was proposed as an associated linear
equation for vacuum Einstein equations by Julia'® and
Chinea,'® and is expected to be useful in finding solutions of
Einstein’s equations by inverse scattering technique. For
space-times admitting symmetries, inverse scattering is re-
duced to two dimensions, and can be solved,''"'* but in the
general case, application of the inverse scattering technique
to general relativity is an open problem. The results of this
section are summarized in Table III.

B. Prolonged ideals using generating set A

Prolonged ideals described in this section will be used to
find Bicklund transformations. For notational convenience,
we introduce the differential operator D as

Dy =dy+Typ+ (—1)"C",
for any p-form 7. We give the prolonged ideals.
(a) Vacuum:I' = {a,,a,,a,,0,0,,0,}, where @, a,, as,
and a, are given by Eqgs. (3.1), (3.2), (3.3), and (3.4), re-
spectively and

(4.10)

(4.11)
(4.12)

where 7 is a Hermitian and wisasl( 2,C)-valued (traceless)
one-form. We then obtain

o, =D + 0d + (05)7,
w, = Rt + D(wd),

do,=at +to} —Tw, —o T + 0, +0}, (413)
dw, = 2,00 + wial + a0’
+wal +ag+ Ro, —Tw,+o,I'T,  (4.14)
hence I’ is closed.
(b) Vacuum with  cosmological  constant:

I' = {a,,a,,a;,0,4,0,,0,}, Where a,, @,, @, and a, are given
by Egs. (3.1), (3.2), (3.5), and (3.4), respectively. The first
prolongation form o, will be the same as the one given for
the vacuum case, i.e., @, is given by Eq. (4.11). The second
prolongation form will be obtained by adding a source term
to the right-hand side of Eq. (4.12), i.e.,

w, = Rt + D(w6) — y,. (4.15)
We write y; as

X1= — HoBo — AoB,, (4.16)
where A, 1, are constants, and

B, =600, (4.17)

B, = 35t + 516 + 150. (4.18)

We note that y, is anti-Hermitian, hence Eq. (4.15) ex-
presses thatdw, C 1, and weneed to check only dw, CT'. We
will use the following forms of Eq. (4.11):

dt =w, — Tt + T — 06 + G, (4.19)
dt=o, + 1 =1 + o' — 5o. (4.20)

In the following (i.e., for ¥+ A and EV) the calcula-
tion of exterior derivatives will be given, mod I, since com-
plete expressions become increasingly lengthy. We can ob-
tain

(mod I'").
dB, = — I'(65t + 615 + t65) + (30t + 616 + t55) T

dB, = — T'667 + 55oT"

— w00d + 606w’  (modI’). (4.21)

We rewrite them as

DB,=0 (modI’), (4.22)

DB, = (1/4,) [wR& — Réw'] (modI'). (4.23)
Therefore,

Dy,= — @R + Réw' (modI’). (4.24)
We now obtain dw, as

do,= — Dy, + Réo' —owRG (modI’), (4.25)

and Eq. (4.24) implies that dw, C 1"

(c) Electrovacuum.: I = {a;,a,,03,04,05,0 02,0504},
where a,,a,,a,5,0,, and o, are given by Egs. (3.1), (3.2),
(3.7), (3.4), (3.8), and (4.11), respectively. We define

w, = Rt + D(w5) — y,, (4.26)
where
X1=A40(4:9) + 4o(@,8) + Ao(@:p) + A4,(d4), (427)
where

Ay(uw) =2k [6ut5va], (4.28)

A, (u) = 2k [u'ovt + dutve + t'evs].  (4.29)

In Eqgs. (4.28) and (4.29) and throughout Secs. IVand V, u
and v replace either ¢ or @, where ¢ is given by Eq. (2.24)
and @ is a SL(2,C)-valued zero-form (whose components
are additional field variables).

TABLE III. Prolongation of the Cartan ideal of Einstein’s equations using generating set B for vacuum, vacuum with cosmological constant, and electro-

vacuum.

Vacuum

Vacuum with cosmological constant

Electrovacuum

a,=do+Té—aIt a,=dé + g —alt

a,= (dlr+TIT)o

@y = (dT + TT)5 + A555

a,=do + T — 6Tt
ay = (dT + I'T)é — 2ko4'5o5
a, = d(545)

wo=¢(d+ ¥ o, =d((d+ D)¥, +ud¥,] o, =0[(d+T)¥, + udd¥,]
w,=§g[(d —THY, + us¥,] w,=&[(d — THY, + us'a¥,]
wherep? =4, where > = — 2k
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TABLE IV.Prolongation of the Cartan ideal of Einstein’s equations using generating set A for vacuum, vacuum with cosmological constant and electrova-

cuum.

Vacuum with cosmological

Vacuum constant

Electrovacuum

a,=dé + T — 6T
a,=dl +TT —R
@y = R + A5G0
a,=dR —RT + TR

a, =do+ e —olt
a,=dl +IT ~R
a;=Ro
a,=dR—~RT +TR
», =Dt + 05 + (05)" ®, =Di + 05 + (05)'
@, = Ri + D(w5)
X1= — poBo — AoB,
By=666 _ . _
B, = got + 6to + oG

®, = Rt + D(wd) — y,, where

a,=dé+ I'eg — 6T

a,=dl' +TT —R

a; = Ro — 2kip'ops

a,=dR — Rl + TR

as = d(F¢5)

o, =Dt + 07 + (05)'

w, = Rt + D(wé) — y,, where

Xy =Ao(¢»¢) + A0(¢!¢) + A0(¢’¢) + Al(¢>¢)

Ap(u,p) = 2k(6u*&v£'7)

Ay (u,v) = 2k(6u'ovt + Gu'nG
+ tu'5v)

w; = d(Tt + 197)

w, = d(opo)

The remaining prolongation forms are
w; = d(54t + 145),
w,=d(0g0o).

(4.30)
(4.31)

Since @, and w, are exact and y, is anti-Hermitian, we need
to check only if dw, CI’. We also note that Eq. (4.26) and
(4.15) differ only in the definition of y,, therefore dw, will be
in I'" if (4.25) holds with y, given as in (4.27). To obtain
dAdy(u,p) and dA,(uv), we use d(au'cvb) = au'devb
+ d(au'¢)vb — au'd(cvb) (wherea, b, and ¢ replace either
oort) and Egs. (3.8), (4.30), and (4.31). We obtain

d[Ady(up)] =2k [6u'dovs] (modI'),  (4.32)
d[4,(¢,9)] =2k (64" d5 ¢t + 5¢" dt p&
+t¢*do ¢5] (modI'). (4.33)

Finally using Eqgs. (3.6) and (4.20) (and also the fact that
F¢a is proportional to the identity matrix), we write (4.32)
and (4.33) as

DAy(u,v) =0 (modl"),

DA4,($,4) = — wdy($,$) + 4o(d,$)0" (mod '),
(4.35)

and since A,($,¢) = R (mod I’') we have verified that
dw,CI'.

This completes the second set of prolonged ideals. The
results of this section are summarized in Table IV. In the
next section we will give a Backlund transform using these
prolonged ideals.

(4.34)

TABLE V. Bicklund correspondence for Einstein’s equations.

V. BACKLUND TRANSFORMATIONS OF EINSTEIN’S
EQUATIONS

Bicklund transformations are basically methods of gen-
erating new solutions from known solutions of a PDE. The
prolonged ideals that we have constructed in Sec. IV B will
be used to find such transformations. We describe the proce-
dure as follows: I is an ideal on N (representing a PDE)
generated by {@;, } and I’ its prolongationon N’ (fiber bundle
over N, with projection 7), with generators {7*a;,0,}. We
start with a known solution, i.e., an integral submanifold
(M, ). Then the construction of / ' ensures that (M, f’) isan
integral submanifold of I’ with f = 7o f'. We then look for a
map F: N'—N' that induces a diffeomorphism of N, then F
induces a (linear) mapping (F ~')* of forms in N. That is
m*a; is mapped to (F ~')*7*a,, as a linear combination of
a;’s and w ;’s, If we can choose a special form of F, such that
the ideal generated by {(F ~!)*m*a;} is algebraically equi-
valent to ', then (M,Fo f') will be a new solution for the
PDE. Thus Fis a Bicklund transformation relating two so-
lutions of the PDE. If furthermore F can be extended to a
diffecomorphism on N' then we can describe
I'={(FY*r*a;,, (F~")*0,} as prolongated from
(F ~"*m*a'f. This process is illustrated in Table V.

A. Construction of Backlund transformations for
Einstein’s equations

In order to obtain a Backlund transformg.tion, we con-
sider a map F on N’, such that 6—6 +¢, I'>I" + o,

I'={rap % = {(F~)*m*a,(F—")w,}
N{x*x ey} T N{x* Y%z}
v 4 # 7
Mixy  S=T  Nfexs N ¥y _I=7 e
I= {(1,-} I= {&:}
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R—R + p, ¢—¢ + @. Such a characterization ensures that
F induces a diffeomorphism of N'. Then we denote &,
= (F~")*r*a;, and we can find explicit forms of &; by
simply replacing &,T',R, ¢ in each a; by their values under F.
Therefore

& =a, + Dt + 05 + (06) + (w2) + (01)1,
d,=a,+do+ ol +To + oww —p,
a,=a,+dp—Ro+oR —p(I' +w) + (I +w)p,

(5.1)
(5.2)

(5.3)
@, = a3 + Rt + D(w6) + D(wt) + 0én' + oto’ — y,,
(5.4)
where
0, forV, (5.5)
— Ao+ 1) (G +D(@E+ DG +1)
Y= + 4,055, for V+ A, (5.6)
k(G + (P +eN@+D(G+@) G+ 1)
—2ko¢'ops, for EV; (5.7
Gs=as;+d[(G+D(+¢)(F+1D]—d[545]. (58)

We note that @, gives the definition of p and &, gives an
identity, then, to obtain algebraic equivalence, we have to
express d,, &,, and @ as a sum of ¢;’s and w s, by equating
remaining terms to 0. Comparing Eq. (5.1) with Egs. (3.1)
and (4.11) we obtain

(5.9)
(5.10)

a,=a,+w,
wt + (o)t =0.

Now consider three cases.
(a) Vacuum: Comparing Eq. (5.4) with Egs. (3.3) and
(4.12), we have

a; = a; + 0,
D(wt) + wéw’ + wtw’ = 0. (5.11)

(b) Vacuum with cosmological constant: Comparing
Eqs. (5.4) and (5.6) with Eqgs. (3.5) and (4.15), we obtain

d; =a; + oy, (5.12)

D(0t) + wéw' + ote’ — y, =0, (5.13)
where

Yo= —Ao(By+ B;) —po(B,+ B+ B;),  (5.14)
with

B, = 551 + 615 + 166,

B,=4t1t+ tot + 1 15, (5.15)

B,=1t1t.
(c) Electrovacuum: Comparing Egs. (5.4) and (5.8)
with Eqgs. (3.7), (4.26), (3.8), (4.30),and (4.31), we obtain

Oy =ay +w,, (5.16a)
a5 = a5+ w3 + w, (5.16b)
D(wt) + woo' + otw' —y, =0, (5.17a)
d (Ggt + tpo + (@ + $)t) =0, (5.17b)

where
3

x2= Y [4:(d@) +4,(@8) + 4,(00)]

i=1
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3
+ X 4:(8:4), (5.18)
i=2
with
A, (u) = 2k [6u'ovt + u'tve + tu'ova],
A, (uw) = 2k [6uttvt + tu'ovt + 'ne], (5.19)

Ay (uw) =2k [tu'tor ].

To obtain a Backlund transform for ¥, ¥ 4+ A, and EV,
we propose to solve the equations
wt =0, (5.20)
(5.21)

where y, is Ofor ¥, and is given by Eqs. (5.14) and (5.18) for
V + A and EV, respectively.

woo' — y, =0,

B. A method of solution for of = 0, wée' = x2

We note that, since  is defined by Eq. (4.12), it is un-
necessary to consider it anymore as a fiber coordinate, as
long as we solve for the components. Therefore, the first step
will be, starting from an arbitrary parametrization of ¢, to
solve for the components of » from Eq. (4.11), i.e., the asso-
ciated equation f*w; = 0; then to put restrictions either on
the background or on the components of f such that wt = 0
and wéw' = y,, for the appropriate value of y,. The equa-
tions for ¢ will be first order, and in general, we will be inter-
ested in simple linear equations that are sufficient to solve
wt =0, wow = y,. We will give general expressions for o
with wt = 0. The expression for wéw' is cumbersome in the
general case, but once w is found, wdw’ can be obtained by
simple substitutions for each special type of transformation

under consideration.
Solution of  and the constraint equations completes the

construction of the Bicklund transform. But still we may
have constraints on the background arising from algebraic
or overdetermined equations in w,.

We now solve w from the associated equation f "*w, = 0,
where @, = Df + wé — 6o': Starting with the following
parametrization of 7 and as

(%, Tl )
—C a; —C a,

d, —d4) (22 —23)_
+(-—d3 g, )" t\a, & /™

(5.22a)
wy @ wy @
O Fei) L Wl |
oy @ 0wy @3 \_
i (w? ~w3) " (w‘: —-wa) ™
(5.22b)
we will solve w from restriction of w, [Eq. (4.11) ] on M, i.e.,
dt + Tt — T = — wé + Gt (5.23)
We write
dt + Tt — Tt
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=( 4 _E’)ln+( C2 —E)lm

_El Al _EZ Cl
C, "Ez) — ( D, —Es)
= “)im+ nm
+(-—E3 c, _E, D,
%, ey Do
+(—E5 p, )" *\_g FJ™™
(5.24)

and solve for the components of @ as

=£(—2A2+E2—E2+F2),
=£(—2A1+E4—E4+F1),

1
)
2
0
3 =1(—C,+D,+E, +2E,),
oy =4 —C, + D, + E, — 2E),
i
2
1
3
1
4
1

o} =14(C,+D, +E)),

w? =D,,

ol =)(—E,—E,+F), (5.25)
o) = — Es,

o) =C,,

0} =§(C, + D, —E)),

w) = —E,

a); = _%(E2+E2+F2),

where

A, = — Da, + Aa, — 2(y + y)a, — K¢, — KT, + T,
+ 18, — (r+P)d, — F+m)d,,

Ay = — Db, + Ab, — 2(e + €)b, + 7¢, 4+ 7e, — vc,
— Ve, — (1 + T)d, — (T + m)dy,

C, =ba, + Ad, — 7a, + va, + ac, + pc,
+ (@ —2p)d, + Ad, + (1 +T)d,,

C,=238b, + Ad, + [2(a + B) — 71b, + vb, — Ac,

— jig, + (i@ + 27)d, + Ad, — vd, — ¥d,,
D,=6a,+Dd, —ka, + [ —2(a + B) + mla, + oc,
+ p, — (26 +p)d, + &d, + Kkd; + xd,,

D, =6b, + Dd, — kb, + 7b, — Ac, — jic,
+ (2¢ — p)d, — 5d, — wd; — 7d,,
E,= — D¢, + Ac, + 7a, — va, — kb, + b, (5.26)
— 2Ec, — 2ye, — (1 + T)dy — (T + m)d,,
E, =6¢, + Ad, — jia, + pb, + (2B —T)¢,
+ ve, — vd, + 1d, + fidy + Ad,,
E,=6c,+Ad,—Aa,+ob, + (2a —1)c; + Ve,
—Vd, + 1dy + Ady + [p +2(y — p) 1d,,
E,=bc, 4+ Ddy — fia, + pb, + ( — 2a + m)c,
— 7d, + xd, — pd, — 5d, — |k,
Es=6c, +Dd, — Aa, + ob, + ( — 2B+ 7)e, — 7d,
+ K32 —od; + [2(€—€) —i)']c_i4 — Cy,
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E;=6d,—6d,+ (p —p)c, + (u — i), — Ad,
+ id, + od, — pdy + 2(a — B)d,,

Fy=06d,—8d,+ (p —p)a, + (u — i)a, — 2dd,
+2ad, + pd, — pd, + od, — 5d,,

F,=6d,—6d,+ (p —p)b, + (u — )b, + 2p3d,
—2Bd, — pdy + idy — d, + Ad,.

We then write
- —N Q
or= ( P - M) ’
where

M= [wya, + 0\¢, — wha, — 03¢, ]In
+ [wod, + 0id, — w}a, — 0}c,|Im
+ [w(‘,(?l + 0)d; — wia, — 0}c, ]I
+ [wéd, + wld, — wja, — wiC, |nm
+ [@3d, + 0}d; — wha, — wiT,|nm
+ [w3d, + wid; — w§d, — wid,|mi,
N=[w}c, — wpb, —wic, + w}b, |in
+ [wids — wod, — @3¢, + w3 b, |Im
+ [03ds — wpd, — wie, + wib, | Im
+ [w3d; — wid, — w3¢;, + w3b, | nm
+ [0}d, — w3d, — wic, + wib,|nm
+ [@}d, — wid, — 0}d; + wid, | mm,
(5.27)
P=[wyc, + w1 b, — wic, — w1b,]in
+ [wod; + w1d, — ¢, — wib, ]im
+ [wid, + wld, — v, — 0} b, I
+ [wbd; + w}d, — wie, — wib,|nm
+ [wid, + @id, — wic, — wtb, | ni
+ [wid,s + i d, — wids — wtd,\mm,
Q= [wya, — wC, — wia, — whe,]in
+ [w3d, — @od, — w3a, + w}c, ]im
+ [wid, — wd; — wia, + wic, |im
+ [wid, — wid, — w3a, + &}C, | nm
+ [w3d, — w}d; — wia, + wic, | nim
+ [@3d, — w3d; — wid, + wid,|mm.
Then, to construct a Backlund transformation we start

with a parametrization of 7 as given in Eq. (5.22a), then
insert these parameters in Eq. (5.26), and using (5.25) we
determine the corresponding parametrization of o, i.e., we
have @ = (7). We then insert these expressions in (5.27) to
solve wt = 0. The next section illustrates this method.
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C. Examples for Backlund transformations of Einstein’s
equations
1. Example 1 (generalized Kerr-Schild transformation)

Generalized Kerr-Schild transformations constitute an
important example for Biacklund transformations of Ein-
stein’s equations. An extensive review of Kerr—Schild trans-
formations can be found, for example, in Kramer et al. (see
Ref. 23, Chap. 28). Generalized Kerr—Schild transforma-
tions are those with nonflat background, and they will be
studied in detail in Sec. VI.

We choose 7 as

T (VI 0)
“\0 o)’
i.e., we let I-/, n—n + VI, and m—m. Then from Eq.

(5.25), by taking b, = V, we obtain
b =4[DV+2(e+EV+ (p—pIV ],

(5.28)

wh =8V + [2(a +B) — 71V, (5.29)
w; = —av,
w3 = —pV,

and we can see that, if & = 0, then wf = 0, hence Eq. (5.10) is
satisfied. Then we give

S 0
Fot = 5.30
o0 (0 0)’ (330)
where
S=W~1p+p)DV—(e+E)(p+p)V
+1(p* + p°)V — oGV} Imm. (5.31)

We solve the remaining constraints for ¥V, ¥V + A, and EV as
follows.
(a) Vacuum: We have

wiw’ =0, (5.32)
Therefore, k = 0 and
—lp+p)DV—(e+E)(p+p)V
+§(p2+ﬁ2)V—a&V=O (5.33)

solve the constraints.
(b) Vacuum with cosmological constant: We have

0ot = y,, (5.34a)

where y, is given by Eq. (5.20c). We note that tat = tat
= tat = tat =0 for any a, and we obtain, from Eq. (5.14),

Imm 0
—x2=3ro(";m o)' (5.34b)

Hence, using Eq. (5.30), we can see that x = 0 and
—l+pP)DV—(e+E&)(p+p)V
+ (P P+ PV —0oaV = — 3V

solve the constraints.
(c) Electrovacuum: The constraints are given by Eqgs.
(5.27a)-(5.27¢). We start with

wio’ = y,, (5.36)

where v, is given by Eq. (5.25¢). We note that 4,(¢,¢)=0.
Then

(5.35)
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(5.37)

A, () = 2kV( — 4w, Ilmm 0)

0
and using (5.17b) we have
—ip+p)DV—(e+E)(p+p)V
+ 3> +p )V —0oaV
+2k(:@, + P1d) + Pigpy) =0.
Then we observe that

(5.38)
Gut + tue = — u,Vim, (5.39)

hence we take @, =0 to satisfy Eq. (5.17b). Therefore,
K = ¢y = @y = 0 and Eq. (5.38) solve the constraints.

2. Example 2

As a second example of Backlund transformations, we
take the two-parameter transformation, which includes the
GKS as a limit. This example is as follows:

- 14 -7
=
(—Z OZ)I’

i.e., we let [/, n—n + VI, and m—m + ZI. For this exam-
ple, we will construct only the Biacklund correspondence,
the solution of the associated equation will be presented else-
where. To illustrate the Backlund construction process, we
give the results in detail. We first set b, = Vand ¢, = Z. We
also take « = 0. Then from Eq. (5.26), we obtain the non-
vanishing terms as

Ay= —DV—-2e+ )V +71Z+72Z,
C, =PZ+5'Z,
C,=6V+ Qa+28—-7)\WV—AZ—[iZ,
E, = — DZ — 2&Z,
E,=8Z+ (2B—-TZ+pV,
E,=6Z+ (2a—7)Z+ 0V,
Es=(p—p)Z
We already have o? =0} = 0} = w} = 0. Inserting Eq.
(5.41) in Eq. (5.27) we have

M=0,
N= —02Zin+ (— a3 Z + oiV)im

(5.40)

(5.41)

+ ( — 03 Z + o} V)im, (5.42)

P=(—-w}Z)im+ (—wiZ)im,

Q0 =w}Zim + i ZIm.
We solve w? = 0 by taking (for Z #0)

C,—E =E,=E,=0, p—p=0. (5.43)
Therefore we have (for Z #0)

DZ + 2 +p)Z +5Z =0, (5.44a)

8Z+ (2B—F)Z+pV=0, (5.44b)

8Z+ (2@—1)Z+0oV=0. (5.44c)
Nonvanishing components of  are

wh =DV +2e+ &)V —71Z—-72),

w! = (pZ + 0Z), (5.45)
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TABLE VI. Construction of Biicklund correspondence for the examples given in Sec. V C.

— e —— e e— —

Vacuum with cosmological

Vacuum Constant Electrovacuum
Example 1 k=0 x=0 k=0, $y=0
GKS

~Hp+p)DV—(e+E(p+p)V —Hp+p)DV—(e+E(p+PV —~sp+pP)DV —~ (e +E)(p+p)V
N + (> +p)V — 0BV =0 + 4 + PV — 00V = — 3y, +4(p* + )V — 0oV
n—n + V1 - - -
m—sm +2(i i+ @b+ @) =0
Example 2 k=0, p—p-—0 k=0, p—p=0, p=0
Ll - _ _
n—sn + VI DZ + (26 +p)Z+FZ=0 DZ+ (26 +p)Z+5Z=0
mom+Zl  SZ4(B-FZ+pV=0 8Z+ (2B-FZ+pV=0

$Z+ (@ —1)Z+0oV=0

8Z+(Z@—1)Z+aV=0

hence wdw'=0. We note that tar = tat = tat = tat = 0 for
this transformation also with a an arbitrary zero-form ma-
trix. Then for vacuum fields all constraints are satisfied iden-
tically, but for vacuum with cosmological constant we also
need g = 0 to construct a Bicklund correspondence.

We summarize these results in Table V1.

VI. GENERALIZED KERR-SCHILD TRANSFORMATION

The generalized Kerr-Schild (GKS) transformation
was given in Sec. V as an example of Bicklund transforma-
tions of Einstein’s equations. We started with the parametri-
zation of ¢ given by Eq. (5.28) and we found that if
K == ¢, == 0 for the background (known solution) and if ¢
satisfies Eq. (5.33), (5.35), or (5.38) (depending on the
source) we have a Bicklund transformation. To find a new
solution we have to solve the associated equations given in
Table III for various cases.

As an alternative approach to the study of the GKS
transformation, we use the Newman-~Penrose (NP) formal-
ism in component form (see Table I). Starting from trans-
formation of the tetrad vectors of the form I—/, n—i,
m—», where ‘

I=1 A=n+Vl, m=m, (6.1)

it is possible to obtain the change in spin coefficients, compo-
nents of the tracefree Ricci spinor, Weyl spinor, and scalar
curvature in an arbitrary background (without assuming
any symmetry or any simplifying choice of the tetrad®*). By
a simple study of these expressions it can be seen thatx = O1is
a linearity requirement for the transformation of the trace-
free Ricci spinor and the curvature scalar. Furthermore, it
can be seen that Eqgs. (5.33) and (5.35) are in fact one of the
field equations for ¥ and ¥ +4 A, similarly Eq. (5.38) is a
field equation for EV. Therefore if x == 0, the solution of the
associated equations in compact NP formalism is equivalent
to solving the transformation equations in component form.
The integrability of the solutions is guaranteed by construc-
tion of the prolonged ideal in the compact NP formalism.
In the following we will restrict ourselves to the case
K = o, = 0 and give in Sec. VI A a brief review of Kerr-
Schild metrics, the transformation of NP quantities, and
some algebraic properties that follow. In Sec. VI B we give
the mixed component of the Einstein tensor and we also ob-
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serve that (since /Ju is geodesic) the field equations for the
new solution are linear in ¥. We then consider vacuum to
vacuum and vacuum to electrovacuum transformations (in
fact, we need only a part of the transformation equations to
obtain the following results). The main result is that it is not
possible to find algebraically general, asymptotically flat
vacuum or electrovacuum metrics by applying the GKS
transformation to a vacuum metric. This restriction is due to
the fact that field equations are overdetermined and give a
constraint on the background.

A. GKS transformation: Review and transformation
properties

Kerr-Schild (KS) metrics® have a special importance
in the theory of general relativity. Einstein field equations
constructed from these metrics are equivalent to the linear-
ized field equations with flat background.>* Most of the well-
known metrics are in this class. These are the Schwarz-
schild, the Reissner-Nordstrom, the Kerr, the Kerr-
Newman, the Vaidya, p—p waves, and the de Sitter-
Schwarzschild metrics. All twisting metrics in this class are
obtained from the nontwisting metrics by a complex transla-
tion.>*** This is due to the fact that the field equations are
Lorentz covariant and linear, hence the complexification
generates the twisting solutions. In other words, the field
equations are also invariant under complex Lorentz trans-
formations.

The generalized Kerr-Schild (GKS) metrics are those
with nonflat background. Until now, the space-times de-
scribed by these metrics (GKS space-time) were considered
only for vacuum®® and pure radiation®**” cases. Xanthopou-
los*® has shown that the vacuum field equations correspond-
ing to the GKS metrics are equivalent to the linearized field
equations in the background geometry. Taub®” was interest-
ed in the pure radiation and cosmological solutions and us-
ing the GKS metrics he found some new solutions. In all the
studies mentioned above the background metric is algebrai- -
cally special. In this work we make no assumption on the
background, and we find that there are in fact algebraic gen-
eral backgrounds, admitting the GKS transformation. We
now give the transformation of NP quantities.

The transformation of the spin coefficient can be either
obtained by comparing with @ [Eq. (5.25)] or calculated
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directly from the expressions for the derivatives of the tetrad
frame (i.e., definition of connection), making use of

D=D, A=A—-VD, §=3¢, (6.2)

where (D,A,8) and (D,A,8) are derivative operators defined
in Sec. II, for background and transformed spaces, respec-
tively. In the following all symbols represent scalar quanti-
ties and ~ over a letter denotes the corresponding variable in
the transformed space. We will also denote the background
by (M,g) and the transformed space by (M,g), wheregand g
denote the corresponding metrics. We recall that we restrict
the background to the case x = 0, doy = 0, and we give the
transformations of spin coefficients as

k=0, 6=0, p=p,

E=¢, F=r1, F=m,
A=2+3V, j=p+pV, (6.3)
d=a, B=5,

y=v+iD+2+p-p)V,

V=vy 4 (3+2a+2,§——7'—1r)V.

In Eq. (6.3) and from now on in this section, @, 8, ¥, 4, 4, v,
p» 0, €, 7, k, w will denote the NP spin coefficients.

Then the transformations of the tracefree Ricci spinor,
curvature scalar, and Weyl spinor can be obtained from NP
equations®? by direct substitution of Eq. (6.3) and making
use of Eq. (6.1) as

b, =0, +S; iji=012, (6.4)
A=A+S,, (6.5)
b=, +8, i=0,1,234, (6.6)
where the §;’s, S, and ; are
Soo =0, (6.72)
8o, =0, (6.7b)
So; = 0DV + oV + o[2(e + &) + (p—-p) 1V, (6.7¢)
28, =4D*V +}(e+€)DV + [D(e + 7€)
+(e+8>+05+pp—p*—p* 1V, (67d)
65, = — DV — e +E)DV+ (p+p)DV
+ [ —D(e+8& — (e+8)°
+2(e+8&(p+p) +05—pplV, (6.7¢)

S=16(D+2+2€+p—p)V+ a6V
+ (¢ +20(a+B) —0oF —pr
+i@+B—71)(D+2e+26+p—p)1V,

(6.71)
Sp= —AEV) + [(6—T7+T+3B)
X +2a+28B-7)+ ¢,
~ (D +2€+26+p—p)
—plp+7+7) =51V, (6.7g)
S, =0, (6.8a)
S, =0, (6.8b)

3S,=4(D+e+E+p—p)
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X(D+2+2+3p—p)V— 206V,
S;=VDa+i(6+B—-F)(D+2%+p—p)V
+p+e)d+2a+28-7—m)V

—(r+B)oV+ia(D+2—p—p)V,
S, = — A(GV) + VD(A +35V)

+8(6+2a+2B-F—mV

— oV +iE+3y—7)
—(A+N(D+3—€e+3p—-p)V
+@Ga+B+7—7)
X(8+2a+2B—-7—mV.

(6.8¢)

(6.8d)

(6.8¢)

We now give a few results that can be obtained by a
simple inspection of Egs. (6.1)-(6.8).

(a) The transformation of the tetrad basis [Eq. (6.1)]
shows that there is a subgroup of the local S1(2,C) transfor-
mations in the background that also leave the transformed
metric § invariant. This subgroup consists of null rotations
around /¥, and boosts in the /#-n* plane and spatial rotations
in the m*-77* plane.®’ Also it can be seen that only the sub-
group consisting of spatial rotations in m*-m* plane com-
mutes with the GKS transform.

(b) Since I* is a geodesic null vector in (M,g) [ie,
1,.,1”" =0, where a semicolon denotes the covariant deriva-
tivein (M.,g) ], and sincex = /., m*!” = Ois invariant under
the GKS transformation, /, is also a geodesic null vector in
(Mg) (ie,l,,1" = 0), where | denotes the covariant deri-
vative in (M,g).

(c) If the tetrad frame 7° = (I#,n",m",in*) propagates
parallely along /# (ie., /#r,, =0) in (M,g) we have
x =€ =m=0. From the invariance of these spin coeffi-
cients we have that 7 = (J*,7#*, /", /") propagates parallely
along /*in (M,g) also (ie., /#7°,, =0).

(d) The optical scalars o and p belonging to the null
congruence with the tangent vector /# do not change.

(e) If/, is a principal null direction (pnd) of the Weyl
tensor of (M,g) then ¢, = 0, and since /,, is also geodesic, we
have ¢, =0, thus /, is also a pnd of the Weyl tensor in
(M,2).

(f) If the geodesic null vector /, is a pnd of (M,g) with
multiplicity 1 (i.e., ¥, = 0, ¥,50, the space-time is called
algebraically general), then it is a pnd with multiplicity 1 in
(M) also. If /, is a pnd with multiplicity 2 (i.e,
¥, = ¢, = ¥, 50, the space-time is called algebraically spe-
cial), then it is a pnd with multiplicity at least 2 in (M,2). In
other words, if /, is a geodesic null vector and a pnd in
(M,g), then (M.g) will be algebraically general (special) if
and only if (M.,g) is algebraically general (special), but in
the case (M,g) is algebraically special (M,2) need not be of
the same type.

B. The field equations

Starting from the expression of the Einstein tensor given
asg

Gyv = 2¢221u Iv + 2¢00n,unv + 2¢20m;4 m, + 2¢02h_zyﬁ?v
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+ 2(¢ll + 3A)(lynv + n;zlv)
+2(¢y, —3A)(m,im, + m,m,)
- 2¢21(Iumv + m,ulv) - 2’¢12(1y’71v + mplv)

- 2¢10(n;4mv + mpnv ) — 2¢01(nu'-ﬁv + ﬁpnv )’
(6.9)
and using Eqs. (6.4)~(6.8), we obtain for the mixed compo-
nent of the Einstein tensor

G# =G* —2(S,, — 35,)8"
+ 2[S;, — V?(doo + Soo) 111, + 2Sgonn,
+ 2‘5420’nM’nv + 2‘5,02’71“’711' + 4'S'll(lynv + nl‘lv)
— 2W(dog + Seo) (1#n, — ntl,)

—28,,(I*m, +m"l)
+ 2V (410 + S10) (I#*m, — m*l,)
—28p,(Hm, + m*l,)
+ 2V ($o, + Soy) (I, — m*l,)

— 28 o(W*m, + mtn, ) — 28,,(nm, + m¥n, ).
(6.10)

Thus it can be seen that when /, is geodesic (note that
Sy, — V2, is linear for k = 0) and ¢y, = 0, G# is a linear
functional of V. This is an important property that can be
used for various purposes: If the background space-time is
specified then the gravitational field equations become linear
partial differential equations for V. Another consequence of
this property follows: If a solution of the Einstein field equa-
tions can be put in the GKS form, i.e., g,, =g,, + 2V, 1,
whereg,,,,V,/, are all known and if (M,g) has a cyclic coor-
dinate, then any complex translation generates a new solu-
tion of the Einstein field equations. These solutions may or
may not be distinct.

Now we shall study the Einstein field equations, first
assuming the background space-time is fixed. We recall that
the transformation of the NP quantities are given for x =0
and ¢y, = 0. Also, for electrovacuum, ¢,, implies ¢, =0,
hence ¢, = ¢y, = 0. Since Sy, = O we have $, = O therefore
So1 = Sy = 0 (in fact S;,;=0). Thus, in the cases under con-
sideration, the backgrounds V¥ and EV satisfy
doo = P01 = $o; = 0 and a first set of transformation equa-
tions are given by S, = S, = 0 (since Soo = Sy, = 0). Also
the equations giving the Bécklund correspondence [Eq.
(5.33) for ¥V and Eq. (5.38) for EV] is equivalent to the
S, + 35, term.

We rewrite the transformation of the tracefree Ricci
spinor and curvature scalar for V, ¥ + A, and EV as

S0z =0, (6.11a)
65, =0, (6.11b)
28, = 4k(:9, +¢1$1 +@:@1), (6.11c)
51 =2k($:F> + @92 + 9:F2), (6.11d)
Sy, = 2k($,8, + .0 + P.P2). (6.11e)

From (6.11) it can be seen that the solution of ¥V de-
pends crucially on p 4 p and o, and the main compatibility
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problem is in the solution of DV. For ¢ = 0, we have a consis-
tent system, and the solution will depend on arbitrary con-
stants only, unless p + p = 0 (in this case AVis not specified
and the solution will depend on an arbitrary function). But
since x = 0 and @y, = dg; = P, = 0, then o = Oimplies that
background is algebraically special with 3, = ¥, = 0 (Gold-
berg—Sachs theorem?®). Also it can be seen that p +p =0
implies o = 0. In the following we will be interested in alge-
braic general backgrounds admitting the GKS transforma-
tion, hence we will take 0#£0, p +p#0. We analyze the
solutions for two cases: (i) §;; = 0, and (ii) 5,, 0. The first
case includes F—V, V—null EV [¢, =0 (see Ref. 27)]
transformations, and the second represent V— (non-null)
EV transformations.
(i) S,, = 0: We solve DV from Eq. (6.11c) as

DV = w,V, (6.12)

where
wo=(p+p) '[P’ +P" — 200 -2(p +P)(e+ D).
(6.13)

Then §, =0 is satisfied, but from S, = 0, we obtain the
following constraint on the background:

Yo/20 = (p +p) "' (07 — p?). (6.14)

(ii) S;,#0: We solve DV from Eq. (6.11c). Then using
So2 =0, and S, = 0, we obtain
D (¢o/0) + 2p]

= [(¥o/0) + 2p]* + (e + &) [(Yo/0) + 20]. (6.15)
Using Bianchi identities it can be seen that this condition is

tme whenever SOO = So] = S02 = So = 0.
Then V'is the solution of

DV =,V + u, (6.16)
where w, is given by Eq. (6.13), and
uy = 4k($:@, + 161 + @:91)- (6.17)

The constraints (6.14) and (6.15) are satisfied in the cylin-
drical class of metrics described by Newman and Tambur-
ino* and in stationary vacuum space-times discussed by
Kota and Perjés.*°

We now give expressions for §¥ and AV. From Eq.
(6.11d) we obtain

[(p> —03)/(p +P)18V + 05V + Q¥ =S,,, (6.18)
where

Q=9+ @ +a+B—7[(p*—05)/(p+p)]

+20(a +B) — o7 —pr (6.19)
and
0, for ¥ and V+ A,

Si= [2k(¢1¢2 + @@+ ¢1P2), for EV-‘ (620)
Hence we can solve §V if

|(p*> — 03)*/(p +P)|* — 3G #O0, (6.21)
as

V=w,V+u, (6.22)
where
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p*—od

o]

2 -7 =
—a&] [an—L——”‘-’-n]

p+p pP+p
(6.23)
and
2 __ 2 -1 —_
u1=[ £ 0_ "‘7—] [_‘7512"" aasn]’
pt+p P
(6.24)
and, since p + p#0, we solve AV as
AV—': Q)2V—'S22, (6.25)
where

w, = (p+p)"'[8(a +B~7+1d,)
+8@+pB— 1+, + 0,(8, + 3a + 58 — 27)
+ 1B, (0, + 38+ 5B —27) + ¥, + ¥, ,
—(P+p) ¥+ V) +ip+p) Qo5 - 3p* +5%)
+1/2(p +P) (205 — I +p*) + (@ +B—7)

X(@+38) +27+ @+B—1)(a+38) (6.26)
and
= [O, fo_r_ V and V+1§ 627
2k{ps@, + s, + @>P,}, for EV.

Also #; and ¢; + @; satisfy Maxwell equations [Eqs.
(2.21a)-(2.21d)] in (M,g) and (M,g), respectively. Then
V, in general, can be solved from Egs. (6.12), (6.18), and
(6.25).

We now return to the constraint equations (6.14) and
(6.16) and investigate the existence of asymptotically flat
solutions. We recall that the behavior of these space-times
has been studied by Newman and Unti** and by Exton, New-
man, and Penrose?® for vacuum and electrovacuum fields,
respectively. Using their results we obtain the following
theorems.

Theorem 1: If both (M,g) and (M.g) are asymptotically
flat vacuum space-times, then their Weyl tensors must be
algebraically special. The GKS transform does not preserve
algebraic generality transformations (see the next theorem
for vacuum to electrovacuum transformations).

Proof: Following Newman and Unti*® we can find a tet-
rad frame for which k=r=€e=p=p=7—a—pg=0.
In this tetrad Eq. (6.14) has the form

Yo/0 = (06 — %) /p. (6.28)
We write the relevant NP equations as

Dp =p* + 07, (6.29a)

Do = 2po + i, (6.29b)
Then Eq. (6.28) gives

Do/o = Dp/p =p + (c0/p). (6.30)

Solving this equation, we have ¢ = ap, where Da = 0. Then
(6.29a) gives

p(r) =[b—(1+ad)rl~' =00, (6.31)

where Db = 0, and O(7") is the order of magnitude symbol.
Thus

o) =a[b— (1 +a@)r] =01, (6.32)
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¢0(r) =a(a(_z — l)[b — (1 +aa)r]—2 — O(r_g)’
(6.33)

V(ry=V,[b— (1 4+aa)r]*, (6.34)

where k= (1 —aa@)/(1 + aa) and DV, =0. It is an as-
ymptotically flat space-time* p=0(r~"'), o= 0(r"?),
and ¢, = O(r—>), hence Egs. (6.32) and (6.33), and shows
clearly that (M,g) cannot be asymptotically flat, and, since
ps O, ¥, are invariant under the GKS transform (M,g) will
have the same behavior.

Theorem 2: If (M,g) is vacuum or electrovacuum with
I* a principal null direction (pnd) of the Maxwell tensor
(¢o=0), and (M,g) a non-null (4,7#0) electrovacuum
space-time, their Weyl tensors are algebraically special.

Proof: Asymptotic behavior of electrovacuum space-
times are given in the same tetrad frame as in the previous
theorem. Then using Eqgs. (6.15) and (6.29b) we have

Do _ D/ +2p) _ o

X 6.35
o Yo/o+ 2p o +¥ (639
hence
Y/o+20=(b"—r)"', Db'=0, (6.36a)
oc=a(b'—r)"!', Da =0, {6.36b)

but for asymptotically flat space-times,”® o = O(r™?), also
p =001 and ¢, = O(r~*). Therefore Egs. (6.36a) and
(6.36b) cannot be satisfied unless o = 0, i.e., (M,g) hence
(M,g) are algebraically special.

VII. CONCLUSION

We expressed Einstein’s equations for vacuum, vacuum
with cosmological constant, and electrovacuum fields as a
differential ideal using a compact Newman-Penrose formal-
ism, and we gave two prolongations of this ideal generalizing
previous works'” to vacuum with cosmological constant and
electrovacuum fields. We obtained prolongations of these
ideals and constructed Bicklund transformations. Vacuum
and vacuum with cosmological constant cases were also dis-
cussed in Ref. 19.

We also gave a method to obtain Bicklund transforma-
tions. The generalized Kerr-Schild transformation is a well-
known example to these transformations. Existence of other
Bicklund transformations will also be studied.

The transformations of Newman-Penrose quantities
were given in Ref. 24. We present here the (linear) differen-
tial equations for the transformation parameter for each case
discussed above and show that algebraically general asymp-
totically flat vacuum and electrovacuum solutions cannot be
obtained (starting from a vacuum solution).

We finally remark that when the space-time admits two
Killing vectors, it is known that Einstein’s equations consti-
tute a completely integrable system. For space-times with-
out symmetry, the Rarita-Schwinger equation'®'® was pro-
posed as an associated linear equation for Einstein’s
equations, therefore in the case of two Killing vectors this
equation should reduce to the Belinski-Zakharov system.
This problem is currently studied.
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The method of minimization of a multivariable function based on the statistical mechanics
analogy with a fictitious physical system of many particles is proposed. The function is assumed to
be the Hamiltonian of the fictitious physical system to fit the global minimum of the function and
the ground state “energy” of the fictitious system. In this model the global minimum search can be
imitated by various relaxation processes in the fictitious system described by statistical
mechanics. These relaxation processes lead to the equilibrium state, which is the ground state at
the zero temperature limit. The imitation of a relaxation process confers to the minimization
procedure the advantage of a relaxation process in a real physical system: because of thermal
fluctuations a real system cannot be trapped by metastable states related to local minima. It
always reaches the equilibrium state. The simulations of the relaxation processes based on the
macroscopic kinetic equations and on the Monte Carlo algorithms are discussed. The new Monte
Carlo algorithm based on the simulation of random walks of the representative point of the system
in multidimensional phase space of the variables of the function under investigation is proposed.
Unlike the conventional Metropolis—-Rosenbluths-Tellers Monte Carlo method, each elementary
transition in the proposed algorithm results in simultaneous movement of all atoms of the system,
i.e., it generates a fluctuation involving any number of atoms.

I. INTRODUCTION

Finding the global minimum of a multivariable function
is one of the most fundamental problems arising in various,
often distant fields. The solution of this problem faces seri-
ous difficulties drastically increasing with number of varia-
bles. Up to now there has been no general algorithm applica-
ble to any function. The main difficulty is that during the
minimization procedure the system gets trapped in local
minima. The existing minimization methods are, in fact,
procedures enabling the system to escape from these traps.
To our knowledge, none of these methods, however, can pro-
vide satisfactory general solution of the problem.

It should be mentioned that one example of successful
solution of the minimization problem, when minimization
occurs automatically and local minima do not hinder the
minimization process, is given by nature. It is the case of a
classical system of many particles whose potential energy,
being the function of an enormous number of variables, co-
ordinates of particles, is minimized at 0°K. The potential
energy as well as most of multivariable functions has many
local minima (metastable states). Nevertheless at finite tem-
perature the system does not get trapped in the minima since
thermal fluctuations enable the system to overcome poten-
tial barriers surrounding them. Therefore the system can
always escape from traps and ultimately attain the global
minimum if its temperature is gradually lowered.

If temperature is maintained at the same level, the sys-
tem attains the global minimum of the Helmholtz free ener-
gy corresponding to the equilibrium state rather than that of
potential energy. Use of the free energy at finite temperature
is, in fact, equivalent to employing the “smoothing” proce-
dure because the entropy contribution into the free energy
eliminates shallow local minima of the potential energy.
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The mechanisms enabling statistical mechanics systems
to attain spontaneously the global minimum of the potential
energy with temperature lowering are discussed here be-
cause they also can be adopted to develop the minimization
procedure for an arbitrary multivariable function as efficient
as that for statistical mechanics systems. For example, we
may imitate a certain relaxation process in a specifically con-
structed model of a fictitious multiparticle physical system
at finite temperature, which would lead us to the global mini-
mum of the relevant multivariable function.

The statistical mechanics approach to the minimization
of a multivariable function based on this idea was first for-
mulated and tested in our works'~ for the particular prob-
lem of crystal structure determination. In this problem a
multivariable function is the so-called R factor, the mean
squared deviation of the calculated moduli of the structure
amplitudes of x-ray diffraction reflections (Fourier trans-
forms of scattering atomic densities) from the measured
ones. The R factor is, by definition, a function of coordinates
of atoms in a unit cell of the crystal lattice.

. STATISTICAL MECHANICS FORMULATION OF THE
MINIMIZATION PROCESS

Let wus consider a multivariable function
E = E(x,,x,...,xy) of variables x,,x,,...,xy, Whose global
minimum is searched. The consideration will be based on the
statistical mechanics analysis of a certain fictitious multi-
atom system whose ground state would correspond to the
global minimum of the relevant function E(x,,x,,....xx ). To
do this, we assume that the function E(x,,x,,...xy ) is the
Hamiltonian H,

I?=E(.x1,...,xN), (1)
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and the variables x,,...,x are coordinates of N “atoms” of a
bounded fictitious one-dimensional system. This is enough
to introduce the basic thermodynamic functions, the parti-
tion function Z, Helmholtz free energy P, and the entropy S:

where dT" = dx,...dx is an element of phase space and T is
the absolute “temperature.” Integration in (2) is carried out
over the bounded ranges where the variables x,,x,,...,xy are
defined:

b= -ThhZ, 3)
S=InT(E), 4
where
- —E(x),...xy)
E=(E)_ = J‘ dr%exp(———}—lv—) E(x,,...x5)

is the internal energy, (--), denotes averaging over a ther-
modynamic ensemble, and T"(E) is the “area” of the hyper-
surface

E(x,,...x5) = E.
The free energy (3) also can be represented in another form:
b®=E-TS. (5)

The temperature T introduced in (2)—(5) characterizes
the degree of “excitation” of the system. All the introduced
thermodynamic functions are related to the equilibrium
state. To describe both equilibrium and nonequilibrium
states it is convenient to introduce correlation functions of
the system.

If the system finds itself in the equilibrium state, one-
particle correlation functions, “‘atomic densities” p; (x,, 0 ),
i = 1,2,...,N, are described by the equation

Pi (x,-,oo) =fdxl oo dxi—l dxi+l .en de

1 ( —E(x,,...,xN))
X—exp{ ——@8™—1},
z T

following from the Gibbs distribution. If the system has not
reached the equilibrium state yet, its atomic distribution is
described by nonequilibrium densities p, (x; ), which can be
found by solution of the kinetic equations for correlation
functions. The densities p; (x;), by definition, meet the nor-
malization conditions

fp‘ (x;)dx, = 1. (6)

The internal energy of both equilibrium and nonequilibrium
states can be expressed through the N-particle correlation
function p(x,,...,x ) as follows:

E=(E)= f dx, - dxy p(X1seesXny VE(X 15X n ), (N

where (---) denotes the averaging procedure. For the equilib-
rium state the N-particle correlation function
P (XX 55 00) is given by the Gibbs distribution itself:

P(xyXy,00) = (1/Z)exp( — E(xyy....x5)/T). (8)
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Nonequilibrium entropy in terms of correlation function has
the form

S=— fdx,... dxy p(Xyyexy YN p(xy,.0xy).  (9)

All calculations are strongly simplified in the mean field ap-
proximation. Transition to the mean field approximation is
carried out by means of decoupling,

P(X X5 X ) 2P (X1)P2(%2) = pu Xy ), (10)
which implies neglecting fluctuations in the system. Ap-
proximation (10) is asymptotically correct at the extreme
case of low temperatures, which is the case of interest.

With the mean field approximation (10) the internal
energy (7) has the form

Ezf dx, = dxy py(xy) = py (XN )E(Xppey).  (11)

The entropy (8) is transformed into

N
S~ — z Pi (x,-)lﬂpi (xi)dxi

i=1
if normalization conditions (6) are taken into account.
Making use of (11) and (12) in (5), one obtains the equa-
tion for the free energy:

(12)

b=E—-TS= fdl‘ E(X1yeeXp )p1(%1) = py(Xx)

N
+ T Y | pi(x;) Inp,(x,)dx;.

i=1
Equilibrium densities, p; (x;) are known to be determined by
the global minimum of the free energy ®. The necessary
minimum condition for the free energy under the conserva-
tion conditions (6) yields the set of NV nonlinear integral

equations:

(13)

6 y j ] 5d
[ J- ; (x.)dx. | =
op; (x;) [ J‘;l’uj P (xj) g op; (x;)

where, according to (11) and (12),
e _ OF
op; (x;) op; (x;)

—p: =0,

+ T'lnp,(x;)

=Tlnp,(x;) +J- dxydx;,_,dx; ,~dxy

XE(x],--"xN)p] (x]) = Pi-1 (xi—l )
(15)

and g, is the undetermined Lagrange multiplier (chemical
potential) of the ith atom. The chemical potentials u; should
be, as usual, chosen to provide the conservation conditions
(6). As was mentioned above, the equilibrium free energy,
b, tends to E,, (Pin—>Enin ) With 70, where @,
and E,;, are global minima of the free energy and potential
energy, respectively. Therefore minimization of the free en-
ergy (12) with respect to the densities p,(x,),0,(x;),...,
pn (xx) at gradually lowering temperature solves the prob-
lem of minimization of the function E(x,,....x, ) with re-
spect to the variables x,,...,x 5. In other words, the statistical
mechanics approach formulated above enables us to substi-

Xpiy1(Xi 1) py(xy),
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tute minimization of the function E(x,,...,x, ) with respect
to its variables x,,x,,...,x,, for minimization of the func-
tional ® with respect to N densities, p, (x,),...,on (X5 ).

The question of whether such a substitution improves
our chances to obtain the global minima will be discussed
below.

It is of interest also to notice that the above-formulated
minimization method dealing with the free energy of the
system is equivalent to the application of the maximum en-
tropy principle. Indeed, maximizing the entropy S under the
condition that the function E should be minimal amounts to
minimizing the function

where A is the undetermined Lagrange multiplier. If the La-
grange multiplier A = 1/T is introduced, Eq. (16), in fact,
becomes equivalent to the equation ® = E — TS for the free
energy utilized above.

ll. MINIMIZATION BY MEANS OF IMITATION OF
MACROSCOPIC RELAXATION

The statistical mechanics analogy proposed above for
solution of the mathematical problem of minimizing a func-
tion of multiple variables may be extended not only to ther-
modynamics but also to kinetics. In the latter case, a sponta-
neous relaxation process for density functions,
P1(x1),e.pn (Xy ), resulting in a decrease in free energy (13)
and consequently leading to the equilibrium state referred to
the global minimum of the free energy, can be simulated. In
many cases this approach seems to be more efficient than the
direct numerical solution of the set of nonlinear equations
(14). The relaxation process can be, for example, described
by the Onsager equations, which, after neglecting the off-
diagonal kinetic coefficients, have the following form:

dp; (x,,t
Bl _ g[8,
dt 5[7, (x,')

where L is the diagonal Onsager coefficient, 8P/8p, (x;)
— W, is the thermodynamic driving force, and ¢ is “time.” It
is noteworthy that (17) is, in fact, the basic equation of the
gradient method. Using (15) in (17) and choosing a “time”
scale so that L is equal to unity, we have
dp; (x;,t)

dt

(17)

= = [Tlnpi(xi) —Hi
+J. dx,edx;_ dx; | o dXNE(X e Xy)

Xp1(x1) = pi 1 (X )Pis 1 (Xiy ) Py (XN |5

ati=1,..,.N. (18a)

Since (18a) describes the system with a variable number of
atoms, it is convenient to supplement it with an equation for
chemical potentials:

du.
G _ —lUp,.(x,.,r)dx,.— 1], at i=1,..N,
dt T
(18b)
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providing fulfillment of the normalization conditions (6) in
the sought equilibrium state. The relaxation “‘time” 7 should
be chosen to be comeasureable with the typical relaxation
time of the entire system.

Equation (18) in such a general form can be of practical
use only if the number of integrations in its right-hand side
does not exceed 1. It is certainly not the case with a general
function E(x,,....xy). Let us formulate the specific cases
when the kinetic equations can be solved numerically with-
out computation of multiple integrals. The number of inte-
grations in (18) does not exceed unity if the function E is a
sum of pairwise functions W (x,,x;):

N

E(xpxy) = Z erj (xi)xj)' (19)
isj=1
In this case Eq. (18a) is simplified to
dp; (x;,t) -
+T1np,.(x,.)—,u,.]. (20)

Kinetic equations can also be solved in another specific case
when

N
E(xy..0Xy) = ‘I’(Z ;i (xi)),
i=1

where ¥(X) and @, (x) are quite general functions. In the
case (21) the mean field approximation yields

E = <\I’(’§:1 @ (x,-))) z\l’(ig:l 2 (x,-)))
(3

i=1

(2D

mmmmaJ (22)

Since Eq. (18a) can be presented as

dp.- (x;,1) _ SE
dt 6p; (x;)

+Tmmuﬁ—m} (23)

we may rewrite (23) as

i { N
ff%tl= — [\Il'(i;] P; (x,' )p, (x,-)dx’.)¢i (xi)

+ T'ln p; (x;,t) -—,u,.], (24)
if the mean field approximation (22) is employed in (23).

Equation (24) includes the sole integration on its right-
hand side and thus, in principle, can be solved numerically.

The particular case similar to that given by (24) was
considered previously in our above-cited papers,’? where
the thermodynamic concept for the minimization procedure
was first proposed. It is related to the crystal structure deter-
minatjon problem based on the minimization of the R factor,
a multivariable function of atomic coordinates in a unit cell
of the crystal lattice. In this case

E=R(r;,~ry) = z (|IF(H;ry,...okp ) |2 — ICH) ),
H
(25)
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where

N
F(Hjry,...ry) = Y @;(Hr), (26)
=

@; (Hyrx;) =f; exp(i27Hr;)

where the r; = (x;,y;,2;) are coordinates of the jth atom in
the unit cell and f;, J(H), and H are known constants: the
atomic scattering factor of the jth atom and the observed
intensity J(H) of the diffraction reflection related to the re-
ciprocal lattice vector H. In the case (25) Eq. (22) has the
form

[compare with (21)],

N 2 2
Y fi{exp(i27Hr;))| — I(H)]

=

N
z S fpj (r;)exp(i27Hr;)d r;

=

2

el
-3l

2
—I(H)]

(27

Solution of the same problem of crystal structure deter-
mination based on another idea, the maximum entropy prin-
ciple, was later proposed in several works.*” But, as a matter
of fact, there is no difference between the maximum entropy
approach and thermodynamic approach proposed earlier.
The apparent difference consists in terminology only, be-
cause, as was shown by Navazo, Castellano, and Tsoucaris,?
employing the entropy maximization instead of the free en-
ergy minimization results in the same optimization equa-
tions (see also the end of Sec. I).

Summing up the foregoing results, one can see that the
thermodynamic approach based on the imitation of the mac-
roscopic relaxation of the system of many particles is valid
for minimization of very specific multivariable functions: In
the general case each iteration of numeérical calculations
would require multiple integrating, the procedure being too
formidable to be successfully carried out. The second diffi-
culty is even more fundamental. Minimizing the free energy
at a finite temperature rather than the “Hamiltonian”
E(x,....xy) may remove shallow local minima as was men-
tioned before, but there is no guarantee that it removes all
local minima at all. In the latter case the system may be
trapped in a remaining deep local minimum and fail to reach
the global one.

The method proposed in the next section seems to be
free from the shortcomings mentioned above. This method is
based on the Monte Carlo simulation of microscopic pro-
cesses of atomic migrations driving the system to its equilib-
rium state. It can be successfully used even for the function
E(x,,...xy) taken in a general form.

The simulation of thermal fluctuations inherent to a
Monte Carlo scheme enables the system to escape local mini-
ma and ultimately attain the global minimum.

IV. MINIMIZATION BY MEANS OF MONTE CARLO
SIMULATION OF RELAXATION PROCESS

Let us consider the microscopic relaxation process lead-
ing to the equilibrium state corresponding to the free energy
minimum, which is simulated by the Monte Carlo method.
Finding the equilibrium state at a low temperature would
also solve the minimization problem since the most probable
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microstates of a system at low temperature are known to be
close to the ground state, the global minimum of the “Hamil-
tonian” E(x,,....xy). The Monte Carlo sampling scheme
similar to that proposed first by Metropolis, the Rosen-
bluths, and the Tellers for a gas of interacting atoms® (the
MRT method) and later widely used for many statistical
mechanics applications'® serves this purpose.

Let us assume that coordinates of N ‘‘atoms,”
X15X5...X i, are coordinates of the representative point of a
relevant fictitious atomic system in N-dimensional phase
space. The proposed Monte Carlo method consists of simu-
lation of random walks of the representative point within
phase space rather than one-by-one random walks of atoms
in real space as in the MRT method. Random walks are
generated by means of constant stepwise probabilities for
elementary transitions that produce a succession of points in
phase space enumerated by number ¢. These transitions form
a Markov chain. Probabilities of elementary atomic transi-
tions are chosen so that any mean value taken over a segment
of the Markov chain that starts from a certain point of phase
space, remote from the beginning of the chain, would tend to
the mean value taken over the petite canonical ensemble
with the given model Hamiltonian E(x,,...,.xy) if the seg-
ment length tends to infinity.

Below the brief account of the proposed Monte Carlo
algorithm generating such a chain is presented.

Let the representative point occupy a point
R(?) = (x},%p....xy) at the “time” ¢ The next point,
R'(t 4+ 1) = (x1,x},....xy), in which the representative
point is shifted to form the (¢ + 1)th state, is generated as
follows.

(1) N random numbers (£,,,,....55 ) are generated so
that each of them is uniformly distributed within the interval
[0,1].

It gives us the shift vector h = a(£,£,,....65 ) randomly
distributed within the N-dimensional hypercube of edge
length @, which produces the elementary transition
R(#)—R '(t + 1) according to equation

R'(t+ 1) =R(#) +h,
ie.,

R'(t+1)= (x19x2)"'rxN) + a(§13§23--°9§N)

= (xy + a€,x; + a,,... x5 +afy). (28)

Therefore the random number generator enables us to select
anew point R’'(¢ + 1) in which the representative point may
be shifted from the point R(¢) during the elementary transi-
tion.

To answer whether or not the representative points
shifts by h from the point R(#) to the selected new point
R'(¢ + 1), the next step should be done.

(2) The change in “energy”

AE = E(x; + a&,x; + a&p. Xy + aby) — E(xy,0.0xy)
resulting from the elementary transition
(X 1X250e Xy )= (X + €1, X5 + gy Xy +aby)

of the representative point is computed. Two outcomes are
then possible.
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(i) If AE<O, the elementary transition is made and the
resultant atomic configuration corresponding to the repre-
sentative point

R'(z+1) = (x; + a€,x; + @l o Xy +aby)

is assumed to be the new one.

(ii) If AE>0, the elementary transition
R(#)—>R'(z + 1) is made with the probability exp( — AE /
T).Itoccursifanumber & taken from a uniform distribution
on the interval [0,1] produced by the random number gen-
erator satisfies the inequality £ <exp( — AE /T), and it does
not occur if {>exp( — AE /T). In both cases the resultant
configuration is assumed to be the new one.

It can be easily proved that the proposed Monte Carlo
scheme generates a Markov chain of microstates R(7). The
mean value of any physical value 4 =4 (x,(#),...xy (¢))

= A (R(z))over the stationary segment of the Markov chain
between the £yth and (¢, + ¢)th states tends to its mean value
over the petite canonical ensemble when 7— 0, i.e.,
E(R) )
— )

Lo+t
1 Y AR(D)—| dx;... deA(R)-l— exp( -
t < VA

(29)

The proof of relation (29) is the same as that for the MRT
method (see, for example, the review paper by Wood'?).
The main difference, which, however, does not change the
line of reasoning, is that in the relevant case we consider
migration of the representative point in N-dimensional
phase space, whereas in the case of the MRT method, migra-
tion of atoms occurs one by one.'? In both cases the assump-
tion that atomic coordinate variations are bounded is need-
ed, however. It should also be mentioned that the MRT
scheme is a particular case of the scheme formulated above.
Indeed, the former can be obtained from the latter by impos-
ing the quite rigid constraint on elementary transitions, viz.
the assumption that each elementary transition of a repre-
sentative point can occur only along one of N coordinate
axes of the N-dimensional phase space of the system. Only
such a constraint yields an elementary transition involving a
sole atom as it is required by the MRT algorithm. On the
contrary, each elementary transition generated in the meth-
od proposed above involves simultaneous migration of all
atoms and thus has a more general form. In terms of fluctu-
ations this difference can be formulated as follows. The
MRT method generates fluctuations resulting in the move-
ment of a sole atom and does not take into account fluctu-
ations of pairs, triplets, quadruplets, and so on of atoms,
whereas a fluctuation generated by the relevant method are
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more general: it may involve any number of atoms. Because
of this, the better convergence of the relevant Monte Carlo
algorithm should be expected. If it is true, the proposed algo-
rithm wil prove to be more efficient also for conventional
statistical mechanics systems than that of the MRT method
usually employed. The results already obtained are quite
promising. The thermodynamics analogy proposed in Refs.
1 and 2 was the basis for the structure determination of a
crystal from the x-ray diffraction data® and for solution of
the traveling salesman problem.'® In both cases the MRT
method was applied for a certain fictitious multiatom phys-
ical system. Minimization of a multivariable function in both
studies would be impossible to obtain by conventional math-
ematic methods. Employing the relevant Monte Carlo tech-
nique seems to be even more promising,

For a very important problem, crystal structure deter-
mination from x-ray diffraction data, the Monte Carlo ap-
proach based on the thermodynamic analogy raises the hope
of a breakthrough in the problem of direct determination of a
structure of a crystal with more than 100 atoms per unit cell
and the even more ambitious problem of protein structure
determination without heavy atom derivatives. In the latter
case the relevant Monte Carlo method may be applied suc-
cessively in several stages, increasing the resolution from
stage to stage.
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An exact closed form solution is obtained for the time dependence of the coverage of a
homogeneous, infinite, one-dimensional lattice filled irreversibly and cooperatively by R-mers.
Cooperative effects, not assumed to be reflection invariant, may extend up to range R. Previously
available exact solutions for random filling and nearest neighbor cooperative effects are
recovered. For dimer filling with genuine range-2 cooperative effects it is found that
autoretardative and autocatalytic rate regimes may lead to the same saturation coverage. Various

adsorption schemes are considered.

1. INTRODUCTION

As indicated recently,' the problem of R-mer filling
with general range-R cooperative effects is exactly solvable.
A method of solution'~® deals with an infinite hierarchy of
rate equations for the various subconfiguration probabilities,
reduces it to a closed subhierarchy for f, (¢),n = 1,2,..., the
average densities of sequences of n contiguous empty sites at
time ¢, and achieves exact hierarchy truncation'-3 on observ-
ing an empty site shielding property."? In the present case, a
closed coupled set of hierarchical equations for
F1(8) s f3p 1 (2) is retained. This system of 3R — 1 first-
order linear differential equations can be integrated recur-
sively, but it is not clear’ whether successive solution is suit-
ed for providing closed form expressions for f, (1),
n=1.3R -1

The lattice coverage'® at time ¢, 6(1), is of great impor-
tance both in the study of adsorption processes’ as well as in
the analysis of reactions on polymer chains,® and it is this
quantity we are interested in. It is given by the relation

o

0 =1~ S nf, (1) (1

n=1
and may therefore be obtained from the above-mentioned
approach.' The fact that Eq. (1) involves an infinite sum is
not really a problem since 2=_ ;. f , (¢) is of simple form,’
but in making use of Eq. (1), f,(£)....f3r_(#) clearly
must be known. Rather than to explore the possibility of
obtaining explicit representations for f(2),...,f 3z _ (),
and hence for 8(¢), we here present a generating function
technique*>**3 that yields 6(¢) directly. The quantity we
study is the mean number N, (#) of empty sites at time #in a
lattice of # initially unoccupied compartments (sites). Im-
posing some simplifying boundary condition (which has no
effect in the limit of an infinite lattice) it is seen that
dN, (1)/dt may be expressed in terms of N,(1),...,N,(z).
These first-order linear differential equations, beginning
with n = R [observe that trivially N,(#)=1,..,N,_, (¢)
=R — 1], may be integrated progressively. However, solv-
ing successively does not seem to be quite suitable to perform
an asymptotic analysis. We thus introduce a generating
function for {N, (£)}, which proves to satisfy a first-order
linear partial differential equation whose solution, subject to
an appropriate initial condition, can be obtained explicitly,
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providing precise information on the asymptotic behavior
(n—w ) of N, (¢) and, particularly, on

6(t) =1 — Lim N, (£)/n. 2)

Exact closed form solutions for irreversible cooperative
processes on infinite one-dimensional lattices have been giv-
en by several workers (see Ref. 1 for a review). In all the
cases treated, the lattice coverage 6(¢) [a similar remark
applies to £, (#)] is found to be of the generic form

s 1
o0 =00+ 3O, PG ds, ()

i=1

where P; and Q are polynomials, * and ®; are (possibly
constant) functions of exponential type, and 4 > 0, «, and b,
are constants. As we shall see in Sec. V, processes with gen-
eral range-R cooperative effects will, for the most part, obey
that rule as well. Only in some exceptional cases P, may not
be a polynomial. In the case of random R-mer filling,’ the
polynomial Q is of order R — 1; it is of order R for R-mer
filling with nearest neighbor cooperative effects* as well as in
the case of the isomorphic' process of monomer filling with
range-R cooperative effects incorporating range-(R — 1)
blocking.> We shall find in Sec. V that for R-mer filling with
genuine range-R cooperative effects the order of Q raises to
2R — 1. Thus, with the exception of Flory’s random dimer
filling'*'* and Boucher’s monomer filling with nearest
neighbor cooperative effects, '® the integral on the right-hand
side (rhs) of Eq. (3) must be evaluated numerically.

By simply performing an integration by parts in Eq. (3)
itis seen that ®*, ®,, P,, and b, are not uniquely determined.
Their actual form, however, may be of considerable impor-
tance. For example, b, < 0 may cause convergence problems*
of numerical quadrature procedures; even worse, b,< — 1
may (additionally) complicate an asymptotic (+— o ) anal-
ysis; for integration purposes, however, a high-order polyno-
mial P, is not desirable either. In consequence, it is worth-
while to know that the present approach is highly ambiguous
in the sense that it may produce quite a lot of different inte-
gral representations (3). This peculiarity’®!® of the generat-
ing function technique (see Appendix A) is due to the fol-
lowing.  Since the divergence behavior of
F (st) =27_,N,(t)s" as st1 [which determines the
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asymptotic behavior of ¥, (¢) as n— 0 ] does obviously not
depend on k = 1,2,..., any F; may be chosen as “the” gener-
ating function. But to each F, (k=R,R + 1,...) corre-
sponds an integral representation (3) with characteristic
®*, b, P, and b, (i.e., these quantities depend on k). In
Sec. IV, two possible choices

G = 3 N, )5 4)
n=3R
and
s = 3 N, ()" (5)
n=R

will be dealt with. The integral representation (3) associated
with G, is of “all-weather” type (b, > 0), well suited for inhi-
bitory like effects, but unnecessarily monstruous (high-or-
der P;) for autocatalytic processes and random filling. The
generating function G, leads to an integral representation
(3), which converges badly if effects are anticooperative. It
is, however, well adapted for autocatalytic rates and reduces
to a well-known representation'®!! in the case of random
filling. A further possibility (not explored here) is to consid-
er M,(t) =n—N,(t) (the average number of occupied
sites at time # in a lattice of » initially empty compartments)
and some corresponding generating function. Tackling the
problem this way also affects’®'! the representation (3),
though not altering its generic form.

R-mer filling with general range-R * cooperative effects,
R *> R, is not amenable to exact solution.”!” As a conse-
quence, our method cannot go through in this case either.
That this is indeed so will be seen in Appendix B.

In the following section (Sec. II) we introduce some
notation and define the model precisely. The rate equations
for N, (¢) are stated in Sec. III and transformed into partial
differential equations for the generating functions G, and G,
in Sec. IV. Closed form expressions for 8(¢) are given in Sec.
V. Various examples of cooperative processes are discussed
in Sec. VL.

Il. THE MODEL

Given a linear lattice of sites, which may be either filled
or empty, we call a run of k adjacent empty sites a k-tuplet
and term a maximal k-tuplet (i.e., a k-tuplet not forming
part of any larger n-tuplet, n>k + 1) ak-gap. Observe thata
k-tuplet contains k singlets, K — 1 doublets,..., and two
(k — 1)-tuplets.

Since the present R-mer filling process is assumed to be
irreversible and since multiple occupation of sites will not be
considered, the state of the lattice can change only by ad-
sorption of R-mers to R-tuplets, i.e., by occupying R conti-
guous empty sites at a time. Adsorption rates, thus clearly
referring to R-tuplets, will generally be influenced by the
occupied or unoccupied status of other sites on the lattice. In
this paper we shall assume that these cooperative effects are
restricted torange R, i.e.,the (R + 1)st, (R + 2)nd,... near-
est neighbors on either side of an R-tuplet do not affect its
adsorption rate.

Because of R-mer filling, if an R-tuplet’s (k<R — 1)
nearest neighbor is occupied, its (k£ + 1)s¢,...,R th nearest
neighbors (on the same side) are filled, too. The range-R
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environment of an R-tuplet is therefore completely described
by a pair (i, j) of non-negative integers, i, /<R, denoting by /
and j the number of empty neighboring sites (within range
R) to the left and right, respectively. Since there are
(R + 1)? possible range-R environments we must specify an
equal number of adsorption rates to completely characterize
the process. The adsorption rates associated with the range-
R environment (i, j) will be denoted 7, ; and assumed to be
time independent. We furthermore assume that 7, » > 0.

The present generating function technique requires the
study of finite lattices. Then, in contrast to infinite lattices,
end effect problems'® come up. These, however, are over-
come most easily by considering only lattices with R filled
units at each end.** Such a boundary condition (as any other
referring to a finite number of end sites) has no effect on an
asymptotic (n— oo ) analysis.

We are now in a position to define our adsorption pro-
cess formally. Fix an integer R>>1 and consider a homogen-
eous one-dimensional lattice of #n + 2R sites. Suppose that
the R contiguous units at both its ends are occupied while its
remaining » interior sites are initially (¢ =0) empty. Re-
garding the kinetics of the filling process we then postulate
that an R-tuplet with range-R environment (i, j),present at
time £>>0, becomes occupied in the time interval (2t + /)
with probability 7, ;2 + o(h) [as usual, o(4) stands for a
quantity of smaller order of magnitude than 4, i.e., 0(A) is
such that o(#)/h—0 as ~—0], and there is no desorption
from the lattice, no multiple occupation of sites, and no skat-
ing across the lattice. The time development of the lattice
coverage will be described by N, (¢), the average number of
empty sites at time ¢. Clearly,

N, (0)=n, n=0,,.., (6)
N,(t)=n, n=0,1,.,R—1, >0 7
It is convenient to introduce the following notations:
T = TR,R >0 (8)
T, =7Tg; +Tir» J=01L..,R—1, 9
T if i,j>R,
7, =1Tir> if />R and {=0,1,...,R -1, (10)
Tr,j» if i>R and j=0,1,.,R — 1,
k
dk - Z Tk—i,i’ k=0,1,-.-, (11)
i=0
R—-1 T.
p=>Y — and y=3R—-1—p. (12)
i=0 T

In our filling process, the adsorption of an R-mer may be
viewed as the destruction of some k-gap, say, and the simul-
taneous creation of a (left-hand) k,-gap and a (right-hand)
k,-gap, k, + k, + R = k. Observe that the destruction of a
(k + R)-gap takes place at rate d, .
For later reference we state
k

2 (T +7To_yi) =kdy, k=12,., (13)
i=1
R—1
Z 7, =dr_y = TP (14)
i=o
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To prove Eq. (14) we rewrite d,g _, [sec Eq. (11)] in the
form

-1
dr_1 = ZTZR—I—II+ z Tar —1—ii

and observe that

2R—1
z Tar—1—ii
i=R

R-~1

= z TR—i—1Li+R
i=0

R—1 R—1
= z TR—i—1R = z Tir
i=0 =0

and

R—1 R—1
z TR —i—1i = ETRJ’
i=0 im0

where we used (10) twice. On recalling (9), Eq. (14) fol-
lows.

Iil. THE RATE EQUATIONS

The following rate equations are fundamental to our
subsequent analysis (they will be derived in Appendix B):

dN, (¢)
e —[(n—3R+1)1'+ 3 T,]N (1)
n—2R
+2r 3 N,
Jj=R
R—-1
+ Y 5li+Nooj_r(0)], n>3R-1.
=0
’ (15)

In Appendix B we will see furthermore that
N,,g(®)=n+Re” ™, n=01,.,R—1,
and

(16)

dn+R'

N, () =quyr+ (o g +P. vV

+ Za,,.e “ n=01,.,R—1, (7
WR—1,

Z Tis

n+R‘
0, ifdn+R =0
. _[RT,,_,/(d,.+R—di): if d,#d, , &

0, if di = dn+R’
i=0,1,..,n;

where we set, for any n=0,1,.

n+R_ ifdn-}—R?éo’

(18)

qn+R =

(19)

rn+R=n+2R_qn+R_ (20)

n
zan,i;
i=0
and

pn+R =R2Tn—i) (21)
ieM,

withM, ={i=0,1,..,n|d, =d,, R #0}. Note that if
d, . r =0, then necessarily 7, =0, i =0,...,n, and hence
a,; = Owhetherd; =d, , = Oornot. Furthermore, p, . ¢
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may differ from zero only if d,, , g #0. Thus, ifd,, x =0
then N, | ,z () =n + 2R asit should.

By making use of (16) and (17), Eq. (15) may be inte-
grated recursively, thus providing closed form solutions [see
also Eq. (47)] for finite lattices (of the form considered
here). Proceeding this way, however, does not seem to be
suitable to analyze infinite lattices. We therefore employ the
following generating function technique.

IV. DIFFERENTIAL EQUATIONS FOR THE
GENERATING FUNCTIONS G, AND G,

We first deal with G, as defined in Eq. (4). Multiplying
bothsides of Eq. (15) by s” and summing from 3R to «o gives
9G,
ot
where y has been introduced in Eq. (12) and where
8(s) = (V/) {1 + (1, — 70)s

+ot (Troy —Tr-2) '+ 21 — 75, )s%}
(23)

48—y 4 SO NG, 4 R, 22)
Os 1—s

and
R-1 3R~-1

R (st) = Zr,s“' z s"N,,(t)

i=0
3R—1 -1
[21' 2 SHIRN (1) +5°R Zif,}(l—s)_‘.
i=0
Furthermore, setting
1 —k—1
TlTk+ Y (i =TS

i=1

8 () = +(2T—TR_1)SR—k], k=1,..R—1,
2, k=R, (24)
we may rewrite R, (s,¢) in the form
R -1
R,(s¢t) = s’ [ Z I, +71 2 8r—n (SIN, ()
R-—1
+ 780(s) 2 SN, 2m (D)} (25)
n=0

This in turn, on substituting for N, z (¢) and N, ,5 ()
from (16) and (17), respectively, may be transformed into

R 2R—1
R,(s0) = 11—33 s[&,(s) + Y bu (s)e ™%
- i=0

2R—-1 —a
+ 3 re()te™ ] (26)
i=R
with
R-—1 ’ —1
61(5) = z ——+g0(s) Z qn+Rs + z ngR n(s)’
i=1 n=1
2n
R—1 .
Rgr_,(5) + go(5) a.,s, n=0,..,R—1,
8., (s) = 8r 8o ign ,
r"S"_Rgo(s)9 n= R""DZR - 1! (28)
and
€1.(8) =p,s" " Rgo(s)/7, n=R,..2R—1. (29)
B. Meilein 1841



We now turn our attention to the generating function
G,. Introducing

3R—1

Gi(s) =Gy(st) — Y N, (1)s"
n=R

into (22) gives

96, , ;.96 _ T[H M]Gz + Ry, (30)
ot Js 1—5
where

3R—-1
R =R(sH+ 3 s"{dN"“’ +7'N,,(t)[n-y_ $8go(s) ]
n=R dt l_s
or
3R—1 $R R-1 1 "
R2(s’t)= 2 [(H—Y)T—d,,_R]s"Nn(t)—}- 2 tTi zsﬂ+2R z(i+R)Tn_,~
n=R e/ =

SIR Ril
+

n=0

W a0 0 © =201+ 3 70 Na®
- i=0

2R—1
+ Y nd,s"+R 31
n=0

where we used Egs. (B2), (B5), and (25). Observing that the last sum but one on the rhs of Eq. (31) vanishes and taking into

account Egs. (10)-(12) and (14) yield

3R-2
Ry(s1) = E Bas"N, (1) + ¢(s)’: (32)
where we put
B,=(m—y)r—d,_z, n=R,..3R -2, 33)
and
¢(S) zs"[ﬁo +T0|+ ZS"(T,” +Tni Ti,n—l —'Tn—l,l)]' (34)
n=1
Making once more use of (16) and (17) we finally see that
2R-2 2R—-2
R,(s,0) =fs“[82(s) + 3 8.+ Y 16, (s)te_""'], (35)
n=0 n=R
where
2R-2 ¢(s)
752(5') z nﬁn+Rs" + 2 ann+Rs" + 1 S (36)
n=1 -
RB, , rs"+ a,-,,,ﬂ,- s#*R n=0,.,R—1,
oy ()={ " ; 2R (37)
r.B.,. g5 n=R,.,2R -2,
and
62,71 (s) =pnﬂn+Rsn/T2, n =R,...,2R _ 2. (38)
I
V.CLOSED FORM SOLUTIONS FOR (9 leads to the simpler equation
We now proceed to solve Egs. (22) and (30). To this oH, 6H,
end, set It +7s s
R—1 R—1 (1 — 7, _o/27)5" — (1 — ¢)2¢ — Yp2£() -
£(s) = Z g+ Z k=R , (39) (1—5)%5" "R, (s,1), k=12 (43)
k Because of Eqs. (4)-(6) and (41) we must look for solu-
and recall (23) to check that tions satisfying the initial conditions
25(1 — $)E'(s) = 25 — s7go(s). (40) hy(s)=H,(5,0) =*s**~7[3R — (3R — 1)s] (44)
Owing to Eq. (40), substitution of and
G (s,t) = (1 —5) e " %9H, (s,1), k=12, (41) hy($)=H,(5,0) = #OL~7[R — (R — 1)s].  (45)

into
G, 9G; [ 5%go(s) ]
=r|ly+ 3285 g LR (s0) (42)
ot as ¥ 1—s , k
1842 J. Math. Phys., Vol. 27, No. 7, July 1986

By tackling the auxiliary equations associated with (43) and
using Eq. (26) we obtain, for k = 1,

H(s,t) =h,(se~T) + f(se™Ts), (46)
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where

f(y,2)=Jq(l—x)x‘°[5 (x) + Z [ ] 51;(x)

2R-1 dy
[ ] el,(x)log( )]e’f"" dx.

Noting Egs. (12) and (27)-(29) we see that s"H, (s,t) is (in
the variables), for any ¢ > 0, an integral function'® of order at
most 2R — 1. (It is of order 2R — 1 iff 75 _, #27.) Quite
similar to former work'>!? it therefore follows'® from Eqgs.
(4), (41), and (43) [and on observingthat £ ‘(1) =2R — 2

1
o) =1 —e"‘“’[hl(e'") +f_

1 2R—-1
+ ¥ e“d"f (1—x)#’_"/'e,,,(x)(logx)ezg"" dx 471ty e"’"f
e ™ i=R

—p/2], that for any >0, O<e<p =1/(2R—1), as

n—>00,

N, (8) = [Hl(l,t)[n —R+ %]

+ BADY, 2 1 g(n-ne-9).  (a7)
Tot
Particularly,
1—6(t) = lim N, (t)/n=H,(1,1)e ¥, (48)

n—>oo

or, more explicitly,

2R -1 —d 1 —dyr
(1 —x)x#8,(x)e*¥@ dx + 3 e frf_ (1= x)x %8, (x)e¥™ dx

i=0
1

(1—x)x" "¢ 1 (x) ¥ dx]
(49)

e

Observe that Eq. (49) simplifies considerably if e, ; (x)=0,i = R,...,2R — 1. Dueto Egs. (21) and (29), ¢, ;, (x)=0 whenever
d; =0or whend,;#d,,j=0,..../ — R. Clearly, these conditions will be fulfilled in most cases.
Taking into account that 3R — y =p + 1> 0, we obtain from Eqs. (44) and (49) the following expression for the

saturation coverage of an infinite lattice:
0*=1m6()=1—
I—w
where

M={i=0,1,.,2R — 1|d, = 0}.

1
e‘”‘”J (1 —x)xP)8,(x) + 251,i(x)]e25"" dx,
0 ieM

(50)

(51)

Similarly, a solution to Eq. (43), subject to the initial condition (45), may be found in the case k = 2 and a relation
analogous to Eq. (47) may be given. We desist from presenting the details and only state the following alternative representa-

tion of 4(¢), based on Egs. (36)—(38):

! 2R -2
0(t)=1—e‘2§‘”lh2(e“")+f (1 —x)xPR5,(x)e*¥ @ dx + 3 e—a,»f
e—ﬂ o

1
a- x)ZxP—ZR—d.,/rézln (x)ezg(x) dx

e

2R-2 1
+ z e—d,.xf (1—x)2 p—2R — d"/fezn(x)(logx)ezg(x)dx
n=R e

2R—2

1
+7t z e—d..tJ. (1 _x,)zxp—zk-d,./rez’" (x)ezg(x) dx].
n=R e

Clearly, Eq. (52) is valid for any ¢>0. An asymptotic analy-
sis, however, is problematic if R—y=1+p — 2R <0,
since then integrals (if not identically vanishing) as well as
h,(e~™) diverge as t—co. The following formula is there-
fore only trueifp — 2R > — 1,

1
%=1 —e‘zg“’f (1 —x)%x" 2R |8,(x)
0

+ 36, (x)]e2§"" dx, (53)

icM
with M as defined in Eq. (51).
For the purpose of numerical evaluation, Eq. (52) is, for
obvious reasons, not suited if p — 2R < — 1 and ¢ is large.
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(52)

r

However, if ¢ and p become big, Eq. (49) must be treated
with care, too.

Inspection of Eq. (52) [and the pertinent Eqgs. (9),
(11), (12), (18)~(21), (33), and (35)-(39)] shows that
0(t) does not depend on 7, ; and 7;; separately but only on
their sum 7, + 7;,. A 81m1lar observation has been made
formerly.>2°

As should be clear from our approach (see also com-
ments in Sec. I and Appendix A) (49) and (52) are (differ-
ent) representations of a common value [namely, 8(2) 1, i.e.,
both representations [as well as (50) and (53)] reduce
(necessarily) to a common form. In view of the complex
formulas, to show this analytically (in a way different from
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our “two-generating-function-approach”) would be suici-
dal, however. Nevertheless, in the following consideration of
special cases we find that there is consistency with earlier
published results.

VI. EXAMPLES

Our most general R-mer filling with range-R cooperat-
ive effects described above includes the most different ad-
sorption schemes, such as random filling, filling with nearest
neighbor (range-R *) effects, filling in stages, and filling with
range-R * blocking, R *<R. Here we revisit some well-
known cases and consider others not studied yet.

A. Random filling
In the case of random filling all rates are equal, i.e.,
T, =T, 5,j>0. Consequently, T, =27, p=2R,
y=R—-1,d,=(n+1)r,and B, = 0. Hence
R—1 Sk
8,n(s) =€,,(5)=0, &)=Y —,
k=1 k
o &(s) A
0,(8)=—1———=2 —_—
2(5) (1 —5) ;; l1—s
and we obtain from Eq. (52)
o(ty=1— e'zg(”[hz(e‘")
1 R—1
+ 2f 1-x)3 ix'e?™ dx]. (54)
e~ ™ i=1

The saturation coverage is therefore of the form'®!!

(35)

1 R—1
0*=1—2e"%D | (1—x) ¥ ix'e¥* dx.
0

i=1

L(X=0.35

Modet [
! 1
Tt —= 60 70 80

10 20 30

FIG. 1. Thelattice coverage 8(a,?) as function of 7¢ for various values of @
in the case of dimer filling with model I range-2 cooperative effects (see Sec.
VID).
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An alternative representation of @ * has first been given by
Mackenzie® (see also Appendix C). Another one will be ob-
tained in Sec. VI B below.

In Figs. 1 and 2 (Figs. 3 and 4) the a = 1 case corre-
sponds to random dimer (trimer) filling.

B. Range-A"* blocking
R-mer filling with range R * blocking,’ OKR *<R, re-
quires
S {1', if i, jJ>R *,
710, otherwise,

i.e., the rate matrix (7, ;) has the following form (remember
thati,j=0,1,...):

Rt
00 .. 00O0O
0 0 0 0 0
)=l o o 0 T
0 0 0 r
Then
0, j=0,.,R*—1,
Tf:[zf, j=R*..R—1,
p=2(R—R*), y=R+2R*—1,
4 [0, n=0,.2R*_1,
" (n—2R*+4+1)r, n=2R*..,2R—1,
[2.9‘**-", k=0,.,R*,
8 (9) 2, k=R*+1,.,R—1,
R+R‘—1sk
£(s) = kzl g2 €,,(5)=0, n=R,.,2R—1,

and expressions forg,,, 7,, and a, ;, and hence for §,and 8, ,,,
follow easily. Rather than to state these explicitly for general
R * we confine ourselves to illustrate two cases: R * = R and
R*=0.

1 T T T T
T R=2 a: Modei |
9" b: Model [l
0.95+ a
0.90 .
“a
Lges 2
085 b -
R™=1
a,b
I 1 1 1
0'800 0.2 0.4 0.6 08 1

o/(1+0) —=

FIG. 2. The saturation coverage 0 * for dimer filling with model I and model
II range-R * cooperative effects. R * = 1,2 are shown.
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T
Model [

1 1 L !
0'750 0.2 0.4 0.6 0.8 1

/(1o 0) —

FIG. 3. The saturation coverage @ * for trimer filling with model I range-R *
cooperative effects. R * = 1,2,3 are shown.

(i) For range-R blocking

R—1
n=1
and
5 ()= [2Rs", n=0,.,R—1,
T 2(n+R)s", n=R,..2R —1.

Equation (49) therefore yields

o) =1 -—e‘zg‘”[h,(e'")

1 2R—1
+ ZJ (1-x) ¥ (n + R)x"e*™ dx]
e n=0

1 T T T T
T R=3 Modei 11
9.
0.95p
0.90- -
s R*=3
0.85
R™=2
0.80 =
LR™:=1
1 1 [ i
0‘750 0.2 0.4 0.6 0.8 1

o/(1+00) —=

FIG. 4. The saturation coverage & * in the case of trimer filling with model II
range-R * cooperative effects. R * = 1,2,3 are shown.
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and

*=1—2¢" ““’J (1—=x) 2 (n+R)x"e25""dx

n=0
(56)
We cross-check Eq. (56) by means of an isomorphism argu-
ment in Appendix C.
(ii) For range-0 blocking, i.e., random filling, it is seen
that

1
0*=1 —2e"2§“’J (1 —x)x"“[R(R -1
0

rRS! _ 2R(n+ 1) ” (x)
+n§ox SR %™ dx.
Observe that it would be extremely tedious to prove the
equality of the representations (55) and (57) by common
methods (integration by parts, etc.).

Some numerical values for R-mer filling with range-R *
blocking (R = 1,...,7) may be found in Ref. 1.

"|n + R (57)

C. Nearest neighbor cooperative effects
Here the rate matrix (7, ;) is of the form
Oo 0O O,
T T

ol
(ri)) = ,
(241 T T

We remark that rates with reflection unsymmetry (here the
case o} #0,) have been considered earlier.>2%2! To simplify
notation, set 2K = 7o/7, L = 0y/7, and @ = e ~". For the
variables pertinent to Eq. (52) we then find

p=2(R-1+K),
and

d _ {00, n= 0

"l (n=r, n=12,. .

Owing to the fact that 8, =0, n =R + 1,...,

62',' (S)Eo

To =0, + 0}

and
n=0,

Oan () = n=12,.2R -2,
and Eq. (52) therefore simplifies significantly:

[R(zx—L—l),

o(1) =1 —e‘zg‘”[hz(a)
1
+if (1 —x)x** 29 (x)e*™ dx
T Ja
1
+R(2K—-L - l)aLf (1-x)2

X x?K ~ L= 2g% (0 dx}, (58)

where

15k s“(l -K
£(s) = k; —x
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and

R-—-1
$(s) = [27 — 7] (R — )s* + ¥ [ro+ 2r(k — )]s
k=1

The case g, = 0, = 0] = 7 corresponds to random fill-
ing. Then, but also (we commented on this fact at the end of
Sec. V) when g, = 7, 7, = 0, + 0] =27, 0,#07, Egs. (54)
and (58) coincide. Range-1 blocking is obtained for
o,=0,=0; =0.

Former analysis of nearest neighbor effects*® dealt with
sequence distributions, thus providing expressions for 8(#)
via Eq. (1). A direct comparison of these results with our
comparatively compact expression (58) is somewhat cum-
bersome (at least if R»2).

For monomer filling with nearest neighbor cooperative
effects, ¢(x)=0and only one integral term is retained in Eq.
(58). Recalling (45) and carrying out an integration by
parts gives

1

9(t)=1— e—2§(1)[(2 _a)azxe2§(a) + 2afo2K—L~l

a

X [K(1 —x)% 4 x(1 —x)]e¥™® dx], (59)

which is Eq. (3.2) of Boucher.'® Passing to the limit #— oo in
Eq. (59) provides, when L =0, i.e., 0, =0,
1

0*=1 —2e‘25“’f xK-1K(1 —x)?

0

+ x(1 — x)]e*™ dx.
In the same case (R = 1, L = 0), Eq. (58) yields, on assum-

ing K > }, the alternative expression
1
0*=1—e" %D~ l)f (1 —x)2x2K — 2% gx,
0

In the general case, R>1, but if K>} and L > 0, we ob-
tain, from Eq. (58),

|

Rt PRt ra®*t!  raR®
raR* -1 ggPR*-2 . LaRY L R*1
(r,;) =} ma®*+! TaR* ra? T
ra®* ra®* -1 .. Ta T
ra®® et . Ta

a: Model |
b : Madel I}

0 1 1 1 1 1 1 1
0.25 0.5 0.75 1.25 1.5 1.75 2.0

Tt —=

FIG. 5. The lattice coverage &(a,rt) as function of 7 for @ = 3 and
a = 0.75 in the case of dimer filling with model I and model II range-R *
cooperative effects (see Secs. VID and VI F). R * = 1,2 are shown.

1
0*=1— (l/‘r)e‘zf“’f (1 — x)x*K—24(x)e*¥™ dx.
(+]

To get an expression for 8 * in the case K<} one may utilize
Eq. (50).

In Figs. 2-5 the case R * =1 corresponds to nearest
neighbor effects. In model I (see Refs. 1 and 6),

oo=a* and o,=0] =ar,
i.e., each filled nearest neighbor changes the rate by a factor
a. In model II, the effect of two filled nearest neighbors is
assumed to be equal to that of one alone, i.e.,

Oy =0,=0] =Qar.

We discuss these models in more detail in the following sec-
tions.

D. Model |

Let 1<R *<R. The adsorption scheme associated with
the rate matrix

»
ra®

- _
ra®* !

TQ

will be called model I (with range-R * cooperative effects). Here each filled site—within range R *—modifies the basic rate 7
by a factor a. For R * = 1 this rate regime has been considered previously.!"*?? Observe that the a = 1 case corresponds to

random filling and the case @ = 0 to range-R * blocking.
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Here

R.
p=2(R—R*+2a‘)=3R—1—7

i=1

and r
(n+Da*®*~", n=01,.,R*—1,
= i 2R* —n
2 2 '+ (2R*—n—1a .
L= i=2R*—n
T ﬁ n=R*..2R*--2,
R.
2y a'+ (n—2R*+ )7,
" A=2R*-1.2R-1

Hence 8, =0forall n>2R * — 1 + R and therefore
8,,(s)=0=¢,,(s), for n>2R* —1.

In consequence, the summation index n in Eq. (52) runs
onlyupto2R* — 2.

Clearly, 6(¢) may be expressed explicitly in terms of
only R, R *, a, 7, and ¢, but such efforts do not lead to an
apparent simplification of Eqs. (49) and (52). We therefore
desist from doing this. We only remark that, given 7 and
n<2R* —2, there are generally a-values such that
d,=d, g for some i =0,...,n [see Eq. (21)]. Hence [see
Eqgs. (29) and (38)] integrals involving the logarithmic
function may contribute [ Eqgs. (49) and (52)] for 8(t).

The dependence of 8 = 6(a,7t) on 7¢, for various values
of a, is shown in Fig. 1 in the case of dimer filling with range-
2 cooperative effects. For autocatalytic rates, i.e., a> 1, €
is—in some neighborhood of zero—a convex function.
Thus, as to be expected, adsorption accelerates only after an
induction period® in which filling is governed almost exclu-
sively by the (initiation) rate 7. Further observe that high
autocatalytic rates lead to an almost instantaneous lattice
saturation but not necessarily to a saturation coverage that
exceeds the saturation value of any autoinhibitory rate re-
gime. For example, for a = 2, filling comes to an end [the
saturation valueis @ * (2) = 0.8699] attime 77 = 1.7 approx-
imately. At this moment the adsorption process with
a=0.5 arrives at only 64% of its saturation value
6*(0.5) =0.8709, which, nevertheless, is greater than
6 *(2). Equality of coverages is achieved at about 7t = 86,
i.e., 6(0.5,86) = 6(2,86). This may be appreciated (partial-
ly) in Fig. 1. In Fig. 2 we have shown the saturation coverage
6 * as function of a/(1 + a). Note the curious fact that ran-
dom filling (@ = 1) produces the least saturation coverage.
The curve corresponding to range-1 cooperative effects
(R * = 1) has been shown in Ref. 1, too. In Fig. 3, saturation
coverages are shown for trimer filling with range-R * cooper-
ative effects, R * = 1,2,3. Realize that autoretardative rate
regimes exhibit extraordinarily high saturation values only if
cooperative effects are effectively of range R * = 3.

This somewhat strange-looking (and up to our knowl-
edge not formerly observed) behavior of model I R-mer fill-
ing with range-R cooperative effects is due to occupational
degeneracies of small-size gaps. As an example, we consider
(model I) dimer filling and compare range-1 with range-2
cooperative effects for a small a regime. It is the filling of 4-
and 6-gaps that exhibits fundamental differences (2-, 3- and
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5-gaps show equal saturation values in both adsorption
schemes): If R * =2 all three doublets of a 4-gap become
occupied with equal rate a*7; on the average 2/3 sites remain
therefore finally empty. If R * = 1 the middle doublet (rate
1) is much more active than its two neighbor doublets (rates
ar, a<l); hence, at the end, almost surely two units remain
unoccupied. As to a 6-gap, the situation is similar. For
R * = 2 the middle doublet becomes occupied first (its rate 7
dominates over the competing rates 7a and 7a”) and the
originating 2-gaps become filled later. If R * = 1, only the
second, third, and fourth doublets compete for a first adsorp-
tion (with equal rate 7); winning the second or third, two
sites (of the initial 6-gap) will finally remain empty, i.e., 4/3
on the average. In summary, range-2 cooperative effects ex-
ploit space much better than range-1 cooperative effects do.
Similar considerations apply to trimer filling (Fig. 3), to
weak autocatalytic (anticooperative) effects, i.e., a~1, and
to high a regimes. In the latter case, R-mers grow about a
nucleating R-mer to form an island.''” Clearly, imperfec-
tions in island formation (holes) are less probable in the case
of range-R cooperative effects; then an R-tuplet next to
(touching) the island becomes occupied with rate ra®,

which is to be compared with the (much smaller) rate ra® "
if cooperative effects are restricted to range R * <R. This
explains the behavior of 8 * (Figs. 2 and 3) for a— .

E. Model Il

Whilein model I each filled site—within the influencing
environment of width R *—contributes to a rate modifica-
tion, in model II a change in the adsorption rate will be due
only to the existence or nonexistence of filled neighboring
sites (independent of their number). More precisely, it will
be assumed that the basic rate 7 is changed by a factor « if at
least one unit—within range R *<R—is filled, i.e.,

R *
R
7© ™
ar ar - ar ar ar
ar ar - ar ar ar R*.
(r,;)=] ar ar « ar ar ar
ij
ar ar ar T T

ar T T

If R * = 1 only the adsorption rates of R-gaps differ in mod-
els I (a®7) and II (a7). This causes slight differences in the
time behavior of the respective lattice coverages (differences
are so tenuous that they would be hardly visible in Fig. 5) but
the saturation coverages of both models clearly coincide (see
Figs. 2-4).

For dimer filling with range-2 cooperative effects, mod-
els I and II behave quite differently in the a— 0 limit (Fig.
2). Whereas, in model I, a saturation coverage of unity is
achieved by perfect island formation,™'? in model II island
formation is “imperfect” (full of holes) and } of the lattice
remains finally empty. Clearly, in model II, the two doublets
next to an (actual) end of the “island” have equal rates 7a
and compete with each other for adsorption (such a compe-
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tition does not exist in mode! I since rates are rather unlike:
ra*»ra). Thus, half of the dimers will not stick close to the
“island” but will leave a one-unit hole. An easy method [not
relying upon Egs. (50) or (53)] to determine
6*() =lim,,  €*(a)isthefollowing. Consider a linear
lattice of n sites. First, put a dimer on sites 1-2--3 at random.
If it landed on sites 1-2 (2-3) place a second dimer on sites
3—4-5 (4-5-6) randomly. Continue in this way until the
lattice is saturated and call the average number of finally
unoccupied sites a,. Then a; =1, ¢, =0, a; =1, and a,
=i(1+a,_; +a,_,),n=4,5,.. . Furthermore,

1—0*(w)=1Ilma,/n=1}

Similar recursion relationships may be derived for any
1<R *<R. We only state two further results. For R = 3 (see
Fig. 4),

lim 0 *(x) =

a— oo

, if R*=2,
3, if R*=3.

F. Filling in stages

The limiting rate regime of R-mer filling in stages™>"*

can be solved exactly for range-R * (arbitrary) cooperative
effects. This has been shown in Ref. 1 where the case of
monomer filling (in stages) is treated in detail. Here we con-
sider R-mer filling occurring in 2R * + 1 (R *<R) stages,
consecutively, with no filled sites in the cooperative range
R*, with just one [(R +2R*— 1)-gap], then two
[(R + 2R * — 2)-gap] filled R *th nearest neighbors, etc.
Clearly, this occupation procedure is the a |0 limit of model I
withrange-R * cooperative effects. Calling the respective sat-
uration coverage 8 ¥ (R *,R) we obtain from Sec. VI D and
Eq. (50)

1
OFR*R)=1—2e %D f (1 —x)x*

0

R*_1

x[R(R —R*)+ 3 (R—R*+i)x

i=1

R—1
+xR* z qn+Rxn]e2§(X) dx’ (60)
n=0

where
R+R‘—lsk
p=2(R—R*, &= Y =,
k=1 k
n, n=R,.,R+R*—1,
= _— — *
=1, RO -R-R*+1) o Re . 2R_1
n—2R*4+1
R=R*+1,R*+2,.., R*=1.2,.,
and, in thecase R =R *,
g, =n—2R/(2R+1—n), n=R,.,2R— 1.

In Table I, we catalog d¥(R*R) for R*=1,...,R,
R=2,.8.

The @ |0 limit of model II with range-R * cooperative
effects corresponds to R-mer filling in two stages. In the first
stage (identical to the first filling step in the above-described
model) only R-tuplets with no filled sites in the cooperative
range R * become (randomly) occupied, i.e., filling termin-
ates when only R-, (R + 1)-,..,(R +2R* — 1)-gaps re-
main. These, in the second stage, are then filled randomliy.
Denoting the thus-arising saturation coverage by
6% (R *,R) we observe that differences between 6 ¥ (R *,R)
and 8%¥(R *,R) are due only to different filling of 2R-,
(2R + 1)-,..., (R+2R*—1)-gaps. Particularly, if
2R*+1<R, then OF¥R*R) =6%¥R*R). If
2R* — 1>R, then 0¥ (R *,R) < 6 *(R *,R) since the deter-
ministic filling [in the second, third,...,(2R * + 1)st stage]
of model I does not admit close packing whereas the random
filling (in the second stage) of model II certainly does. A
comparison of Tables I and II [in the latter are shown
60%(R*R), R*=1,.,R, R=2,.,8] corroborates these
considerations. Clearly, a closed form expression for
0%(R *,R) [very similar to that of 8 *(R *,R)] is easily ob-
tainable from Eq. (50) and therefore will not be stated.

Vil. DISCUSSION

By means of a generating function technique we have
studied the kinetics of R-mer filling with general range-R
cooperative effects. The exact closed form expression for the
lattice coverage obtained here embraces formerly gotten ex-

TABLE I. Saturation coverages 6 ¥ (R *,R) for R-mer filling in 2R * + 1 stages ({0 limit of model I with range-R * cooperative effects); see Eq. (60).

R 1 2 3 5 6 7 8

R=2 0.8022 0.9009

R=3 0.7829 0.7656 0.8639

R=4 0.7737 0.7557 0.7520 0.8433

R=35 0.7682 0.7518 0.7434 0.7456 0.8298

R=6 0.7647 0.7499 0.7404 0.7369 0.7421 0.8202

R=7 0.7622 0.7489 0.7393 0.7338 0.7333 0.7401 0.8129

R=38 0.7603 0.7483 0.7390 0.7327 0.7298 0.7311 0.7390 0.8070
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TABLE II. Saturation coverages 6 #(R *,R) for R-mer filling in two stages («10 limit of model IT with range-R * cooperative effects).

R* 1 2 3 5 6 7 8
R=2 0.8022 0.9009

R=3 0.7829 0.7888 0.8689

R=4 0.7737 0.7557 0.7857 0.8531

R=5 0.7682 0.7518 0.7527 0.7851 0.8437

R=6 0.7647 0.7499 0.7404 0.7540 0.7854 0.8375

R=17 0.7622 0.7489 0.7393 0.7387 0.7563 0.7859 0.8331

R=8 0.7603 0.7483 0.7390 0.7327 0.7402 0.7588 0.7867 0.8299

plicit results for R-mer filling with nearest neighbor cooper-
ative effects.*516.18

Figures 1 and 5 reveal that the kinetic behavior of range-
R cooperative processes is—for short times—quite similar to
that of filling processes with nearest neighbor cooperative
effects.>'¢!® However, the law (valid for nearest neighbor
cooperative effects) that “anticooperative rate regimes lead
to a Jower saturation level since R-mers tend to avoid each
other, leaving gaps that cannot be filled®” is no longer true
for genuine range-R cooperative effects (see Figs. 1-4).

The kinetics of an irreversible process, where R,-, R,-,
..., and R,-mers (with relative frequencies p,>0, p,>0,...,
and p, >0, respectively) are placed randomly onto a linear
lattice, has been considered recently.!*> An analysis of the
more general problem, where occupation occurs cooperative-
Iy, seems to be much more involved. However, certain relat-
ed problems such as competition between different mon-
omer types on homogeneous® and nonuniform?' (e.g.,
periodic and stochastic copolymers) lattices and special
cases of competition between monomers and dimers® have
been treated successfully.
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APPENDIX A: A NOTE ON THE GENERATING
FUNCTION TECHNIQUE

Here we illustrate the “nonuniqueness”of the generat-
ing function approach by means of a simple example (which
corresponds to random dimer filling; b, denotes the number
of empty sites in a 1 X n lattice). Given the difference equa-
tion

(n—1)b, — (n—2)b,_,=2b,_,, n=34,.,
(A1)
with initial conditions
bl = 1, b2 = 0, (A2)

we want to know the behavior of b, as n— . Since (A1) is
valid for n = 3,4,..., it appears to be convenient to introduce
the generating function
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As)= 3 b, (A3)

n=3
With this choice (A1) becomes
A'(s) — [25/(1 —5)]A(s) =25/(1 — ),

which is to be solved subject to the condition 4(0) = 0. We
find

A(s) =2(1-s)"2 J“(l — )t dt
0

and hence

1
b=lim by =2f (1 —)tef*— " gt
0

n—wo N

(A4)

The proposed task is thus accomplished. However, the
choice in (A3) is arbitrary (i.e., we could have defined the
generating function in any other way) and a natural question
arises: Would another definition have led to a different re-
sult? Obviously, the numerical value of b [ which is uniquely
determined by the recursion relation (A1) together with the
initial condition (A2)] cannot depend on the choice of the
generating function. But what may depend on the specific
form of the generating function is the representation of b
(i.e., the algebraic expression giving b). To explore such a
possibility let us try, for example,

B(s) = z b,s" L
n=1
With this definition, (A1) is converted into the homogen-
eous equation

B'(s) — [2s/(1 —5)]B(s) =0,
whose solution, satisfying B(0) = 1, is given by

B(s) =(1 —s5)" 2%~ %,
Hence

b=e"2 (A6)

This shows that different choices of the generating func-
tion [here (A3) and (AS5)] will generally lead to different
representations [here (A4) and (A6), respectively] of the
same object (namely, b =lim,___ b,/n). We emphasize the
fact that the equality of (different) representationsis given a
priori and must not be proved a posteriori. Thus, in the pres-
ent example, the equality of the expressions on the right-

hand sides of (A4) and (A6) holds true without further
proof.

(AS)
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Since different representations may be rather unlike
[compare (A4) with (A6)] it is always worthwhile to look
for that generating function (this is by trial and error) that is
accompanied by the most appropriate (simple) representa-
tion. Clearly, one could work with a single generating func-
tion [e.g., that introduced in (A3)] and try to transform (if
necessary and/or desirable) the corresponding representa-
tion [e.g., evaluate the integral in (A4)]. However, labor
thus involved is generally so heavy that it is more advanta-
geous to introduce changes in the definition of the generating
function and to examine the effects on the associated repre-
sentations. Such an approach has been used successfully’®!!
and proves to be most helpful in the present paper, too.

APPENDIX B: DERIVATION OF RATE EQUATIONS

Recall Egs. (10) and (11), let n>R, and consider a lat-
tice of n + 2R sites (as described in Sec. H). Due to our
boundary condition there are initially n~—R + 1 R-tuplets.
Numbering these from left to right, 0,1,...,n — R, we observe
that the occupation of a first R-tuplet, the jth, say, subdivides
the lattice into two sublattices (of j and » — R —j empty
sites), which are subsequently subject to further filling under
the same boundary condition as the original lattice was, i.e.,
the R sites on both their ends belong to—and only to—the
influencing environment of neighboring sequences of R
filled sites. (Note that this affirmation would not be true if
cooperative effects were of range R * > R.) Since, within the
time interval (0,/), the just-considered event occurs with
probability 7;,, _  _ ;4 + 0(h) and since “nothing” happens
with probability 1 — d,, _ g # + o(h) it therefore follows that

N, (t+h)=(1—d,_rh)N,(2)

n—R
+h z (Tjn—r—;+ 7, —R—jj)lvj(t) +o(h)
j=0

or
dN, (t)
= —d, N,
dt n— V(1)
n—R
+ E (Tjn—r—j + Ta-r—-j;))N;(2), n>R.
i=0
’ (BI)
On observing Eqgs. (7)-(11) and (13), Eq. (B1) becomes
dN, t
'-;_tﬂ(): —d,N,, g (t) +nd,, n=0,1,..R—1,
(B2)
dN, t
_‘:i;;e-g—)-= - n+RNn+2R(t)
+ ¥ Tu iV r(8) —i—R)
i=0
+(n+R)d, g, n=01.,R—1,
(B3)

and reduces to (15) for n = 3R — 1, 3R,... . The solution to
(B2), obeying the initial condition (6), is

N, ,x()=n+Re™ ™, n=0,,.,R—1. (B4)
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Introducing (B4) into Eq. (B3) gives
dNn + 2R (t) —

dt - n+RNn+2R(t)+(n+R)dn+R

R3S ARY 7, e (BS)
i=0 i=0

Imposing the initial condition (6), Eq. (B5) yields (17).

APPENDIX C: R-MER FILLING WITH RANGE-R
BLOCKING

As pointed out by a referee, R-mer filling with range-R
blocking is isomorphic to 2R-mer random filling (see also
Ref. 1). This observation permits a cross-check on Eq. (56).
From the scheme [where R = 2 and where 1’s (0’s) repre-
sent occupied (empty) sites]

...0011000001100001100011001100...

...11110001111001111011111111... °’
we learn that

20*=0', (C1)
where ' denotes the saturation coverage for 2R-mer ran-
dom filling. Now, from (55),

2R —

1 1
0'=1—2e"%V | (1-x) > nx"e®¥® dx. (C2)
(1] n=0
On the other hand, from Eqgs. (40) and (41) of Ref. 11,

1
e'=2Re-2€“>fe2ﬂ*>dx (C3)
0

and
1

6’ =4Re—%¥D f xR dx,

0

(C4)

respectively. Subtracting 6'/2 [in the form given by Eq.
(C4)] from (C3) gives

1
0'/2 = 2Re %W f (1 — x2R)e*™ gx
0

1 2R—1
=2Re"5‘”f (1—x) E x"eX dx,  (C5)
0

n=0

Finally, on subtracting (C5) from (C2) and on observing
(C1) we recover (56). Note that it is a somewhat tricky
exercise to prove the equality of representations (C2)-(C4)
by methods of integration.
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On the phase transition of the three-dimensional Percus-Yevick equation

for an arbitrary potential of finite range
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A qualitative study of the three-dimensional Percus—Yevick (PY) equation by means of Baxter’s
relations is considered for an arbitrary potential of finite range / by a perturbation method. It is
shown that the PY equation has a unique solution Y(#,7,8 §) and a unique solution Q(#,7,8 §) if
the following conditions are satisfied: (i) 0 <% <0.175, (ii) 0<B § < (B §),, (iii)

Sup,i0.,/Q.| <nland Sup,_,|Y, (r)| <n!, where both @ and Y are continuous functions of the
reduced density 7, and can expressed as absolutely and uniformly convergent series
Y=37_,(1/n)Y(B§)"Y, (rm), @=Z2Z2_o(1/n) (B §)"Q, (r,) within the radius of
convergence of the inverse reduced temperature (3 §),. As functions of r, QeC ‘?[0,/] with
Q(1) =0, whereas Y is continuous for >0 except for a possible finite discontinuity at r = 1, and
Y — r—0exponentially as 7—» o . Based on the solution of Y and Q, the isothermal compressibility
K, = KT(dp/IdP)  is a continuous and bounded function of 5. As p—1, = 0.175, K becomes
divergent. The critical density 5. (or p.. ) is independent of the range of the attractive potential /.

On the other hand, the critical temperature (£ §) . is determined by the positive root of
F(B§) = 129, Q(r)dr = 1, which depends explicitly on the value of /.

I. INTRODUCTION

Consider a classical system of N molecules in a volume
V and at temperature 7. Suppose the potential energy of the
system ¢ (r,,r,,...,I'y ) can be expressed as the sum of pairwise
intermolecular potential u(r;), ¢ =2V, _u(r;), wherer,
is the position of the ith moleculeand r,; = |r, — r;|. In order
to study the thermodynamic properties of the system, it is
essential to know the radial distribution function g(r,,), de-
fined by

1
8y =V [ dr, wdny { [0 dr, iy |
(1)

where B = 1/kT, and k is the Boltzmann constant.

Since g(r,,)—1 as 7,,— o0, we define the total correla-
tion function A(r,,) between molecules 1 and 2 by
h(r,,) =g(ry,) — 1. Following Ornstein and Zernike,' the
total correlation function 4(r,,) can be written as the sum of
the direct correlation function ¢(r,,) and an indirect correla-
tion function, which accounts for the correlation of mole-
cules 1 and 2 through a third molecule:

h(ry,) =c(ry,) +pjh(r13)c(r23)dr3. (2)

The convolution relation (2) is usually referred to as the
Ornstein~Zernike (OZ) relation, which can be considered
as the definition of ¢(r,,).

Several approximate integral equations for g(r,) have
been proposed in the past. It is generally accepted that the
Percus-Yevick (PY) equation® is the most successful the-
ory. In particular, the PY equation for the one-dimensional
system of hard rods becomes an exact theory.’

Let

firy =8 — 1,

y(r) =eP*Pg(r), r=rp,.
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The PY approximation assumes that ¢ () vanishes outside
the range of the intermolecular potential u(7) via the rela-
tion ¢(r) = f(r)y(r). The PY approximation in conjunction
with the OZ relation (2) forms an integral equation for g(7)
in terms of y(r),

P =1+p f PP

X [eP*=y(r — 1) — 1]dr'. 3)

Equation (3) has been solved analytically for the hard
sphere potential by Wertheim,* Thiel,> and recently by
Chen.5 Wertheim also had considered an attractive potential
with a range less than the diameter o of the hard spheres.
However, his results were not conclusive. On the other hand,
by expanding c(r) and y(r) in series of the density p, Groen-
eveld’ proved the existence of a unique solution of Eq. (3),
which was analytic in the region B |p| < (44) ™!, where

A =Sup {ePIn—"P} < oo,

Tyl

and
B =Sup {f [ghutlm —mD _ 1]dr2] <.

In 1968, Watts® solved the PY equation via Baxter’s® rela-
tions numerically by truncating the Lennard-Jones poten-
tial at » = 3.50, r = 50, and r = 60, respectively. It was con-
cluded that the PY equation exhibited a phase transition
characterized by the divergence of the isothermal compress-
ibility with a critical density p. close to the value 0.27,
whereas the critical temperature was dependent upon the
truncation of this potential. Moreover, outside the critical
region the PY equation has two solutions, of which the onein
the higher-density region was an unphysical solution.

In a previous paper,'® we have studied the PY equation
by a perturbation method, where the attractive potential was
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considered as a perturbation on the repulsive potential.
However, the attractive potential was assumed to be of infi-
nite range and decreases to zero faster than r > as 0. In
light of the interesting results of Watts, in this paper we reex-
amine the PY equation by a perturbation method for the
intermolecular potential #(r) = uy,(r) — §v(r), where
uy(7) denotes the hard sphere potential of diameter 1, and
v(r) >0, the attractive part of the potential, is a C ® function
on (1,/) withuv(1) = v(/) = 0. For convenience, /is taken to
be a positive integer, and § denotes the maximum depth of
the physical tail potential so that Max|v(r)|<1. The pertur-
bation series is constructed by making use of Baxter’s rela-
tions and the PY approximation ¢(r) = f(7)y(r). Within
the region of the absolute and uniform convergence of the
perturbation series, we show that the PY equation has a
unique solution y(r) for 7>0if 0 <7 <3(3 —7) =0.175,
or 1 «n <2.66, and a divergent solution if 0.175 < < 1, or
7> 2.66, where 17 = mp/6. The solution y is a continuous
function of  for 7> 0, except for a possible finite discontin-
uity at 7 = 1, and is also a continuous function of 3. Based on
the solution y, the isothermal compressibility is a continuous
bounded function of 5 if 0 < 7 < 0.175, which becomes diver-
gent as 7—0.175. The critical density %, =0.175 (or p,
= 0.33) is independent of the range of the attractive poten-
tial. On the other hand, the critical temperature depends
explicitly on the range of the attractive potential. Qualita-
tively speaking, the results we have obtained are in agree-
ment with the numerical solution of Watts based on the Len-
nard-Jones potential.

Il. PERTURBATION SERIES

Suppose ¢(r) = 0 for r>/. Baxter’ has shown that the
OZ relation can be transformed into the following relations
provided

h(w) =f ™*\h(r)|dr is bounded for real w = |w|:

!
re(r)= —Q'(r) + 1277f Q'(1)Q(t—r)dt, 0<r«l,
' 4)

rh(ry= —Q'(r) + 1277f (r—=0h(|r—1t])Q(t)d:,
0
r>0 (5)

where Q(r) is a continuous function on [0,/] and Q(/) = 0.

Relations (4) and (5) are usually referred to as Baxter’s
relations (BR). In terms of the PY approximation
c(r) = f(r)y(r), the PY equation can now be defined as Eqs.
(4) and (5) with ¢(r) = f(r)y(r). For the hard sphere po-
tential, Baxter has solved Egs. (4) and (5) for ¢(r) and
Q(r). The solution of ¢(r) is identical to the solutions ob-
tained by Wertheim and Thiel. On the other hand, Eq. (5)
can be reduced to a third-order retarded linear differential-
difference equation, by which the solution of y(r) can be
obtained.®

Let u(r) = uy(r) — §v(r). If the attractive potential is
considered as a perturbation on the hard-sphere potential,
we can expand f(r) = g #4("” + 88" i the series of B §v(r):
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firy =28

1+z

n=1101

(/-'3 §) W [v(r)]meler

= fo(r) + 2 L)oo, », (6)
n=1 -
where f, (r) =" [v(r)]" Since (B§) "' = KT /§is the
reduced temperature, the expansion of /() in (6) becomes
an inverse temperature expansion. Consequently, we can
write the following series expansions inf§:

Q(r) = Qy(r) +n21 B§"Q.(n), @)
y(r) = J’O(")-I-”Zl .(B§)y,.(r) (8)
h(r) = ho(r)+nZl .(B§)"h (r), (9
c(ry =co(r) + 2 " (B§) ¢, (1), (10)

n=1
where Qo (7), yo(r), hy(r), and ¢y (r) denote the unperturbed
system with hard sphere potential u,(7), and

h, (r) =gPut Z ( )[v(r)]yn_,(r), n>1, (11)

¢, (r) =ghn Z ( )[v(r)]y,, H(r) =y, (1), n>1

(12)

are obtained by the relation ¢(r) = fr)y(r).
By substituting Egs. (6)—(12) into Egs. (4) and (5), we
can obtain the following equations:

1
reo(r) = — Q4(r) + lznf Q3()Qo(1 — ),
0<r«1,
1
rho(r) = —Q4(r) + 1217f (r—ho(|r —t|)Qy(2)dt,
0

r>0,
CO(r) =ﬁ)(r).})0(r)s

']
QL(r) =4, (r) — 12nf (r— 00, (t)dt
(4]

(13)

!
—1217f Y (t—r)Q,(1)dt, O<r<l, (14)
r+1

r+ 1
Q:1(r) = B,(r) + 127 f 0ot — Q. (dr,

l<r<i—1, (15)
'
0.(nN =B, + 12nf 0ot — NQL (D,
I—1<r«d, (16)

n—1 4
Y,(N=0.(n-1273 ('l')f Qu(t —r)Q (n)dt

i=1
!
- 1277f Q,(t—r)Qq(n)dr
r+ 1
—1277f Qo(t—r)Q.(t)dt, O0<r<l1, (17)
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Y,(r) =D, (r) + 129 f 0y(r — Y, (B)dh,
1

1<r<2, (18)
1
Y, (rn=E,(r) + 129 J Qo) Y, (r—1t)dt,
0
r>2, (19)

where Y, (r) =rp,(r),4,(?),B,(r),D,(r),and E, (r) de-
pendon Q,, and Y, for m < n so that in the nth-order pertur-
bation, they can be considered as known functions.

Note that Eq. (13) is precisely the PY equation for the
hard sphere potential. It is known® that

1429 3n 1
(r)= r2_ r— )
Qo 20—m?% 200—m)?  2(1—17)
0<r«l,

and Y,(r) is a function of class C® on (1,00) with the
asymptotic condition [Y,(r) —r]—0 exponentially as
r—oo. For the following discussions it is not necessary to
know Y,(7) explicitly. By Eqgs. (14)-(19), we notice the
following procedure of solving these set of equations:

Eq. (16)—Eq. (15)—Eq. (14)—Eq. (18)
—Eq. (19)>Eq. (17).

Since we are not interested in the computation of the
thermodynamic quantities of the system, it is unnecessary to
carry out the explicit analytical solutions of @, (r) and
Y, (r). Rather, we are only interested in the qualitative dis-
cussions of the uniqueness and the properties of solutions of
Q, (r) and Y, (), and, particularly, their implications to the
occurrence of phase transition, so that comparison with the
numerical solution of Watts can be made.

Hil. SOLUTIONS OF PERTURBATION SERIES

In this section we consider the solutions of Eqs. (14)-
(19) according to the procedure discussed in the previous
section.

r+1
@ Q5 =B, + 12vf 0ot — Q. (dr,

1<rgl— 11, (15)

]
0. (1) =B, + lznf 0ot — Q. (D),

I—1<rgl (16)

First, we note that Eq. (16) is well defined, whereas Eq.
(15) depends on the solution of Eq. (16). Second, @, Q,
and Q” are continuous at 7 = / — 1, so that Q, isa class C®
function on (1,/). On the other hand, in the first-order solu-
tion, B,(r) = — v(r)y,(r). Thus B,(I) =Q;(I) =0. By
induction, we can show that B, (/) = Q, (/) = 0. But v'p”
are not defined at » = 1 nor at » = /. Hence B ,,B ] may not
exist at r = /. For this reason, Eq. (16) cannot be converted
into a differential equation by setting the boundary condi-
tionatr=1,

For convenience, denote u =129, ¢(r) =Q,(7),
S(r) =B,(r), and K(¢t — r) = ¢,(¢ — r). Equations (15)
and (16) can be rewritten as
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r41
$(r) =S(r) +4 f K(t—ndodr, 1<r<l— 1,
(15)

'
d(r) =S(r) +,uf K@ —nreo@yde, 1—1<rl
(16"

Although K is a continuous function in ¢ and r on
[0,1]X[0,1], it also depends on the parameter x (or 7).
Thus [K | is not necessarily bounded for all g. In order to
obtain a unique solution ¢ of Egs. (15) and (16), which is
not only continuous in 7 on [1,/], but also bounded in x, we
shall impose a rather strong restriction on K, which can be
shown to be related to the possibility of a phase transition.

Let C“[1,]] be the space of continuous functions on
[1,/] with a metric function d defined by the supremum
norm. If ¢ is any function of C [ 1,/], we define an operator
& acting on ¢ by

r r+1
S(r)+,uJ. K(t—ry¢(2)dr, (15"

| —1,
(Z8)(r) = <r<l—1

l
SO +p f Kt —néwd,  (16)

. I—1<rgl.

Since S is continuous on [1,7], it is clear that . ¢eC V[ 1,].
Thus .# transforms C“[1,/] into itself. Next, let 4,
#eC®[1,1]. Then

29— 23] [ k- riar| agd,

iflgr<i— 1,

and

|L¢ — Y&K[f_' luK(t)ldt] d(¢,6)

[ K (o) lde | dod),

il - 1<, _
Hence d(.L¢,.LP)<[So|uK(t)|dt 1d($.4), and L be-
comes a contraction operator if

1
|,u|f K(5)|de<1.
(]

But C@[1,/] with the metric d is a complete metric space.
Hence, there exists a unique geC ©[ 1,/], which satisfies Eqgs.
(15) and (16) if condition (20) is valid.

The function ¢ can be constructed in the following man-
ner.

(1) For ! — 1<r<l, Eq. (16) can be solved by iteration
method, that is,

¢ = 2 ﬂn ‘I’n"llo =S(r)’
n=0
and

1
v, (r) =J K, (t, — n)S(t,)dt,
with

(20)

M. Chen 1854



K, (t;,—7r)
and

=K(t1—r)

Kn(tn —r) =anl(tn _tn—l)Kn—l(tn—l —r)dtn—l'

(2) By the solution of ¢ on [/ — 1,/], we can solve Eq.
(15) by backward continuation. Consider re[/ — 2,/ — 1].
Then

1 —1

o(r)=8(r)+p K(t —nré(n)dt

r+ 1

+u K(t—r¢(t)dt,

1—1
and, again, ¢ can be obtained by iteration method. This pro-
cess can be repeated until the interval [1,2] is reached.
Alternatively, Eq. (15) can be transformed into a third-
order linear differential-difference equation of the advanced

type:

Qr(r — Q”(r)

1 1277(1 + 27)
——(1_ )ZQ L (r )+————(1_

=510 - L2 0L+ 1)

-13(”1‘—1t—2—ﬂQn<r+ D. (21)
Equation (21) can also be solved by the method of backward
continuation. For example, in the interval [/ — 2,/ — 1], the
right-hand side (rhs) of (21) is considered as given. By the
solution of Eq. (16), we can compute Q,(/—1),
Q. —1),and Q7 (I —1). These are the boundary condi-
tions for Eq. (21). It then follows that there exists a unique
function Q, of class C® on (/ — 2,/ — 1) that satisfies the
boundary condition at r = / — 1. This process can be repeat-
ed until the interval [1,2] is reached. The solution obtained
in this manner s of class C ® on (1,/ — 1) provided condition
(20) is valid.

Q. (r)

+

I
(i) Q.(r)=4,(r) — 121;f (r—1)Q,(t)dt
o

1

— 129 Yo(t —nrQ,(t)dt, 0<r<l.
r+1
’ (14)
Let
1
a= 1217’[ 1Q, (t)dt,
(1]
']
b= 1277_[ 1Q, (t)dt,
1
1
c= — 121;f 0, ()dt,
0
'3
d= — 1217'[‘ Q, (8)dt,
1
!
m(r) = — 129 Y, (t —r)Q,(t)dr, 0OLr<1.

r<41
Equation (14) can be rewritten as
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Q.(nN=[4.(N+m)] + (@+br+ (c+d),
(14")

where A, (r), m(r), b, and d are given, and a and c are yet to
be determined. If we set up the boundary conditionatr =1,
we can easily obtain a continuous function @, () in [0,1]
that satisfies the boundary condition Q, (1) computed from
the solution of @, (r) in {1,/ — 1].

To summarize, there exists a unique continuous func-
tion @, () on [0,/], which satisifes Eqgs. (14)-(16) pro-
vided condition (20) holds.

(iii) Y,(r)=D,(r)+ 129 f Qu(r—0nY,(t)dt,
1

1<rg2. (18)

Since Q,, is of class C® on (1,/ — 1], D, is also of class
C®on (1,/ — 1]. Equation (18) can be transformed into a
third-order linear differential equation

61 v 18 o,
Y 1y — vy,
..(r)+l_17 (r + d—n)? (r)
~ AR v =D, (18)
with boundary conditions
2
Y,(2) =D,(2) + 1277f 0,(2 — 1Y, (ndt,
Y,2)=D,(2) ———Y,(2)
1 77
2
+129 [ Q32— 0¥, (22)
1
” ” 61’ ’ 187’2
Y (2)=D,;2)———Y,(2)—————Y,(2)
1—7 (1—n)? (
2
Mf Yn(t)dt.
(1—=m?2 J

Now that Eq. (18’) is a third-order linear inhomogeneous
differential equation, the general solution can be obtained
easily. By the boundary condition (22) we can then obtain a
unique ¥, of class C® on (1,2].

(iv) Y,(r)=E,(r)+ 1217-[ Qo(r—- Y, (t)dt
r—1

1
=E,(r) + 129 f Y, (r—6)Qo(2)dt,
(]
r>2. (19)

It can be checked that D, (2) = E, (2). However, since
Q, is at most of class C" on [/ — 1,/], Eq. (19) cannot be
converted into a differential difference equation.

In the first-order solution,

E(r)= —v(r)y(r) — Q1 (1)

!
+ 1217f dt(r— tho(|r —t|)Qp(1).
(1]

Thus E,(r)—0 exponentially as 7— «. By Eq. (19) we can
obtain the inequality
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1
[l— lan |Q0(t)dt] Sup |Y(r)|< Sup |E\(r)|< o
0 re[2,00) re[2,00)

and
Y (r+4)-Y,(r)

r—144A
=129 U Qo(r+A—1)Y,(1)dt

-1

r+ A
+ Qo(r+A—t)Y1(t)dt]

r

—0 as A—0.

Hence, Y, is continuous for >2 and Y, (r)—0 as r— .
Let

?l(s)=f Y, (r)e—*"dr,

2

E‘l(s) =f E,(r)e=*"dr,
2

1 2
G,(s) =F,(s) + lznf U Y, (u)e du]
(v] 2—1t
X @o(t)e ™" dt,
1
Hs)=1- 1217f Qo(t)e " dt
(]

=5 [R(s)e + L(s)) =5 e *H(s),
G(s) =5°¢°G,(s),
where

67 187%? 129(1 + 27)
—5 e _
RO =+ = (1—7)?

L(s) = 129(1 — ) 2[(1 +29) + (1 + Jn)s].
The Laplace transform of Eq. (19) yields
¥,(s) =G(s) [H( 1", (23)

Except for the triple roots at the origin, it can be shown that
all roots of H(s) lie in the left-hand side of the complex s
plane.® We can arrange the roots in order of nondecreasing
absolute value with roots of equal absolute value set in any
prescribed order. Let {s, } be a sequence of roots arranged in
this manner. The inverse Laplace transform of (23) yields

?

Y/(nn= 3 P,_,(ne", (24)
m=1

where P, _, (r)e™™ denotes the residue of ¢”G(s) [H(s)] "
at a zero s, of H(s), and P,,_, (r) is a polynomial with a
degree of m — 1 at most if's,,, is an m-multiple root. By Theo-
rems 6.5 and 6.6 of Bellman—Cooke, ! the series expansion in
Eq. (24) is convergent for 7>2 and uniformly convergent
over any finite interval for r»2. Since Y, is continuous and
Y,—0 as »— w0, the residue at s = O must be zero. Thus, by
Eq. (24), Y,—0 exponentially as r—co.

The solution described for Y,(7) can be generalized for
all orders of perturbation. By induction, we can conclude
that Eq. (19) has a unique solution for r>2, which can be
expressed as a uniformly convergent generalized Fourier se-
ries type of expansion as given in Eq. (24) over any finite
interval for 2. Furthermore, Y, ()—0 exponentially as
r—oo.
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It is interesting to note that Eqs. (15), (16), and (19)
are special cases of

B(r)
K(,r)Y(t)dt,

a(r)

Y(r)=D(r) +u r>0, (25)

where D,a,f are continuous on I, = [0, ), 0<a(r) <B(r),
and K is continuous on R =1, X1, with I, = [inf a(r),
Sup B(r)].

Let C%(1,) beendowed with the metricd defined by the
supremum norm. If ¥, YeC (1), then

— _ (r)
d(LY,LY)gd(Y,Y)[LuISupr |K(t,r)[dt] ,
el Jar)

where L is an operator which transforms Y into

o K(t,r)Y(t)dieCO(1,).

Thus, Eq. (25) hasa :)unique solution ¥in C9(1,) if

" |K(2,r)|dt<1. (26)

LY=D+u

|u4| Sup
rel

1 a(r)
This solution can be expressed as an absolutely and uniform-
ly convergent series Y(r) = X2_, u" ¥, (r), where

\I/O(r) =D(r)y
B(r)
Y, (r)= KanV¥,_,(d:, n>l.
alr)
If we set a(r)y=r—1, B(r)=r, and K(,r)

= Q,(r — 1), then condition (26) becomes condition (20).

n—1
v Yin=0,(n—-129 ¥ (’:)

i=1

!
xf 00(t— 1@ (Nt
1
— 1277J 0, —rQi(t)de

r 41
— IZnJ Ot — Q. (t)dt, 0<r<l1.
(17)

By the solutions of Egs. (15) and (16), Y, can easily be
obtained by Eq. (17). However, Y, may have a finite discon-
tinuity at » = 1.

Based on the solutions of Egs. (14)-(19), we can con-
clude that, to every order of §§, the PY equation has a
unique solution Y, (#,7) and a unique solution @, (r,77) if
12953 |K(#)|dt <1. As a function of r, Q,eC?[1,/] and
Y,eC?[0,00) except for a possible finite discontinuity at
r = 1. Furthermore, Y,—0 exponentially as 7~>c. On the
other hand, by Q,, both Q, and Y, are also continuous func-
tions of % within the region specified by condition (20).

IV. CONVERGENCE OF PERTURBATION SERIES AND
PHASE TRANSITION

We now examine condition (20) in detail. According to
the expression of @, condition (20) implies
0<n<4(3—+7) =0.175, 0r 1 <7 <2.66. Thus, in terms of
the parameter 7, the PY equation has two disjoint branches
of solutions, one in the region 0 < 7 <0.175, and the other in
the region 1 <7 < 2.66. The solution for # > 1 must be con-
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sidered as an unphysical solution because 7 (or p) is too
high. As p—7,=0.175, 1295} |K(2)|dt—1, and the se-
quence obtained by successive iterations will no longer form
a Cauchy sequence. Thus Q, and Y, become divergent. If
7>0.175, then 1297 |K(¢)|dt > 1, and the operators . or
L defined in Egs. (15) and (16) or Eq. (25) are not contrac-
tion operators. In this case, uniqueness of the solutions for
Egs. (15) and (16) or Eq. (25) cannot be guaranteed. For
example, suppose v is at least twice-differentiable, and v is
also flat enough near r = I'so that v(!) = v'(/) = v"(I) =0.
In this case Eq. (16) also can be transformed into a third-
order linear differential equation, and Eq. (15) can be solved
via a differential-difference equation of advanced type for
re[ 1,/ — 1] with the solution of Eq. (16) as initial condition
for re[l — 1,1]. But Egs. (15) and (16) depend on 7. It is
impossible to examine the 7 dependence of Q,, unless explicit
solutions can be obtained. For this reason, condition (20) is
absolutely necessary.

Suppose 0<7<0.175. Then Sup.y;,/@.| and
Sup,.,|Y, | are continuous and bounded functions of 7. So
far we have not been able to estimate the upper bound of Q,
and Y,. But, for any fixed 5e(0,0.175), if Sup|Q, | <! and
Sup|Y, | <nl, then the perturbation series for Q and Y are
absolutely and uniformly convergent for 0 <8 § < (8 §)o»
where (3 §),is the radius of convergence of § § which may be
greater than 1. To summarize, suppose the following condi-
tions are satisfied:

(i) 0<7 <0.175,
(i) 0<B§ < (B§)or

(iii) Sup |Q,|<n!, Sup|Y,|<n.
re[0,!] r<0

Then the PY equation has a unique solution Q(7,7,8 §) anda
unique solution Y(r,1,8 §), where Q is continuous in 7, 8 §,
and, as afunction of r, QeC [ 0,/]. Similarly, Y'is continuous
in 7, B §, and as a function of r, Y is continuous except for a
finite discontinuity at » = 1. Furthermore, ¥ — r—0 expon-
entially as r— .

Since no explicit solutions for Q nor ¥ have been ob-
tained, it is almost impossible to study the critical region in
terms of the critical exponents so that comparison with other
well known results can be made.'? However, based on our
qualitative discussions of @ and Y, some interesting conclu-
sions can be obtained as follows.

(1) The isothermal compressibility equation can be
written as’?
kT(2) =k, =1 )

(——) =K, = +2417f [ g(r) — 11dr, 27
ap T 0
which can be rewritten as®
1 (oP '
e ( )T 1 2477J<; re(r)dr

dp
d 2
= [1 — 1277] Q(r)dr] ,
o

where Pis the pressure. By definition, g(r) = Oforr < 1, and
g(r) = #5*y(r) for r> 1. Thus, by the absolute and uni-
form convergence of Q and Y, K is a continuous bounded
function of 7€(0,0.175). As —0.175, K,—, and, as

(28)
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7> 0.175, K is no longer a unique function of %. From a
physical point of view, it is essential that K, is a unique,
continuous, bounded function of 7 outside the critical re-
gion. In this sense, 7, = 0.175 can be identified as the critical
density. It is interesting to note that %, = 0.175 corresponds
top, = 0.33, which is close to the critical density p, = 0.27,
obtained by Watts for the Lennard-Jones potential. More-
over, the value of 7, is independent of the range of the attrac-
tive potential. On the other hand, by Eq. (28), the critical
temperature (8§). is determined by the condition
F(B§) = 1,where F(B §) = 129§5Q(r)dr= 0.1tisevident
that (B §) . depends explicitly on the range of the attractive
potential.

(2) Since Y,—0 exponentially as »— o, by Eq. (24),
the closest root s, of H(s) to the origin in the left half-plane
therefore determines the asymptotic behavior of Y,. For
ryl,wehaveh(r) ~R(B §,m)e/r,where R(B §,77), denotes
the residue at s,. Thus 2 (r) decays exponentially for large r.
However, s, is a function of %, which does not vanish at 7,

= 0.175. Hence, & (r) does not have the long-range behavior
of 1/r in the critical region.'? The divergence of the isother-
mal compressibility at the critical point is due to the diver-
gence of g(r) rather than the long-range asymptotic behav-
ior of 1/7.

(3) The energy equation can be written as'?

!
U= —;-NB -1y m,zvf Po(rg(rdr,
1

which is related to the Helmholtz free energy 4 by
aA/T)

a/n Iy’
At very high temperatures, v(r) is negligible compared to
kT, and thus the intermolecular potential (r) becomes the

hard sphere potential. Hence, the free energy 4 can be ob-
tained by integrating the energy equation:

A (1 ,
Fk—T_Jj EUd(B§)

4, 8§ ! 2

—2 412 f d ' J v(r)g(r),
NkT 7 X BY) 1 (r)g(r)
where 4, is the free energy of the hard sphere potential. Since

g(r) can be expanded in series of 8§, we can write
A=A,+B8§4, + B84, + - . To the first order we have

4 4, !

T = nep T 12788 fl r’u(r)go(r)dr.
For the square-well potential, we have computed 4, and 4,
(see Ref. 14). Compared with the Monte Carlo calculations,
the result for 4, was excellent. The result for 4, was very
good at low densities. However, at high densities, it appeared
to be too small in absolute magnitude. It is interesting to note
that Eq. (30) also can be obtained by considering the sta-
tionary solution of a kinetic equation of the Enskog—Vlasov
type studied by de Sobrino'® and by Grmela.! By Eq. (30)
we can obtain an equation of state similar to the van der
Waals equation of state. For the PY theory, g,(r) can be
expressed in terms of elementary functions with extremely
complicated coefficients in 7. It is thus impossible to study
Eq. (30) analytically.

|

(29

(30)
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To conclude, from a qualitative point of view, our re-
sults seem to be in agreement with the numerical solution of
Watts. We have also identified the critical point with the
following possibilities: (i) g(r) is divergent so that the iso-
thermal compressibility K is also divergent; and (ii) g(r)
may have multiple solutions, among them one is divergent.
Thus, there is no unique K at the critical point. The second
possibility is closely related to the Kirkwood-Monroe'” the-
ory of phase transition, which is defined as a discontinuity in
g(r) when the thermodynamic parameters 5 and 8 § are var-
ied.
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The upper bound for the ultraviolet stability of the two-dimensional cosine interaction

Sa:cos apg:dE, AC R?, in finite volume A is proven for a® € [47,87[, where the theory has been
shown to be superrenormalizable [see, e.g., G. Gallavotti, Rev. Mod. Phys. 57, 471 (1985)].
Ultraviolet stability in this interval was proven previously (F. Nicold, J. Renn, and A.Steinmann,
“On the massive sine-Gordon equation in all regions of collapse,” preprint II Universita di Roma,
1985). Here we give a second proof using renormalization group methods based on a multiscale
decomposition of the field by showing that the large fluctuations may be controlled by their small
probability. The method essentially follows the one given by Nicolo [F. Nicold, Commun. Math.

Phys. 88, 681 (1983)] for o’ € [47,327](.

L. INTRODUCTION

A. Purpose and outline

The two-dimensional sine~Gordon model has been
studied as a problem in constructive quantum field theory in
a series of articles,”™ which finally led to the proof of its
ultraviolet stability for all @? in the interval [0,87(, i.e., for
the whole range of a? for which the model is superrenormali-
zable as a field theory.! (For a? € [0,4[, only Wick order-
ing is required in order to have a finite theory.) The proof in
Ref. 1 was based on renormalization group methods and on
an extensive use of the tree formalism, both introduced in
Refs. 5 and 6. The difficult problem to solve, however, was
the treatment of the large fluctuations of the random fields
arising in the Euclidean formalism. The solution given in
Ref. 1 exploited certain negativity properties of these large
fluctuation parts in a more systematic way than was done in
previous work (cf. Refs. 2 and 3). Here we give a second
proof of ultraviolet stability in the interval [4w,8#7[, for
which probability estimates of the large fluctuations play the
more important role. This second solution generalizes the
methods used for values [47,3%7[ in Ref. 2 [we only prove
the upper bound of ultraviolet stability (cf. Ref. 3) since for
the proof of the lower bound the large fluctuating fields pres-
ent no problem]. Contrary to the first approach to the prob-
lem of stability for @® >4 in Ref. 3 the solution given in Ref.
1 as well as the one presented here also rely on an iterative
procedure for treating the large fluctuation parts of the fields
in the spirit of the renormalization group. Since the formal-
ism and the notation used are explained in complete detail in
Ref. 1 we will restrict ourselves here to a brief summary.
Furthermore, we will make extensive use of the estimates of

* Presently at Dipartimento di Matematica, I Universita degli Studi di
Roma “La Sapienza,” Piazzale Aldo Moro 5, 1-00185 Roma, Italy.
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the effective potentials associated to different scales derived
inRef. 1.

B. The Pauli-Villar regularization, the renormalized
interaction, and the ultraviolet stability of the sine-
Gordon theory

Let the multiscale decomposition

N
(KN) _ (h)
P&V =3 ¢
h=0
N

denote a regularized free field with ultraviolet cutoff y — %,
where 7 > 1 is a scaling parameter chosen close to 1 and the
covariances of the regular fields @ {*’ on scale  are given by a
Pauli-Villar regularization of first order:

C(h)(é—_”):=cgl):= Idpe¢(§—ﬂ)

(LD

1
p2+1,2h+2)'
(1.2)

1
x( -
22+ 7

The “bare cosine interaction with cutoff N
VEVIAL = Vo( @ ") [A]

A
= (1.3)

2 :e,-amP«N)g: d§
Ao= +1

is superrenormalizable for all values a® € [4,87[, where
the field theory is meaningful and has a Yukawa gas inter-
pretation in statistical mechanics.!~> (Note that the Wick
ordering is defined by: e/:=e — (V¥ (/Mp 1)

Let &, (-) denote the expectation with respect to the
Gaussian measure P(dp‘® ) given by the covariance C {*’ in
(1.2). For n random variables f£;,..., f, we define the “trun-
cated expectation” or “‘cumulant” of order n with respect to
a Gaussian measure as follows:
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ET( i f)
an nhi+ o 1,
s = l g 1 nin
aTl .o aTn o8 (e ) = =71, =0
(1.4)
Further, we write &7( fin) when f, = - =f, =f. Note

that the cumulants are multilinear and £7(:;1) = & (.).
Finally, we write & _,, for the product &, .- &,; i.e., the
expectation with respect to the product measure (Vk € N):

k
P(dp <P) = [l Pldp SR (1.5)
h=0
Using this notation we introduce the “renormalized cosine
interaction up to order ¢ for any even integer ¢ satisfying
t>ty such that for ¢, N, t,> 1, and

ate [87(1 — 1/1,),8m(1 — 1/(t, + D)), (1.6)

VAL = V(@ “¥)[A]

= V0(¢(<N))[A]
-2 ;llyfﬁm(Vé”’[A];n). (1.7)
n=1 7t

The counterterms (i.e., the cumulants) are constants that
may be infinite as the cutoff is removed (i.e., N—o0 ); note,
however, that odd-order counterterms remain finite by the
nature of the bounds of the effective potential on the scale £
(cf. Ref. 1, Theorem 2.1). The ¥ [A] is called “stable in
the ultraviolet limit” if there exist two positive constants
E_(A) and E_ (A) independent of the cutoff N and of the
finite volume A so that

e—E—("'”M(J-ey(m‘A]P(d(p(<N))<e+E*(M'AI- (1.8)

Moreover, we will show that in our case the constants
E . (A) satisfy the following property:

mE, ()4 ~ ¢+ =0, (1.9)
A0

for some 7> 0.

C. The effective potential
It will be convenient to study the effective interaction on
the scale k& defined recursively for k =0,....N — 1,
VO[AL=V®(p P)[Al: =log &, (e"" "[AD),
(1.10)
as we perform the successive functional integrations with
respect to the measures P(dp'” ) forh = NN — 1,...k + 1.

By expanding the right-hand side of (1.10) into a formal
Taylor series one gets

V(k)[A] — i ;1'_ &’{H(V"‘*”[A];n).

n=0

(1.11)

By iterating this procedure for the effective potential in the
arguments of the rhs of (1.11), the Gallavotti-Nicolo tree
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expansion may be derived.> Generally we will be interested
only in the contributions to ¥ [ A] up to a certain order ¢ in
A; that is we study the “truncated effective potential” on the
scale k:

VOIAL=V® (@ ) [Al:=[V®[A]l,, (1.12)

where [-] ., means that we drop orders in A higher than z.

N. THE PREREQUISITES TO THE PROOF
A. The recursive procedure

The recursive procedure that we are going to construct
will make use of the fact that the integration with respect to
the measure P(dp‘<™ ) can be factorized into a sequence of
integrations with respect to the measures P(dg *)
(k=0,..,N) due to the multiscale decomposition of the
field. In fact, we will have to study explicitly only a single one

of these integrations due to the scale invariance
P =95, (VheN) (2.1)

of the regular Gaussian fields @ {*’. Proceeding heuristically
for now, let us restrict ourselves to “smooth fields,” i.e.,
fields in the set (0 < €<€1, to be chosen later):

{ @ ©] [sin((@/2)( ¢;ék> _¢;k)))|
<B, ( Vk|§—77|)1‘€, Vf,'r]eA},

whose characteristic function we call y** given the increas-
ing succession® {B, }

(2.2)

B,:=B(1+k)logle+k+A"1), (2.3)

with @>2 and B > 1 arbitrarily fixed.

After having integrated exp(¥ ™ [A]) with respect to
these smooth fields from scale N down to scale k, we can
expect to find XB" exp( VAL multiplied by a remainder
of higher order, i.e., an expression like

1 rexp{V©[A] + 1 'R(tA, ¢ <)},

where R (1,4, '<* ) is a remainder, which, of course, de-
pends on A, on the truncation order ¢, and on the fields with
respect to which we have not integrated yet. That these inte-
grations can indeed be performed with R(z,4, ¢ <% ) a re-
mainder of controllable size, is guaranteed by the so-called
“Main Lemma,” which we will state in complete detail in
Sec. I B. The necessary prerequisite for applying the Main
Lemma to the integration with respect to the Gaussian mea-
sure P(dp ©) are good estimates on the smooth part of the
effective potential yo [A]. Such estimates have, in fact,
been derived in Ref. 1. The recursive procedure comes to an
end at some finite frequency k, for which it will be an easy
task to prove inequality (1.8), provided the recursive proce-
dure has produced sufficiently strong estimates on the
smooth part of the effective potential and on the remainder
at the finite frequency k,,.

The iterative procedure we have described thus far only
applies to the smooth part of the effective potential (i.e., the
part depending on the smooth fields), because the estimates
of the effective potential that we have mentioned are only
valid for this part. In principle, there are two ways of treating
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the large fluctuation contributions to the effective potential
in the proof of the upper bound of ultraviolet stability: either
they can be neglected because they are negative or they have
to be considered as additional contributions to the re-
mainders R (2,4, 9'<¥ ). In the proof given in Ref. 1 as well
as in the one presented here, both of these treatments are
used, although the emphasis in Ref. 1 is on negativity proper-
ties whereas here it is on careful probability estimates of the
large fluctuation contributions.

It turns out that it is not possible to cope with the prob-
lem of large fluctuations considering only a single scale. In
fact, just as the smooth part of 7> [A] has to be consid-
ered—in agreement with the philosophy of the renormaliza-
tion group—as produced by contributions coming from dif-
ferent scales k (ko<k<N), which are to be treated step by
step, also the large fluctuation part of ¥ *’[A] has to be
accurately decomposed into components originating on dif-
ferent scales. Having recognized this general fact it is of sec-
ondary importance whether the decomposition of the large
fluctuation part is done to exhibit further negativity proper-
ties (cf. the proof in Ref. 1) or to distribute estimates of the
large fluctuations over the remainders appearing at different
scales. In this paper we will, in fact, follow the latter strategy.

Before doing so, however, we should make more precise
the notions “smooth” and ‘“large fluctuation part” of the
effective potential at frequency k, but without rewriting here
the complicated definitions given in Ref. 1. Thus, we only
briefly present the main ingredients of the iterative mecha-
nism used, referring the reader to Ref. 1 for their precise
definitions (cf. Sec. 2 of Ref. 1). The different parts of the
effective potential at frequency k we have to consider are
distinguished according to the regions in R over which
they are integrated (in the same sense as V' {™[A] is inte-
grated over A CR?). These regions of integration in turn are
characterized by the behavior of the fields ¢ ¥, @ <, and
@ <k~ V. Let us, for now heuristically, indicate the regions
of integration in which the field @'® has large fluctuations
by %, and those in which the fields @ <*’ or @ ‘¥~ have
large fluctuations by &, (resp. &, _, ) (and their comple-
ments by #5,95,95 _ ). The precise definitions are given
in Sec. III A. Due to the relationship between large fluctu-
ations of different frequencies (a large fluctuation of g <* is
either caused by a large fluctuation of @'® or of g <k~ 1)
we have the following inclusion (cf. Lemma 3.1; the regions
considered here are, however, more complicated than those
of Lemma 3.1, nevertheless a similar inclusion holds, as is
shown in Sec. 2 of Ref. 2):

D, CD_ VR, (2.4)
This relationship is used to simplify the integration of the
smooth part of the effective potential ¥ *’[ A] with respect
to P(dp™ ). Although it would be natural to consider
V[ 95 ] as the smooth part of 7 [A], the dependence
on the field ¢ (<¥ introduced by the region of integration
D, of V®[ 5] is very hard to control. Therefore, one
uses (2.4), which allows one to consider ¥ * [Z5_nZ]
as a smooth part of ¥ ¥ [A], where now, however, the de-
pendence on ¢‘© introduced by % turns out to be man-
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ageable. When integrating this expression with respect to
P(dp‘® ) by using the Main Lemma one obtains an expres-
sion of the following type [cf. (1.11)]:

t
2 _gT(V(k)[_@c_l] n)}
n=1t 1 <t
+ controllable remainder.

From the above it is clear that we can construct an iterative
procedure for the proof of the upper bound of ultraviolet
stability if the following steps can be performed (the integra-
tion of 7 [A] with respect to P(dp ™" ) is trivial):

(1) V(N_l)[A]ﬁV(N_”[giv_l]’

(2) VR[DL]-VR[De_ nR]

(3) PR[D;_n%;]

Sy L SfT(V“‘)[.@c_l];n)]
. <t

n=1

@ |31

n=1Nn

L ELT [ F5 ] n)]
—)V(k_l)[.@i_l].

It is not difficult to show that steps (1) and (2) are indeed
allowed, since

(a) V(N—l)[gN_1]<0y
() V®[DinD, _ ,n%;]<0,

(c) VW [ZinZ, ] gives rise to a controllable remainder.

Here, (a) and (b) are negativity properties of large fluctu-
ation parts of the effective potential, together with (c) they
have been shown in Ref. 1 (cf. also Ref. 3).

Step (3) can be performed using the Main Lemma. Step
(4) is the fundamental difficulty of the proof that was first
encountered in Ref. 3. It is here that it becomes clear that the
large fluctuation problem cannot be solved without taking
into account more systematically the relationship of large
fluctuations of different scales. What one has to do, in fact, is
to create a transport mechanism for the large fluctuation
part of the effective potential, which is the equivalent of the
transport of its smooth part by the Main Lemma.

In Sec. IIT we will show how the difference

S N e DL L EIN B
<t

n=1N

‘V(k_”[gi—l] 2.5)

can be decomposed into components coming from different
scales. But before doing so let us state the Main Lemma.

B. The Main Lemma

Consider a function H(J) of the fields ¢ > at fixed
fields @ “<*~ 1 given an arbitrary set JCA [p = (p1,...iPm )
¢,m analogously; p;.q;,m; >0]
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HJ](p®)y=H®[J]): = nglmzl Z
0<2,_1¢11<m

m;

[i"Lhdg, » €y Vg (& ,§,,)JI:[l(cos

<o Y’
5

ﬁ (sm (<k)) i(Sin(a/Z)(¢(<k)__¢,(<k)))m]_
= J=1 (ykfé‘-, §J )l—e ,

J#i

where 0 <€ <} and ¥ > 1 are arbitrarily fixed parameters of
Hélder continuity and scaling.

Assuming @, to be an exact pavement of A, ie,
Useg,A = A, where the A are squares of side length ¥ ~
Letd(A,,...,A, ) be the length of the shortest path connect-
ing A,,....,A, . The kernels Voqu of H [J] are supposed to sa-
tisfy bounds of the following type:

mf
A,X - XA,

< (const)e

|vegm (§1""’§n ) |d§l ot dgn

_x;/‘d(A, ..... A")Bil:ﬁ‘(k)

— x/d(A,.8,) 2.7

where A4 (k) is the effective coupling constant defined by
Ao (K): = Ap(@/om = DK, (2.8)

B, is the increasing succession given by (2.3), and (for large
k on small ) H, may be chosen independent of n as
HA . (k)B2%; H and « are positive constants.

We further define the P(dp‘*’ )-measurable events

E”:=[ )| gy [ lp® —p @ ]
A g'qu (,V(k)lé— n')l—s

B+rodan), @9
whose characteristic functions we call y4. Defining
Yii=1—y2 (2.10)
and for arbitrary GCJ
xzk\G: = A H ze’
e (2.11)
xei= [ xi,
AeG
we have the following decomposition of the identity:
S X2 KB o=l (2.12)

GC Oy

Using these definitions the Main Lemma can be stated as
follows.

Lemma 2.1 (Main Lemma): For every integer >0 there
exist constants B *,D, g, g’ depending onlyon ¢, ¥, t, and x so
that for B> B *
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(2.6)
—
fl’g X?\GeH[J\G](P(k))P(dq) hyy
<exp {8BH)Y*|J | + &(B,H)Y*|GT |}
xexp [ Y —17 ERH[J]( ‘P(k));P)]
p=1p0 <
R 172
X (f,ng(dtp "")) ) (2.13)

where
S(BH,): = D{(H, BBy +1 4 o~ ¥8 +eHiB")
8'(BH,):=D{H,B*%}. (2.14)

Further, we have an estimate on the probability that the
event E% does not occur, i.e., the probability of a large fluc-
tuation: For all € > 0 there exist positive constants B ',a,b so
that for B> B’

J-XBP(d¢ kyg H e2“—2b32(1+d(AJ))

AeG
for any GCQ,. This statement is also called the “Tail
Lemma.” The Main Lemma and Tail Lemma have been
proven in Ref. 7 and adapted to the sine-Gordon problem in
Refs. 2 and 3.

(2.15)

C. The Main Theorem and the result

Let us study the difference A’ [ 2, ] [see (2.5)] more
closely. We can imagine that the rough fields @ (<*’ are the
result of the rough fields @ ¢/ on scales j = 0,...,k (Lemma
3.2, see Sec. III A) and that therefore the difference
A®[Z,] can be bounded by a sum of contributions
F{?”(A,t) coming from the rough fields ¢ ¥ for j = 0,...,k.
That is, let us assume we have a bound of the following type
(see Sec. III B), where F {7 is the ¢ /’-dependent contribu-
tion coming from scale k:

k
AR[D < Y FPA,0. (2.16)
Jj=0

Furthermore, let us assume that we have integrated with
respect to P(dg P) for h = N,....k + 1 and that at each fre-
quency we have been able to bound by a factor exp c(4,k)
anything dependent on the ¢ fields but not integrable by
the Main Lemma. This would mean that before integrating
with respect to P(dp® ) we would actually have the expres-
sion

VeOrgg] + ﬁ‘, Nf (FPA,0) +c(Ah+ 1))

=0 K=k

(2.17)
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in the exponent. Now the F (), h = k,...,N — 2 are going to
be the ones that are ¢©> dependent and will have to be esti-
mated by an exp c(4,k) factor. Note that 2¥-' F {7 | (4,¢)
is set to zero since we know, e.g., by Ref. 1, Theorem 2.3 (this
property was first proved in Ref. 3), that

V-1 g,_,1<0,

allowing us to apply the Main Lemma for the P(dg
integration immediately, taking care of the first steps in our
recursive procedure. Hence we propose to prove the follow-
ing theorem.

Theorem 2.1 (“Main Theorem”): For any given
a* e (47,87, A>0, and t>15(a?), here exist constants
¢(A,k), for k =0,...,N — 2, such that

(2.18)

(N——l))

k N—2

fexp(V‘k)[.,@c + > Y F(”(/it))P(d:p(k’)

j=0h=k

<exp c(4,k) |A|

X exp (T/”"‘”[.@i_l]

k—1 N-=-2 .
+3 S P @), (2.19)

j=0h=Fk—1
where for &k = 0it is understood that the second exponent on
the rhs of (2.19) is missing.
The upper bound of ultraviolet stability is shown if the
constants c¢{(A,k) are summable in A, that is
N-2

¢, A):= lim Z c(Ah) < w.

N—ow p'=0

(2.20)

Furthermore, it will be clear from the proof of Theorem 2.1
that

lime, (A)A ~**"=0 (7>0). 2.21)
A0

This proves the existence of the finite, positive constant
E_ (A) independent of the volume |A| and the cutoff N such
that for all &® € [47,87[, we have

feV( )[A] (d¢7 (<N))<eE (/1)|A| (2.22)

where V™[A] is the renormalized interaction defined in
(1.7) with E (1) satisfying property (1.9).

Hil. THE PROOF OF THE MAIN THEOREM
A. Regions of large fluctuations and their properties

The heart of the proof will be to show that the large
fluctuation contributions of the effective potentials (i.e., the
parts integrated over regions of large fluctuations) give rise
to a controllable remainder as the cutoff N is removed. The
building blocks of the regions of large fluctuations, which we
have already mentioned in Sec. II B, are the following two
types of sets defined for all £ =0,..,N and a fixed ¢,
0 <e<€l — a*/8x for a given a® € [4,87|:

D . =D(k)(B yi=D (k)( @ (<k))

= {(&7n) € A?| |sin? ((a/2)( @£ — @)
>B (7¥|E—n)' <}
3.1
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and
R®.=R (k)(Bk): =R (k)( ¢(k))

= {AeQ,|3& e Anye Asuchthat

Y16 —ml<1and
|sin((a/2) (@ £ — @ ¥
> (B /o) (Y lE—n)' ¢
X (1 +Yd(A,M))},

where B, is the strictly increasing succession defined as in
(2.3) and ¢ > 1 is a constant subsequently to be chosen suffi-
ciently large. (Q, is here a pavement of R? consisting of
tesserae with linear size y ~*.)

We prove the following lemma.

Lemma 3.1: For all k = 0,...,N, we have

D®CD®=Dy(R ® xR ®)Y (3.3)
(DPAD *=DINRPXRP)CD*=V(B}_,), (34)
with

B,’t_1:=7’l_2€Bk—1’ (35)

for a fixed o depending only on > 1, a* <87, and 4 > 0.
Proof: For (3.3) we show the converse, namely for
(£m)eD* =D U(R X R ®) follows (£,7)eD™ :

(3.2)

(Em)eD D

& |sin(a/2)( (p?"“l) _¢,$I<k-1))|
By, (Pl

and
(&m)4R, XR, (3.6)
[and (£,m) € A%, otherwise the conclusion is obvious]
= either|sin((a@/2) (@ ¥ — @ ()]
<(B /o) (y g =)'
or Y¥|E — n|> 1B (PX)E — ) <> 1.

The latter immediately implies (£,7) ¢ D while for the
former we apply to the triangular inequality

3.7

Isin(a/2) (@ (k=D — g (k= 1))
+ [sin(a/2) (@ P — @ )|
>[sin(a/2) (@ & — @ ()| (3.8)
and thus
B
i Sk M -l C St D
k

>[sin(a/2) (@ &° — @ (<9, 3.9)
which implies (£,7)¢D® as well since we can pick a finite
0,(0,) large enough so that for any &, with
y~ 949 <6,<«1,

B _ /B, v' "+ 1/0<06,

forall k =0,....Nand all o> 0,(6,). (3.10)
Inclusion (3.4) is proved using the triangular inequality

(3.8) in the other direction and noting that for
(&me (DPAD* =D )\ (R P xR ®):
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(5»77) eD (k)

<;’>|sin(a/2)(<p§<") (<k))l

>B (YlE—nD' s (3.11)
(&Em)eR P xR ®
:>|sm(a/2)( P§ (k) __ (k))l
<B /) (YFIE—mD)' (3.12)

Thus we have

Isin(@/2) (@ §— 1 — @ (<K= D)

B
>B (Y¥E—q)' = 7"(7/‘|§—77|)“‘

>By/Bi_ )1 = Vo) B _ (VY- ¢

>V T B (Y TE—D T (3.13)
provided we pick a finite
o>a,(e)>7/(y —1), (3.14)

so that (1—1/0)>y~°. Picking a o greater than
max{c,(6,),0,(€)} completes the proof.
Figure 1 illustrates the statement of Lemma 3.1. ]
Lemma 3.2: Define B(kh): =y ~29%-bp, , for
all k>h>0. Then we have the following inclusion for all
k=0,.,N:

k
D®(@<PyC U R®(B(kh);p PP (3.15)
h=0

Proof: By applying (3.3) of Lemma 3.1 onto the disjoint
union

D = (D(k)\D(k—l))U(D(k)/\D(k—l))

C (R PXR ©)W[(DPnD *~P)N(R®XR*)]
(3.16)

and then iterating using (3.4) upon the square brackets in
the rhs of (3.16) we get

D(k)(Bk)gR (k)(Bk)ZUD(k_”(Bl'c—l)
g_‘R (k)(Bk)ZUR (k_”(B,'(_,)z

uD*=2(B7_,), 3.17)

(k)

A g4 i

(k)
. — D" ()

which terminates after k + 1 steps since D~ V=@. Intro-
ducing the new notation for the B primes proves the asser-
tion. n

B. An upper bound for A®[Z, ]

For Theorem 2.2 in Ref. 1 we know that the terms of
order n>2 and A for A'® [, ] may be estimated propor-
tional to

VA L (k) f ( dt dny sinz% (@ é<k) _ ¢£]<k)).
D

Estimating the integrand by 1 and applying the decomposi-
tion (3.15) of Lemma 3.2 for D® we have the following
estimate (A a positive constant):

AP[D,]< 2 ZA/h.;(k)r“lR%k;)l

n=3j=0

(3.18)

k
=: 3 FPU4D

j=o

k t
- 3l iren| 3 aniof. a9

N j=0 n=3
where

RAepb= [
(R “’(B(k,j); w(j)nz

depending on the field ¢ . Note that second-order terms

are missingin (3.19) since they are negative (Theorem 2.3 in

Ref. 1).

dE dn, (3.20)

C. The proof completed

Let y2*% be the characteristic function of £ 2% [de-
fined as in (2.9) ], where (A>k>0):

B(hk): = (1/0)B(hk) = (1/o)y"' ~22*=PB, _,,
(3.21)

as in Lemma 3.2. Let G, DG, , 2 - DGy DGy, ,: =0
be a chain of arbitrary sets of squares in the pavement Q, of
R?. Writing

a8 =l

INT A AN

ﬁ“”k)

and x analogously as in (2.11), and observing that

(3.22)

FIG. 1. The sets of large fluctuations.

— (k1)
b Byr)

1) ,.¢
&)

plk=

= (ke -
©®n -1, ONNN
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N
GkE U (Gh \G}.+|)9
h=k

we can immediately write the following decomposition of
the identity:

(k) (kk) v VBREY BN
= EXIQ;,,\G,‘ G \Gy 411 Gi\G;, XgN s

where the sum runs over all possible chains Gin Ok

Calling I the lhs of (2.19), which is the integral we want
to estimate in the Main Theorem, we use this decomposition
of the identity and obtain

(3.23)

I = jexp(f"“[@‘] + 2 2 F(J)(/“))P(d¢(k))

ji=0 h=k

= 3 [ 121 )
kK N—2

X (exp(z > Fi”(i,t))
=0 h=k

XHALE,,, B ) Pedp . (24
J
k N-2 k—1N-2 N-2 N
jgoh;k j=0 h=k
ckalN?

z z F(J)(,{t)_*_ Z 2 ZA% 5(1)7’21|Gh\Gh+1|

kl=kn=3

=0 h=k

where we have exchanged the double sum 2y 23N, (h,/) by =

The crucial observation now is that the sets R ?(h,k) them-
selves build a chain since for all A3k ' >k, B(h',k)<B(h,k)
and thus

R2(hk)DR*(k+ 1,k)D - D2R?*(h' k)
2 - DR2(hk)D - DRA(NK).  (3.25)

Defining R (N + 1,k): = @ for all k, we can write the fol-
lowing identity for all A>k:
R2(hk) =

N
U (R2(LKNR?(+ L)), (3.26)
1=

whence it is clear that for a given yg * there is some chain G
with

B, A e CE

The contribution to |R*(h,k)| in F{¥(A,t) [see (3.19)]
comes from asum 2Y_ , |R >(Lk)\R *(! + 1,k)|, which will
be the same for the chain G: =_, |G;\ G, , |, now field in-
dependent. Taking this into account we can bound the last
@ *-dependent term in the double sum of the rhs of (3.24)
as follows:

> B(j,k)
XG\GH,

AN Y Y FPAn + z ZAyl"lR (LE)NR (I + 1,k)| z A (h)

n=3

(3.28)

_ « (h—q, I>p) (setting to zero some of the terms in

the latter sum) and then renamed p and ¢ back to k and /. The l dependent part in (3.28) is proportional to

4

(aX/am—2)nl+ 2 _ },an(az/81r— (1 —1/m) { >1,

for n<ty(a®),
<1, forn>ty(a?),

(3.29)

since #,(a”) had been chosen as such (see Sec. I B). Thus, for n > 7, the sum over / in (3.28) is proportional to the first term
while for n<t, we bound the sum over / by the largest (last) term of the sum times (A — k + 1), that is, the number of terms in

this sum. Therefore, we get
k —1N-2

> 2 Fi2An< 2 > FiP (A

j=0h=k j=0 h=k

+ 53 Aolh—k+ DALBPIGNG L+ 3
h

=k Ln=3

Ali:g(k)rzle,,\GHd]. (3.30)

n=1t,+1

Using the Main Lemma to estimate I with (3.30) introduced into (3.24), we have
I <exp(8(By Ag (k)" lAl)exp(PI;”“ b [5-.]+ A= Y[Dy_y »

) o 1/2
><Z{exp(Aflee(k)Bi”rz"leAl+(3.30>)UP(dw"")xéi’i'é’m xé,f;"’] ]
G

(3.31)

We are now left to show that 3z {-} is summable in , that is, that it can be incorporated into the remainder. Note that
A%=D[G, _ ], contributesanew 2 F(” | (4,r), which combines with the first term on the rhs of (3.30) reproducing the
expression we had on scale £ but now for scale k — 1. Applying a “refined version” of the Tail Lemma (see Sec. I B and Ref.
2) we obtain

[“.]1/2< ﬁ H

K=k AeGy\Gy

Noting that

expla — bB2(hk))(1 + Y*d(A,A)) (3.32)

(AN A -
dNGlo T e (A=),
AcG\Gy,

we pull down the sums over 4 in (3.30) and write them as the product of the exponentials in 2 and obtain for this sum in
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(3.31) the following (g’ > g, other constants chosen appropriately):

N o to
> I H [exp [a +AA 5 (K)B2TE 4 > Aghi ne (R —o

G H=kAcG Gy, n=3

+ 3 AjAL(k) —bB*(hk)(1+ kad(A,A))”.

n=1t,+ 1

Estimating this as a product of squares,

A€Q, K=k h=1to+1

+ ﬁ; AR Y ()= — bB2(hk)(1 + y*d(A,A))

n=3

we note that the sum over » from 3 to ¢, is the only dangerous
term; however, for 4 sufficiently large, the negative term
overrides since the ratio

B*(hk)
(a2/417—2)nh72(h-—k)
(1—2e)(h—kyp2
_ 7’2 € B, _«
o.zhy(aZ/Mr—z)nhyz(h—k)
> (const/h),yAh((l —a¥/8m)(n/2) — e)’

hy

(3.35)

and the last expression can be made to be greater than 1 for
any n>3 by choosing e<1 — a®/87 and requiring 4 to be
sufficiently large, i.e., greater than some frequency &,. The
effective potential at this frequency &, will not give rise to
ultraviolet problems anymore since now only a finite num-
ber of integrations has to be performed. Nevertheless, as A
goes to zero, we can choose k, to be 1 as well. The product
(3.34) thus can be estimated by

exp(c exp( — bB?)p**|A)), (3.36)
with ¢ and b appropriately chosen. By adjusting D in the

definition of 6 (see Sec. II B) we note that (3.36) has the
form
exp(ayzk IAI )y
which completes the proof. |
Note added in proof: The techniques presented in this
paper also can be used in order to prove the asymptoticity of
the Mayer series for the pressure in the corresponding Cou-
lomb gas problem [cf. Refs. 8 and 9]. We are grateful for the
possibility we have had to thoroughly discuss this extension
of our results with Francesco Nicold during a stay at the
I.LH.E.S. in Bures-sur-Yvette, France.
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N — i t
I [1+ Y exp [a+A/1eﬁ(k)Bi+g+ Y AiAL k)

” , (3.34)

(3.33)

=
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Two-loop counterterms for the Wess-Zumino model on anti-de Sitter space
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The two-loop counterterms for the Wess—Zumino model on a four-dimensional anti-de Sitter
space background are computed. It is shown that, as at the one-loop level, the counterterms
preserve supersymmetry but the nonrenormalization theorem is violated by the addition of a

divergent linear term to the superpotential.

I. INTRODUCTION

Recently the subject of supersymmetric field theories
defined on a curved anti-de Sitter (AdS) space background
has proved an interesting and fruitful field of investiga-
tion.'~!° Motivation is provided by the appearance of AdS
space in the maximally supersymmetric classical solutions of
supergravity theories.!! Moreover, when quantized, super-
symmetric field theories on AdS space have been shown to
evince properties strikingly different to their flat-space coun-
terparts. The purpose of the present work is to explore
further the most noteworthy deviation from flat-space be-
havior so far discovered; namely the failure of the nonrenor-
malization theorem for the Wess—Zumino model on a four-
dimensional AdS background.’

First, however, let us summarize the previous develop-
ment of the subject, concentrating on four-dimensional anti-
de Sitter space (AdS),.

Burgess® calculated the vacuum energy to one-loop or-
der for a general field theory on an (AdS), background,
demonstrating the preservation of supersymmetry to one-
loop order and obtaining the one-loop corrections to the ra-
dius of the (AdS), space. Burges et al.” discussed the Wess—
Zumino model on an (AdS), background and showed how
to obtain conserved generators for the isometry group
0(3,2), having a manifestly positive energy density and van-
ishing expectation value in a supersymmetric vacuum.

Two groups of authors®-'® have calculated the one-par-
ticle-irreducible one- and two-point functions to one-loop
order for the Wess—Zumino model on (AdS),. The normal
coordinate momentum space expansion for propagators in
curved space-time, developed by Bunch and Parker,'?
played an important role in these computations. Diisedau
and Freedman,” using a manifestly supersymmetric Pauli—
Villars regularization scheme, found that the auxiliary field
had a vanishing vacuum expectation value, consistent with
the preservation of supersymmetry to this order. However,
they found the scalar field to acquire a divergent vacuum
expectation value and concluded that the nonrenormaliza-
tion theorem, '* which states that the classical superpotential
is not renormalized by quantum corrections, is violated by
the Wess—Zumino model on the (AdS), background.

In addition to using the Pauli-Villars scheme, Bellucci
and Gonzalez® proposed as a candidate for a supersymme-
tric regularization scheme on the (AdS), background a var-
iant of dimensional regularization in which the curvature
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tensor is assumed to have strictly four-dimensional indices
while all other quantities are analytically continued away
from four dimensions.

In the present paper we shall extend the results of Diise-
dau and Freedman® to the two-loop level. If we restrict our-
selves to the consideration of divergences, it proves possible
to apply the modified dimensional regularization scheme
suggested by Bellucci and Gonzalez® even at two loops. We
use the background field method!*'5; in this context the di-
vergences of the one-loop effective action may be efficiently
evaluated using the well-known Schwinger-DeWitt kernel
techniques, confirming the results of Diisedau and Freed-
man.® The two-loop effective action is written as the sum of
vacuum graphs in the presence of background scalar, auxil-
iary, and fermion fields. The background-dependent propa-
gators may be expressed in terms of Green’s functions for
second-order differential operators. Such Green’s functions
may be expanded as a series in which singular, purely space-
time-dependent quantities multiply coefficients derived
from the standard asymptotic expansion of the Schwinger-
DeWitt kernel for the operator in question.’® Ultraviolet di-
vergences arise from the products of these singular func-
tions, which occur when the expansion for the Green’s func-
tion is inserted into the expression for a Feynman graph. All
potentially divergent products of these singular functions,
together with the resulting divergences, have been tabulated
elsewhere.'® It is therefore relatively straightforward to cal-
culate the two-loop counterterms for the Wess—Zumino
model on the (AdS), background in a systematic fashion.
We find that they take a precisely similar form to the one-
loop counterterms. To be specific, we find a term of the same
form as the original kinetic part of the Lagrangian together
with terms that correspond to adding a divergent term, lin-
ear in the scalar field, to the superpotential in the interaction
Lagrangian. We deduce that at the two-loop level supersym-
metry is preserved by the divergent counterterms, but the
nonrenormalization theorem fails, exactly as at one loop.

The paper is organized as follows: In Sec. II we define
the Wess—~Zumino model on (AdS),. We introduce the
Schwinger-DeWitt kernel, use it to compute the one-loop
counterterms, and discuss the consequences. In Sec. III we
recapitulate the general procedure for computing two-loop
divergences using the Schwinger—DeWitt kernel and use it to
evaluate the two-loop counterterms for our model. In Sec.
IV we summarize our results and offer some concluding re-
marks.

© 1986 American Institute of Physics 1867



Il. ONE-LOOP CALCULATION

Anti-de Sitter space in four dimensions (AdS), is the
hyperboloid 77,5 'y = a~?embedded in R ° with Cartesian
coordinates y* and flat metric 9,5 = (+,—,—, —, + ).
Full details of the geometry are given elsewhere'”'8; from
our point of view the important result is the expression for
the curvature tensor

R, s =az(g“5 8va — 8o §up) - 2.1)
We also assume the existence of a set of vierbein fields e“,,
where the index a refers to a local Minkowski frame. We
have, for ¢°, and its inverse e,”,

8uv = eapebv”ab s Nab =€ 8y (2.2)
and we introduce flat y-matrices 7* in the local frame, satis-
fying

Wrr=29", {rsr'}=0, 7»’=1. (2.3)
We define y-matrices 7, in an arbitrary frame by
Ve =€V - (2.4)

Although we shall use dimensional regularization'® so that
all quantities are regarded as extended tod dimensions (with
d =4 — €) we shall adopt the suggestion of Bellucci and
Gonzalez® and consider the indices of R,,,.; in (2.1) as
strictly four-dimensional, so that we still have the exact rela-
tions

R,uv = — 3azg’uv s R= — 1202 . (25)

Moreover we shall assume (2.3) to remain valid for d #4.
There appear to be no contradictions provided no strictly
four-dimensional y-matrix completeness or index identities
are assumed.

The Wess—Zumino model on (AdS), is defined by the
following action?®:

S [z, FFyx]
= Skin [zszT»F’FT:X’,i/] + Sim [Z,Z*,F,FT,X,/{’] y
where

(2.6)

Sum = [ 0,041 0,2 + X2, W

+F'Z,F+a(z'Zs, F + F'Zs,z) + 3a°2'Zz} ,
(2.7a)

— F | S
Sint =/'l’_€fdvx [wB'aFa + wB,aFa - ?wB,abanb

- %w&ab,{/’“x” + 3a(Wy + wy )] : (2.7b)

Here z is a vector of n complex scalar fields z°, and its
Hermitian conjugate z' has components z! = (z°)*. Also F
is a vector of n complex auxiliary fields 7 and its Hermitian
conjugate F'T has components F{ = (F°)*; and y is a vector
of n right-handed spinor fields y° with ¥5y° = y° and y is the
conjugate with components y, = y° so that y,¥s = — X,-
We may then regard (z,y,F) and (z*,;P,F 1) as independent
chiral multiplets. Introducing the charge conjugation matrix
C satisfying
C’'= —-C, (2.8)

(CY)T=Cy,, (Cys)'= —Cys,
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we define y’ by

Xo=Cx2, (29)
so that y; is left handed. From our point of view, since
tr(1(1 £+ ¥5)) = 2 we can regard y,y’ as being effectively left-
and right-handed two-component spinors. We use ¥ to de-
note y,, V. We assume that V* always contains the appropri-
ate metric connection for the quantity on which it acts.

In (2.7b), wg (2) is the bare superpotential and @, (z")
its complex conjugate. Now wj (z) may be written as

wy(z) = (P3N A g 222

+ (U2 K22 + 1PV, 2 + py (2.10)
and
—e OW dw
g, 2.11)
e o

In (2.7a) we have inserted renormalization matrices Z5, Z,
Z,,Zs,, and Z,, which, together with the bare parameters
Ag, kg, Vg, and p in (2.10), provide counterterms neces-
sary for renormalizability when the theory is quantized. Fin-
ally, dv, is the invariant integration measure on ( AdS), and
4 is the dimensional regularization unit of mass.?!

The kinetic and interaction actions in (2.7) are sepa-
rately invariant under the supersymmetry transformations

Sz=¢,y, (2.12a)
Sy =Fe, —idze_, (2.12b)
Sy=¢,ié" + Fle_, (2.12¢)
OF= —&_i¥y — €, ay, (2.12d)

where €, and e_ are the right- and left-handed components,
respectively, of a Killing spinor € satisfying

V. €(x) = — (ia/2)y,€e(x) (2.13)

and€, = €_,e_= € .

We shall use the background field method’*!* so that, in
the functional integral defining the quantum theory, the
quantum fields denoted 27, y?, F? (and their conjugates) are
expanded about arbitrary classical background fields z,y,F,
and their conjugates, according to

Z=z4+y, Fi=sF+f, yY'=y+7. (2.14)

It is convenient to assemble the fluctuation fields y, £,7,
and their conjugates into a single column vector ¥, with con-
jugate ¥, given by

y

y*
1/
=| /+

n

’

7
where ¥V and ¥ satisfy a Majorana-like condition
V=VT%,

1, © 0
‘5:((1) (1))8(0 1, 0 )
0 0 —-cCc™!

Vv (2.15)

’ T/—_‘ (ytnyTfTﬁ 7_7’) ’

(2.16)
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The notation in (2.16) means that each entry in the right-

hand matrix is multiplied by the left-hand matrix, 1, is the

unit matrix in two dimensions, and C is as defined in (2.8).
There is a natural scalar product

(_‘;p Vz) = (T/z, Vl)

=fdv,{y¥ o+ n+f1L+f1NA

+ 7+ "_72771} . (2.17)

The quantum field theory may be defined by the connected
vacuum functional W [z,z!,F,F',y,y,K ] with a source K
coupled only to the quantum fluctuation vector

iw
()
=Jd [V]exp[—;—(s [Zq,qu,Fq,FqT)xq’;/q] + (K’V)] ’

(2.18)

where S is as given by (2.6).

The renormalization constants in S, and the bare cou-
pling constants A5, x5, V5, and pj in S;,, are written as ex-
pansions in #i:

-
Zsrasso =1+ 3 WZG} 4510

n=1

Ay=A+ S #wam,

n=1

-
Kg =K+ z #clm

n=1

(2.19)

o
vp=v+ Y AV,

n=1
Ps=p + 21 ﬁ"p(") .
The coefficients of #* in (2.19) are chosen so that W in
(2.18) is finite order by order in the perturbation expansion.
We adopt the minimal subtraction prescription®' so that the
coefficients are fixed uniquely by requiring they contain only
poles in €. We use the notation S to denote the O(#")
contribution to § in (2.6). Henceforth we suppress 7. We
write the renormalized superpotential w as

w = (u¥P¢/3INA,, 2

+ (UMK 2° 2 +u VP, 4 p, (2.20)

where A, x, v, and p are as in (2.19). The one-loop contribu-
tion to W is generated by the quadratic fluctuations in the
exponent of (2.18). We have

S [2927 FOF %]
=S [z2,F,Flyx]
+ V) —4(VARY) + 5, [VV ], (2.21)
where A% has the form
AP — My Fp
A =| -y, -1, 0|, (2.22)
F g 0 dy
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with
a M,
My = M . ) (2.23a)
B
0 A\ 0 A
Fs= (A" 0 ) T = (XB' 0”)’ (2.230)
where
Mg, =1~ “Wpaps A_l?sb =4 Ewgba AaBb =/t“/2"/1mbcx“
(2.24)

The scalar and fermion operators AZ and d;; are defined by

A2=01,-75, dg=(—i¥+4)1,, (2.25a)
o _( 3a? Ky + 3aHB>
B T\Kp + 3aM, 3a® ’
0 M,
= (MB 0 ) , (2.25b)
Ky =p"" P45, F°. (2.25¢)

Here, S, [V,V ] consists of terms cubic in the fluctuations
that provide interactions at two- and higher-loop order. It
will be given explicitly in the next section. We choose the
source K in (2.18) to cancel the linear term (J,V) in the
expansion (2.21).

To one loop, (2.18) and (2.21) yield

W22 FFyx]

=S V[zzFFYyx] + (i/2)In(sdet A, ),  (2.26)
where A, is obtained by replacing all quantities in (2.22) by
their renormalized counterparts. The superdeterminant sdet
in (2.26) appears as a consequence of integration over the

anticommuting variables 7,% and is defined as follows, for a
matrix

(¢ »)

acting on a space containing both bosonic and fermionic de-
grees of freedom:

sdet X = det(4 — BD ~'C)(det D). 2.27)
The supertrace is correspondingly defined by
sttrX=trd—trD. (2.28)

We intend to use the Schwinger-De Witt kernel to in-
vestigate the singular behavior of sdet A ;.. From this point of
view A}, has the disadvantage that it is not second order in
derivatives in the fermionic and auxiliary sectors. To cir-
cumvent this obstacle we write??

Ay =4, A Ay, (2.29)
where
1, —4 0 1, 0 o0
A,=l0 T o0}, ag=|l-# U o0},
0 0 1, 0 0 d
(2.30)
with
- (-1 0 o o
(3 ) - 0) e
o o) Y o 1) (2.31a)
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d= (¥ +.M1,. (2.31b)
We then find
Al 0 Zd
Ay=l0 O o0} (2.32)
F 0 dd
where
A=A, 4+ .47, (2.33)
so that A, is manifestly second order.
From (2.29) and (2.30),
Insdet A, =Insdet Ay —2Indet O+ Indetd. (2.34)

If neither d nor d have zero modes then neglecting finite
anomaly contributions

Indetd =} Indetdd =} Indetdd. (2.35)
The operators Ay, [, and A = dd are all of the form

A=DD*+Y*, D, =V, +X.. (2.36)
For such an operator, the Schwinger—De Witt kerne]'#?*
9 5 (x,x';5) is defined by

.89 4

l s
The kernel has an asymptotic expansion as 510 of the form

G p(x,%;8)

G, (xx'0) =8 (xx").  (2.37)

—AY,,

~ [i/(41Tis)d/2]e — ia(x,x’)/lsA:,/lei (x,xl)

si0

xéoag(x,x')(is)", (2.38)

where o(x,x') is half the square of the geodesic distance
between x’ and x, and Ay, is the Van Vleck-Morette deter-
minant.?® As is well known, we have

—f éfdvx tr G, (x,x;5)
b s

and so, after substituting (2.38) in (2.39), we find

Indet A = (2.39)

(In det A)Po'* = —

.e 6172J-dv tra,*(xx),  (2.40)

with a similar result for the superdeterminant obtained by
replacing the trace with the supertrace. From (A2d) in the
Appendix,

= 4G5 G +1(2d°1% + Y*)?
+1D°Y4 — 4a*1®, (2.41)
where 1 is the unit matrix for the space in which A acts, and

a,® (x,x)

G = [VarVs] @”Y=VMY+ [X#,Y] . (2.42)
We have for A, and A,
YX=—302]2+./1/2—iy-/1/‘, Xﬁ=0,
G()gﬁ = - ARaﬁpa)ypya’ (2-43)
—(r - 0 F
YV = 0 0 0], (2.44a)
F 0 Y~*
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0 0 }iFy,
X7=lo o o |, (2.44b)
0 0 0
0 0 5 z 7((_V-a Ye — ‘.V—Bra )
G¢%=lo o 0 (2.44¢)
0 0 0
where, in (2.44a),
G=Fv—4iF¥V (2.45)
Since
—MM (K +aM)
—2d1,+ ¥ — 2=( _)
T+ =k Loy —MH
(2.46a)
— MM + @ iYM
_m_yx:( 7 )
z iYM — MM + a?
(2.46b)

we find, from (2.34), (2.35), (2.40), (2.41), and (2.43)-
(2.46),

Li(Insdet A, )P

16172 fdv tr {V,MV*M + iA¥A

+ (K + aM) (K + aM) + 2a°MM — 1 a*S'} .
(2.47)
From (2.20) and (2.24),
Mab =l‘“/2)€/1abczc + K,y A_{ab =,u“/2"/l abe, f —f—K“b

(2.48)
and therefore, from (2.25¢) and (2.48),
tr[ (K + aM) (K + aM)]
= p*[F1SF + a(z'SF + F'Sz) + a’2'Sz]
+p*[a(TF + F'T) + 28*(T'z2 + 2'T) ]

+ a’c,, Kk, (2.493)
tr MM = pu2'Sz + u*(T'z + 2'T) + K, 5, (2.49b)
tr(V, MV“M) = uV,2'SV 4z, (2.49¢)
AYA = uyS¥y, (2.49d)
where

859 = A “ecav » (2.50a)
Te =1 %,, . (2.50b)

So, inserting (2.49) into (2.47),
1i(Insdet A, )P

_TG—ﬂ'z_J.dv {v,.2'SV*z + iyS¥y

+ F'SF + a(z'SF + F'Sz) + 3a%2'Sz
+u~*la(TF+ F'T) 4+ 38*(T'z + 2'T) ]
+p [k, k"0 —Lattr S )}

Inserting into (2.26), we find that W’ may be rendered
finite by taking in SV

(2.51)
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ng) =Z;l) =Z§,~” =Z§}4) =Z(Q” = — (1/167%€)S
(2.52)
and
wV = (—a/167°€){ p*T 'z + K,k —Ya*tr S }.
(2.53)

Hence the divergences preserve supersymmetry at one-
loop order. However, the necessity for adding a counterterm
to w, first recognized by Diisedau and Freedman,’ vitiates
the nonrenormalization theorem,!® which is valid on flat
space-times. Closely similar behavior is exhibited at two-
loop order, as we shall show in the next section.

The results in (2.52) are consistent with those obtained
by Bellucci and Gonzalez® and also by Diisedau and Freed-
man.’ Bellucci and Gonzalez'? also calculated the one-point
functions for the scalar and auxiliary fields. In our formal-
ism the one-loop one-point functions for z and F are given by
(W V/dz) l:—0,F=0,y-0 and (aWV/3F) l:—0,F=0,y=0
and hence their divergences arise from the terms linear in z
and F in (2.51). These terms correspond precisely to the
divergences Bellucci and Gonzalez'® found for their one-
point functions.

Diisedau and Freedman® calculated the one-point func-
tion for the scalar field after eliminating the auxiliary field by
using its equation of motion

Fé= —pw'—az. (2.54)
After using (2.54) in (2.51), the linear terms assume the
form
_r
16m°%¢

—1a(TIA%Z} 2l + T4, 2%°)

—a(T, v+ T, u"<}. (2.55)

The linear term in z then yields a divergence corre-
sponding to that found by Diisedau and Freedman for the
one-point function of the scalar field. They inserted a coun-
terterm analogous to (2.53) before calculating the two-point

functions and hence eliminated the divergence from the qua-
dratic term in (2.55).

Jdvx{a[TT(?.az—Kz*) + 2azt —z2c)T 1 u =2

lll. TWO-LOOP CALCULATION

In this section we shall calculate the two-loop counter-
terms for the quantized Wess—Zumino model on (AdS),.
We shall demonstrate that they have the same form as the
one-loop counterterms in (2.51). We rely heavily on a gen-
eral technique devised earlier'® for the evaluation of two-
loop divergences. The reader is referred to Ref. 16 for a de-
tailed description of the method and a comprehensive list of
references. We shall confine ourselves here to a brief account
of the salient features of the procedure.

In the context of the background field method'*!* the
two-loop vacuum functional W@ is expressed as a sum of
vacuum Feynman graphs constructed using propagators de-
rived from the Green’s function G,, for A, in (2.21), defined
by

ALG,(xx') = —&(xx') . 3.1
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As we remarked in Sec. I, A, is not of an appropriate
form for application of techniques based on the Schwinger~
De Witt kernel.'“?*2* We focus attention instead on the op-
erator Ay, defined in (2.29), whose Green’s function satis-
fies

Ay Gy (xx') = —8(xx'") . (3.2)
By virtue of (2.29), G, and G, are related by
Gy = A, GA, . (3.3)

The Green’s function for an operator A of the form
(2.36) can be written, using (2.37), as

Gy(xx') = — ifm ds G, (xx';s), (3.4)
0

and has an expansion corresponding to (2.38),
Gy (xx") = —i{Gp(x,x")af(xx') + R, (xx")at (x.x)

+ Ry(xx)ad(xx)} + HA(xx),  (3.5)
where
. _TUd—1) 7
G()(xrx ) - 47T(1/2)d ( _ 20)(1/2)4_1 s (3.6a)
h 1 1 n4l—(1/2)d
Rn=4"+1Lr(l/z)dr(?d"l“‘”)(—Za') +1-(1/2)
- 1" 2
_7((;—)7)'?(‘2")"”/‘“]- (3.6b)

The first three terms on the right-hand side of (3.5)
account for all local divergences of a renormalizable theory
in four dimensions. The remainder term H  is finite as €10
and nonsingular as x ~x’ with up to two derivatives acting
on it. When the expansion (3.5) is substituted into the
expression for a two-loop Feynman graph, divergences arise
from products of two or three functions of the type G,or R,
in (3.6). All such divergences are tabulated in Ref. 16. They
take the form of a §-function with up to four derivatives
acting on it, multiplying poles in €. After performing a spa-
tial integration we are required to evaluate the coincidence
limits of products of a;’s with various derivatives acting on

™~
rd N EoN H
] \ | \ 1
i /I \ | h
\\\ .7 \\_{\N\F‘S \\ 3_//

(a) () (g) (h)
R SN RN SN
[ roa { \ \

ooy ) X I
\ / \ \ /
(c) (d) M ()
(e) (x)
FIG. 1. Two-loop diagrams.
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them. Some useful identities are given in the Appendix. W@ (in other words precisely those diagrams contributing
The Feynman graphs are constructed with vertices fur-  to the effective action).

nished by the interaction term S; in (2.21). Explicitly this Writing
has the form
17 g & g
fdv {Rase VYL + A ¥} f1 G, =|g** g g, (3.8)
_, _ g g
—ﬂm Y0 — A G,
+ ado, VY + a1 % 191} (3.7) we have the following amplitudes for the diagrams giving
abe aJbc N

divergent contributions to W ® shown in Fig. 1 (with scalar,
As far as divergences are concerned, we need only consider fermion, auxiliary indices represented by dashed, unbroken,
one-particle-irreducible (1PI) diagrams contributing to and wavy lines, respectively):
1

W& (22 FF ). =& f do, dvy A “g%8%. ", (3.92)

W%PI [ZJT)F»Ff!X’i;]b =ﬂ€ f dvx dvx’ [’{abcz defgSadgASbe Acf + %’z'abc'{def gBadgASbegSAcf+ %Z abcz defgsad gAsbe gSAcf] ’

(3.9b)
Wz FF oyl = %ﬂ a fdv dv, A s A 25,87, (7% + 8% ) , (3.9¢)
WgPI [Z’ZT’F"FT’X’/‘P]d = _g_'uea2 fdux dv)c'/i'abcZ defgSad nge gScf ’ (39d)
w3 (22 FF yxl. = — % f dv, dv, {tr[ A, 87, (xx')A %" 2 (x' x) ]&%, (x,x")
+ 3 tr[ Ao 870X ) Ager 87 (x',%) 8% (x,X")
+ 3 tr[ 2085, (xx )2 5 (x'X) 18% (xx) } (3.9)
W (22 FF oy, =u f dv, dv, g%, 5(X' X)Apeq 87, (XX )A Vg™ (X' x) (3.9f)
W@ [z FF .y,
-T2 f dv,, dv, {85, (x' %) PG54 (XX VA oy 8 (X,%") + &5 4y (%' X)A 2954 1, (x,x")A U™ L (x,x")

+ 85X’ X) Apeg 8% (X, X"V A oy 8 (x,X) + 85,2 (X' %) A peq €%, (x,%)A Vg™ (x,x) } (3.92)
gg)l [Z,Z F’FT’X’X’]h = - %_’;_'2—6_[‘10" tr(§gd)diag ’ (3.9h)
g‘; [ZJT’F»FT’X’X] = — %R#J“ivx {302 tr(Egs)ding - tr(gugs)diag} s (3.9i)
W3 (22" FFyy], = — % fa fd tr (52" + 52 giag » (3.9)
Wz FF oyl = — —2‘ T6?— J dv, tl'(SY"gF)d.ag (3.9k)

The diagrams (3.9a)—(3.9g) are the genuine two-loop diagrams generated by the interactions in (3.7), while the dia-
grams (3.9h)-(3.9k) represent counterterm diagrams arising from substituting the one-loop results in (2.52) and (2.53) into
A% in (2.2).In (3.9a)-(3.9g) we have suppressed the arguments of the Green’s functions when they occur in the usual order,
x,x". In (3.9h)-(3.9k) the subscript diag indicates the coincidence limit as x"-—»x, and

s-(o s)

We may now use (3.3) to express the amplitude for each diagram in terms of G, and then apply the standard technique
adumbrated earlier to extract the divergences. Writing
G s G SA G S
Gy =|G* G* G}, (3.10)
G FS G Fa G F
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we have, from (3.3), (3.8), and (2.30),
E£=G5, g= —MG5+UG*S, g= —G°M +G*'U, g'= MG — MG*U - UG 4 + UG"T,
gF =G, gS=dG™, gM'= — #G™+dG™U, g = — 4G+ UG, g =dGF. (3.11)

The A4S and S4 components of every heat kernel coefficient for A, are zero and so we may disregard G “° and G*4.

In the case of the diagrams that do not arise from interactions involving auxiliary fields, namely (3.9d)-(3.9f), (3.9i),
and (3.9k), we can obtain the divergences from general results calculated previously.?%?” In the case of the remaining
diagrams we can compute the divergences ab initio fairly straightforwardly. For the genuine two-loop diagrams, after using
(3.11) to express components of G, in terms of those of Gy, we substitute the expansion (3.5) for G,.. We then use the results
tabulated in Ref. 16 to obtain the divergent parts of products of two or three functions of the type G, or R,,, in the form of pole
terms multiplying derivatives of §-functions. We may then integrate over x” and use the results in the Appendix to evaluate the
coincidence limits of the various heat kernel coefficients a,, and their derivatives that occur. We shall exemplify the procedure
by examining the contribution from (3.9a) in some detail. From (3.11) we may rewrite (3.9a) in the form

W&l FF oyl =L+ L+ L+ 1, (3.12)

where
I,= EZ: fdv, dvy A A “9G>,G®, (HC;ngthf +a’G%;), (3.13a)
12=L;fa f dv, dvy A A IG5, GG M, (3.13b)
I, =/—“‘2—‘a Jdv, dvy A d G5, G 9GS, (3.13¢)
I, =‘-§de, dvy Aged G %,G,(—OG4) . (3.13d)

Let us consider I,. We have, from (3.5),
I%ke = L Jdv dv, A A “{GiR,[a%,aS, (M %a,°, "M, + d’a, 5. ) + 28,5 ,a,%, (M %a,>, "M, + a’a,>, )]

+ G 3a,%,a,%, (M %, "M, + a’a™; ) }

- '%—J-dvx dvA A G2 {a,> 0%, (M H S"M,, + a’H ;) + 2H,a,%, (M %a,S M, + a?a™,) }

(3.14)
Referring to Ref. 16 and making allowances for the change from Euclidean to Lorentzian signature, we find
—2€ 2 1
GoR, ~ — (— —)6"x Y, 3.15
o Ry a 672)2 2 + p (x,x') ( a)
“* 11
G ~ 20%)8%(x,x") 3.15
) (1677)" € ( + 2a7)5%(x,x") (3.15b)
G 2 ~ — l# - —'6d ! ’ *
0 67 < (xx") (3.15¢)
and hence, using the following results obtained by substituting (2.44a) into (A2) in the Appendix,
(alsab )di.s = - (A_{M)ab ’ (aosab )diag = aab ’ (3.16)
we have, after substituting (3.15) into (3.14) and integrating by parts,
v = (1617-2)2,(‘1 [[ 1”/L,bc(MM)"/l"‘f(MM)‘ +—-tr(SMMMM)+?a tr(SMM)] +-———a trS
- '}Tl tr[V,MSV4M | + 0 % a tr(SMM)] + -'—— f dv, {tr(SMH M) + 24, 2 “*(MM)*, H,
+ 30% tr(SH®) }ging - (3.17)
For I,, we have
I = i‘yi"f dv, dv, A A def{Gole [aosad“oﬁealschM we T+ 28,%,8," 0> M, w ]+ Go’a,™;a,%,a,5"M W }
fdv dv, G{as™ 05" H"M,, + 2H > 0, ,a.5"M,} . (3.18)
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Using (3.15) once more, but now with the coincidence limits

(alsab)diag = (I?"'aﬂ)ab s (a()sab)diag =0, (3.19)
we obtain
e 1 ~c
I8 =7a ({‘6”2)2 ( )f dv, tr[S(K +aM)M | + za fdv tr(SI.-ISM)dlag . (3.20)
Similarly,
| - (2
Fise =7a (1#617'2)2 (6_2 )fdv tr[SM(K + aM) ] +ta——fdv tr(SMHS)d.,g . (3.21)
Finally,

I8k = % f dv, vy Ao “{Go?( — 0Gy)ag18,™. 05", + 2GoR, ( — OGy)ag™ 2, a5,

+ Goz( —DRl)aosadaoSbea1Acf"‘ Go 186> 480 e(DalA)c - 2G025 Rnao 44, e(a”a A)c
+ 2GR, ( — OR)a>,a,%.a,*; + R *( — OGy)a,™ 10, .a," s

+ G,*( — OR,)a,™,a,",a,"; + Go( — OGy)R,a,%,a,™ 0™ } — ’% f dv, Ao “{Goa3 a5, ( — OH )%,

+2( — 0GR H,a,%,a,%; + 2Go( — OR ) H,8,%,0,%; + Go( — OG)H % ,a,™,a5"*, } . (3.22)
We find, consulting Ref. 16 again and once more taking account of the change in space-time signature,
“* 19
GA(—0Gy) ~ —# 12 psixyy, 3.23
o ( o) (167;2)2 pry (x,x") (3.23a)
GoR\(—00Gy) ~ 1 4f L +ii) 2?6 (x,x") (3.23b)
o) (16172)2 e 2 ¢ ’ '
“€11 1 11
G2( —OR i—[ ~0- 4(_ —-)aZ]ad xx'), 3.23
o ( Ry) ~ (1677 62+4€ (x,x") (3.23¢c)
—pm* 11
G2, R ~—E 115 sy, 3.23d
0 N 1 (16172)2 € 2 o (X,X) ( )
ey — 2€
iu 1 1 1) d ,

GoRy( —OR,) ~ 2( 2 D) sy, 3.23
oRi(—BR) ~ e @t 7)o (3:23¢)
R2A(—0OG,) ~ 4[in—/(161%)%]6%(xx') (3.23f)
G,2(—OR,) ~ 4[iu—/(167%€)*16%x.x") , (3.23g)
Go( —OG,)R,~0, (3.23h)
Gy( — EIGO)~4(1',u_‘/1677'2)(1/6)a25"(x,x') , (3.23i)
T d .

G, OR,)~2+— 5 , 3.23
(—0R)) 67 € (x,x") (3.23))

p—* d

R,(—-0G,)~2 5 3.23k
1( 0) ~ 1672 < (xx') . ( )

Using (2.44) in conjunction with the general results in the Appendix we find

(@ ding = — 24%6%, , (3.24a)
(Da,*y diag = 15 a‘6’, , (3.24b)
(4% )aing =R a6, , (3.24¢)

and hence, substituting results from (3.15) and (3.23) into (3.22), integrating over x’, and using (3.16) and (3.24), we obtain

pole __ __ .u_e d {l/{ JTIM”Z“fA_{M‘ _Ei 4t S]
: (1617'2)2f Vx| Aabe (MM ATMMY, — S5 attr
+ = 6’”2 % f dv, {2455 A (MM H %, — tr(SOH*) } 43 - (3:25)

Adding (3.17), (3.20), (3.21), and (3.25), we find
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W& [z,z*,F,F*,x,x]m
~ ey f [ ( l)[tr(sit?MzT{M) + 3¢ tr(SHM) — a te[S(R + aM)M + SM(K + aM)]]
€

+(i+—l—)la,,c(1—|-lM)”eZ“f(A—lM)‘ —lltr[v asvemM] - B Lpps L1 tr(SMM)}

e € 4 30 2 €

+———de {te(SMHSM) + 44, A (MM .H**, + 3a* tr(SH )

+ atr(SMH®) + a tr(SHSM) — tr(SOH*) } 43, - (3.26)

The remaining genuine two-loop diagrams involving auxiliary fields, namely (3.9a), (3.9b), and (3.9g), can be treated in
a similar fashion. We obtain divergent contributions as follows:

W3 (22 FF oy 15

1\, oir 2 1 - = = 1
d {—3 ( —)trSMM +(— —) tr S [M(K +aM K+aMM] ——a*tr §
(lw)zjv S+ 2 Jee(SHM) + (5 + o e S UK +aM) + R+ aBOM ]~
+ %(% + —) [AaseAaerM M (K + aM)* + 2 7 M, M (K + aM) 4 ] ]
+ W—J‘dv {6a* tr(SHS) + 2a[tr(SMH®) + tr(SHM)]
+ A g M M ¥ H S+ A7 4 M My H S } g » (3.27)
W [z,z*,F,F*,x X1z
2 1 — - — )
=5 (16”2)2'[d [ ( )a tr(SMM) — (62 +—€—)atrS[M(K+aM) + (K +aM)M ] +-—€—a“trS}
-3 W——fdv {6a? tr(SH®) + a tr S(MH® + H M)} 4, » (3.28)
W& 22 FF x5 = _% (iu6;2)2 ifdv {ACA M2 A+ KA peaM A gy AV} (3.29)
In obtaining (3.29) we have used the result
(apaosp)diag = - i l?}’n ’ (3.30)

which can be proved using (Ala), (2.36), and (2.44b).
We also need to consider the counterterm diagrams (3.9h) and (3.9j), which contain auxiliary fields. Using (3.11) once
more, we decompose (3.9h) according to

W&z FF vyl =0+ L+ 0+, (3.31)
where

J= — Tgp—fdv tr[S(MG M + a*°G®) | 4ing » (3.32a)

J,= —é‘;—l—fdu tr(SG M) gig (3.32b)

Jy= —léiﬂz-——fdv tr(SMGS) gy » (3.32¢)

J, = 6;2€fdvx(DG‘)di,8 . (3.32d)

Using (A3) together with (3.16), (3.19), and (3.24), we obtain

€

Jeole =2 (1272 Jdv {tr[SMMMM | + a® tr(SMM)} — -i—— f dv, t[S(MHM + a®H®) 4, »  (3.332)
Je= —2a——— % 6”2 fdv tr[S(K+aM)M]—— ’“ fdv tr(SH M) 4oy » (3.33b)
e la
Jele— _2q H Rt ”26)2 f dv, tr[SM(K + aM)] — fdv te(SMH ) ging » (3.33¢)
129 i
Jpee= _ K fd trS ———f ) e s .
) (627 € 15 ° ) x5t 1er g ) P (BH Damg (3.33d)
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so that, adding (3.33a)-(3.33d),
Wik (22" FF *A’)c_’]""le

= (1617'2 ¥ fdv [tr(SMMMM) + @ tr(SMM) —atr[S(K+aM)M ] —atr[SM(K + aM)] —%a trS]
_ %#_ f dv, {tr(SMH M) + a[tr(SME ) + tr(SHM) ] — tr(SOH®) } g - (3.34)

In a similar fashion we find
W2 FF A1

=2 mfdv {atr[S(K +aM)M | + a tr[SM(K + aM)] — 2a* tr(SMM) }
+ %T;a? — f dv, {tr(SMH ®) + tr(SHM) + a tr(SH) } 4, - (3.35)

We now turn to the diagrams that involve only fermions and scalars. The procedures for calculating the divergences of
two-loop graphs such as these have been described in detail in Refs. 26 and 27 and so we shall confine ourselves here to setting
down the results:

I P 21\ oo 1 1
W (22" FF 157 = > £ fdvx[ — 3a2(? + —e-)tr(S'MM) - ?a“ trS] +9 #—e—azfdvx tr(SH ) gigg »
(3.36)
W22 FF 1o
1 11
(16n2)2fd" [ tr(SMMMM) — (?———)tr[V MSV#M | ———tr[S(K+aM)(K+aM)]

4 ¢

11 1 31 13 1
4 — — W (MM, A P (MM)*, — L r&sya —2(-———-—) tr(SMM) — — —a*tr S
+(€2+4€ s (LMY A (BAM)", — i tr(RSVA) T ) s - 2 Lot

_ L(& )[iabc,ldefM“MCf(K +aM)* + 1 M M (K + aM) | ]

2\é&

+16+R? f db, { 44, 7 (MM)* H®, — tr(SCH®) + te[SV2H ] — %tr(SVMHF) ——é-tr(S)Z’ITIHﬂ

— Ay Ao MM H S — T T M, M, H c,]m , (3.37)
W3 [z FF 10 = % (l’; ;)2 L fdv {ALA My A YA + KAy M %A, AV} (3.38)
W& (22" FF 17

-4 ;)2 f dv, {2(% - l)tr(SMMMM) + 5 e u[SHM ] + 2(}17 - %i)tr[S’(K +aM) (K +aM)]

+i (—61-2- - % —1—-)t (ASYA) + Ts‘%a trS] - —;- 16’;72 L fdvx{f&az tr(SHS) — tr(SOH) }any » (3.39)
Win [Z»Zf»F,F 557

(16 3 f [ (_ - ——-—)tr(SMMMM) +i (é _ —;- i)tr(AsyA) + z(é -~ %—l-)tr(v MSVEM)

+ 4(% - %%) 2 41 (SMM) + -;-(1)- % at trS] - W —fdv tr[SY (¥ + AVHF] . (3.40)

Adding (3.26)-(3.29) and (3.34)~(3.40), we obtain the final result for two-loop divergences:
- € 1 11
wpole - _K___ (— — ——) fd tr[V,MSV“M
(16m)2\& v {r] ]
+ i tr[ASYA] + tr[S(K + aM) (K + aM)] + 2a® tr[SMM ]} . (3.41)
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First we observe that the nonlocal divergences involving
H have canceled, demonstrating renormalizability at two-
loop order. We also note that the local two-loop divergences
have the same form as the one-loop divergences in (2.51)
apart from the (possibly fortuitous) absence of a term in a*.
From the discussion following (2.51) we deduce that we
may ensure the finiteness of W@ by taking in § @

Z;Z) =Z§2) =Z§i)=zg‘2)=z(92)

1 1 11
= e (@ 1e)S™ (3:422)
W —_—a (i _ _l_i)
(167°)2\e€ 2 €
X {8 % k5 e 2® + S % Kok} (3.42b)
where
S @e =g Jadey (3.43)

Hence supersymmetry is preserved by the two-loop
counterterms. However, precisely as in the one-loop calcula-
tion the nonrenormalization theorem fails to hold owing to
the necessity for adding a counterterm linear in z to the su-
perpotential w.

IV. CONCLUSION

We have calculated the one- and two-loop divergent
counterterms for the Wess—Zumino model defined on a four-
dimensional anti-de Sitter space background. We used the
version of dimensional regularization proposed by Bellucci
and Gonzalez'® in which the curvature tensor is regarded as
residing in four dimensions while all other quantities are
analytically extended to 4 — e dimensions. This corresponds
to regarding the extra dimensions as flat. We demonstrated
that this regularization procedure preserves supersymmetry
up to two-loop order as far as the counterterms are con-
cerned. We also showed that the superpotential w(z) ac-
quires a divergent contribution linear in the scalar field z at
both one and two loops. Hence the nonrenormalization
theorem is no longer valid on (AdS),. This extends the work
of Diisedau and Freedman® to two-loop order. The diver-
gences of the one-loop one-point functions for z and the aux-
iliary field F are derived from the linear terms in z and F in
(2.51). We immediately confirm the results of Bellucci and
Gonzalez for these quantities,'® and verify the result of Dii-
sedau and Freedman for the one-point function of the scalar
field after eliminating F by means of its equation of motion.

The method we used has the advantages of obtaining
results for divergences relatively speedily and systematical-
ly, but, on the other hand, since it is not explicitly supersym-
metric there is no guarantee that it will be useful for calculat-
ing the finite contributions. An explicitly supersymmetric
procedure for performing two-loop calculations while re-
taining the simplicity and elegance of the heat kernel method
has recently been suggested by Abdalla and Abdalla.?® They
expand the Green’s function in terms of the heat kernel coef-
ficients in a similar fashion to (3.5), but use a nonzero lower
limit of integration in (3.4) as a cutoff, instead of analytical-
ly continuing in d. It seems likely that a calculation using this
method would be formally similar to ours and yield corre-
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sponding results for the two-loop divergences. It would be
interesting to determine whether the expectation value of F
is zero at two loops using an explicitly supersymmetric regu-
lator as seems indicated by the similarity of the one- and two-
loop counterterms.

Note added in proof: Recently our attention was drawn>
to the fact that the Green’s functions we use do not explicitly
satisfy the appropriate boundary conditions for (AdS), (see
Ref. 31). We believe that the short-distance behavior of the
Green’s functions leading to the divergences we have com-
puted is unaffected by the boundary conditions; however,
there remains the possibility of additional divergences aris-
ing from antipodally separated points, and this is currently
under investigation.
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APPENDIX: SCHWINGER~DE WITT KERNEL
IDENTITIES

In this Appendix we shall list some useful identities for
the kernel coefficients a5 (x,x’), which appear in the asymp-
totic expansion (2.38) of the Schwinger-De Witt kernel for
an operator of the form (2.36).

By substituting the expansion (2.38) into the defining
equation (2.37) for the Schwinger-De Witt kernel, we find
the recurrence relations

(Ala)

o,D *ag(xx') =0,
nay (x,x') + 0*D,a, (x,x")
= — ApA[AVGas_ (xx)] . (Alb)

By iterative solution of this equation we may readily
obtain expressions for the coincidence limits of the coeffi-
cients a;, and their covariant derivatives (after using results
for the coincidence limits of derivatives of Ay,, and o given
elsewhere.'***?* The most useful results for our purposes
are as follows:

(aOA)diag =14, (A2a)
(2" )ging = —24°1% — Y2, (A2b)
(DBDaalA)diag
= —h(6aG%" +G5,G%")

+1G55(28°1° + Y*) + (2614 + Y2)G4,

+ 30°8p1* — 19,9, Y4, (A2c)
(a2A)diag = szngAaB+ %(2(121A + Y2)?

— 4a*1® + 12774, (A2d)

where 7, and G ﬁ,, are defined in (2.42). Two useful results
for the coincidence limits of the Green’s function G, in
(3.5), and its covariant derivatives, are as follows:

.2
Ghrding = -i=£

€ 1677

— €

A a
a, diag +H diag »

(A3a)
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L2 u~°¢ 1 1
(D?Gy ) giag = — 1 —G—-I'Lf(s—ﬂz[D 2% + 7da§ - ?Raf]

+ (D?H*) gigg - (A3b)

Finally a word is in order about the transition from Eu-
clidean to Lorentzian signature. The functional integral e’”
defining a field theory on a space-time with signature
(+,—,—,— ) may be obtained from the functional inte-
grale ~ ¥ defining the theory on a space-time with Euclidean
signature by replacing x, by ix,. As a consequence the funda-
mental relation, '® from which we obtain the residues of the
poles in € arising from products of functions of the type G, or
R, in (3.6), takes the form

1 ue 2rii/2d J

~ 8, A4

( __20)(1/2)(d—5) 6 I‘(%d) ( )
for 6 = O(e).
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Generalized conditions for the decoupling theorem of quantum field theory
in Minkowski space with particles of vanishingly small masses
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The proof of the decoupling theorem of quantum field theory given earlier [E. B. Manoukian, J.
Math. Phys. 26, 1065 (1985)] in Minkowski space, in the distributional sense, for theories
involving particles with vanishingly small masses as well is extended under more general
conditions, thus being applicable to a larger class of graphs. All subtractions of renormalization
are carried out at the origin of momentum space with the degree of divergence of a subtraction
coinciding with the dimensionality of the corresponding subdiagram.

I. INTRODUCTION

In an earlier paper,’ referred to as (I), a proof of the
decoupling theorem of quantum field theory was given in
Minkowski space, in the distributional sense, for theories
with particles of vanishingly small masses under sufficiency
conditions. These sufficiency conditions are stated in
Theorem 1 (Sec. II). In the present paper, the theorem is
proved (Theorem 2) under more general conditions thus
extending the validity of the decoupling theorem to a larger
class of graphs involving particles of vanishingly small
masses. The theorem establishes the vanishing of the renor-
malized Feynman amplitudes in Minkowski space, in the
distributional sense, when any subset of the masses become
large and some of the remaining masses are scaled down to
zero. The study is very general in that we allow these masses
to approach their asymptotic values at different rates. Exten-
sive use is made of a key estimate established in (I) that
bounds the amplitudes in Minkowski space by similar ampli-
tudes in Euclidean space in absolute values. The theorem
established in Minkowski space is also applicable in Euclid-
ean space with nonexceptional external momenta. All the
subtractions of renormalization are carried out in momen-
tum space about the origin with the degree of divergence
d(g) associated with a subtraction coinciding with the di-
mensionality of the corresponding subdiagram g.

il. PROOF OF THE THEOREM

Suppose G is a proper and connected graph. Let
p=ul .ttt st uf} denote the set of
masses in G, where 4> 0, i = 1,2,...,0. We are interested in
studying the limits

lim (hm TE ), 1
 dm {lm T g, () (1
Ayersdg—0

where

Té'.e,?..,gk;,ll,,...i,(f)

- f aprp [ dk

R4n

XRG (P’K/{]fl'l’"-’}“l e A's ll's,
51 e gk ﬂs+ l"",é‘k #S+ k’#s+ k+ 1’_._’#,;)’ (2)
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where R, is the renormalized (subtracted out) Feynman
integrand associated with G, and P={p,..p%},
K ={k$,....k 3} denote, respectively, the set of external and
internal (independent) momenta. Here f(P)e.%” (R*") is a
Schwartz function. For €> 0, 4,5£0,...,4, #0, 1<, < w0,...,
1<§, < o, theintegral in (2) is absolutely convergent. Here
R, (P,K,u) has the familiar form

L
R (PKu) =A(PK,u) H DS ', €>0, (3)
r=1
Dy =Qf +pi —ie(Qf +u), >0, 0
Q=3 ayp+ Y bk=p'+k’ (3)
=1 =1

where u,€u, and 4 is a polynomial in its argument and may,
in general, be a polynomialin (u*+ ') ..., (u?) ~'aswell. A
propagator carrying a momentum Q, will be written in the
form

P(Qp))
[Q} +u} —ie(Q +uD)]’
B> 0! (6)
where, for p,e[p,....4°], 6,=0, and for p,e[p’+1,... 4], 8,
is some non-negative integer. The latter is well known for

massive higher spin fields, and where P( Q,,14;) is a polyno-

mial in ;. For u,€ [p',...u°], D * (Q,,0) denotes the zero-
mass propagator. We assume throughout that

D (@) = (u) "

dﬁgrD Q)< — 1, @))]

degr D *(Q,,u,)<degr D *(Q,.u,). (8)
Qs <

The €— + 0 limit in (1) establishes? the existence of the
renormalized Feynman amplitudes in Minkowski space in
the distributional sense.

In (I) the following theorem is established.

Theorem 1: Suppose (a) there are no proper, connected,
and divergent [d(g)>0] subdiagrams g C G such that all the
masses in g are from the set {¢',...,4*}; and (b) any subdia-
gram G 'C G, where G /G ' dependssolely on themassesin the
set {u',...,u°}, is such that d(G') <d(G). Then
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lim (lim TE gk.,{,,,,_,l,(f))=o, 9)

Errbg—roo \es 40 OV

Apreensd—0
for all f(P)e ¥ (R*"), and where the limits £,,....£,— o0,
Apeesd—0 are taken independently.

Here we recall that G is a proper and connected graph.
The symbol C may include equality, and the symbol & ex-
cludes equality. Here G /G’ represents the graph G with G’
shrunk in it to a point.

The application of Theorem 1 is simple as it requires no
computations whatsoever and all that it requires is a mere
examination of the structure of the graph G. For example, let
G denote the electron self-energy graph in quantum electro-
dynamics, in any order, without photon self-energy inser-
tions, with m denoting the electron mass and 4 denoting a
photon mass. We note the following: (a) there are no proper
(and connected and divergent) subdiagrams g C G (includ-
ing G itself) consisting solely of photon lines; and (b) for any
subdiagram G ' € G, suchthat G /G’ consists solely of photon
lines we necessarily have d(G ') <d(G) ( =1). Hence the
conditions in Theorem 1 are true and if we scale m by § and u
by A, and take the limits & o0, A—0, the statement in (9)
follows for the graph G. We note, however, that once we
insert a photon self-energy graph in G, then we may create a
subdiagram G’ in Gsuch that G /G’ consists solely of photon
lines and d(G ') = d(G). Hence Theorem 1 is not directly
applicable, but the statement in (9) still holds true as seen
from the following theorem.

In order to state Theorem 2, we denote by G, any con-
nected and amputated graph with only two external lines to
G, such that the mass (or masses) in the two external lines to
G, are from the set {¢',...,u’}. Any such subdiagram will be
called a G, graph. By attaching the two external lines, with
corresponding propagators D ;" (Q), to a G, graph, we gen-
erate an unamputated graph which we denote by G and
refer to it as a G, graph. We assume that

d(G(’,)=d(G0)+2dngrDo+(Q)<—1. (10)

We note that for G,& G (or G L G) the external two lines
to G, (or of G ) are necessarily internal lines in G, since G is
proper.

Theorem 2: Suppose the following hold.

(a) There are no proper, connected, and divergent
[d(g)>0] subdiagrams g C G such that all the masses in g
are from the set {u',.....°}.

(b) Let G’ be any subdiagram G’ & G, where G /G’ de-
pends solely on masses from the set {¢",...,u°}. Suppose that
for all such subdiagrams G ', we have the following.

(i) If none of the connected components of G are

G, graphs (or G| graphs) thend(G’) <d(G).

(ii) If one or more the connected components of G’
are G, graphs (or G/, graphs), let G { denote the union

of the connected components of G’ involving no G-

components, then

0<d(G) if G| =B;d(G}) <d(G) if G| #D.

If the above conditions (a) and (b) are true then (9) fol-
lows.
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The above theorem is easy to apply as again it involves
no computations, and it only requires a mere examination of
the structure of the proper and connected graph G in ques-
tion. Examples will be given later.

To prove Theorem 2, we need the following. Consider
the elements in P,K,u as the components’ of a vector P’ in
R*"+ 4% +# Suppose P’ is of the form

P = Z Ly 1. +C,

i=1
e [1,..,(4m + 4n +p)1], (1)

whereL{,...,.L; are ¢t independent vectors in R*" +**+# C'is
a vector confined to a finite region in R*"+**+#, and
7y> 1,..,, > 1 are some parameters. In reference to the
graph G, we write Q, = p' + k' [see Eq. (5)], for the mo-
mentum Q, carried by a line / in G. Suppose that for some /,
k! depends on the parameter 7,, for 7 fixed in [1,...,¢]. Then
we may write R, in (2) in a familiar form'*:

Re=3 ] & ~Tol,

geN"

(12)

where the sum is over all .#" sets of proper, connected sub-
diagrams such that we have the following.

(i) Ge 1",

(ii) If g,.g,€ 4", then either g,ng, = Dg, or g, &g, or
g%

(iii) Letge 4" If g,,....§,, denote the maximal elements
in .4 contained in g g Tg,i=1,.,m, then define
g=g/(g,ugV - ug,, ) by shrinking g,,...,g,, in g to points.
Then all the (k’)®* (which are linear combinations of the
integration variables in X') of g are either all dependent on 7,
or are all independent of 7,.

Also (a) 64 = 1; (b) ifgE Gin.#", and all the (k)7 of g are
independent of 77,, then 8, = 0; (c) if g is one of the maxi-
mal elements in 4" contained in a subdiagram g’e 4", such
that all (k)% of g’ are independent of ,, and all the (k)% of
g are dependent on 7,, then 5{ =1; and (d) if ge 4V~
(g € G) is one of the maximal elements contained in g'c 4~
such that all the (k')* of g’ are dependent on 7,, then 8,

=0. If d(g) <0, then T,=0, for the Taylor operation, by
definition.

We write

./1/‘=%1U%2, (13)

where ge 57, if all the (k’)® of g are dependent on 7,, and
ge 77, if all the (k')* of g are independent of 7,. We also
write

H | =F UF,, (14)
where for ge 7, withg$ G, ge F | if 8 = 0,and ge 7, if
5] = 1. Equation (12) may be then also rewritten as’

R, =% Fg(A), (15)
va
where we have recursively
F (N = (8] —~ T [[ Fo (), (16)

and {g,}, denotes the set of maximal elements in .#" con-
tained in g: g, £g. The maximal elements in .4 contained in
G will be denoted by G,,...,G,,: G, ¢ G.
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To prove Theorem 2, consider a scale parameter 1/4,,
and suppose that the latter is scaled by a parameter 7, [see
Eq. (11)]. Three possibilities may arise: either all ([A]) or
some ([B]) ornone ([C]) of the k'in G depend on7,. We
treat all cases. We use the notation

a(g) =4 L&), an

geH,
gCsg

where L(g) denotes the number of independent loops in g.
[A] Suppose Ge & ,, then, according to (I),
degr F (A4)<d(G) —0(G), (18)

7

where 0(G) = 4L(G) = 4n.

[B] Suppose Ge 5%, then, for d(G)>0,

degr ( — T) g [[ Fe(A) <d(G) —0(G), (19)
7, i=1

and no equality in (19) may arise. Let G’ be the subdiagram

G' in G such all the lines in G'/ (G - UG, ) depend on 7,

and G /G’ is independent of 7,. Then from (I)

degr I ﬁ Fg (AN
7- i=1
<d(G") —4L@G") - I o(G)

i=1

{=d(G’)—a(G), ifL(G') =0, 20)
<d(G') —o(G), ifL(G')5O0.
If G'=G, then L(G') 0, and we have from (20)
degr I 3 Fo,(H) <d(6) —a(G), 1)
7 i=1

and no equality may hold in (21). Now consider the case
G'¢G

(i) If none of the connected components of G’ are G
graphs (or G, graphs), then from condition (b) (i) in
Theorem 2, d(G') <d(G), and from (20), the inequality in
(21) again holds true and no equality may arise in it.

(ii) If G ' has one or more G ; graphs as oneor more of its

connected components, then, without loss of generality, sup-
pose that G’ has only one G; component, and write
G’ = G UG}, where none of the connected components of
G| are G|, graphs (or G, graphs).
Let G9,...,Gbe those elements in the set {G,,...,G,, } falling
in G}: G°EG}, i =1,....t. Suppose all the external mo-
menta of G9,...,G? are independent of 77,. Then the subtrac-
tion formalism guarantees® that

degr F_o(A#)<min[d(G?), — 1] — (G ),
7, !

i=1,.t (22)

Also all the 57, dependence in G /(G Ju - UG?) will then
come from the masses in the latter subdiagram, that is from
(22) and (7):

t t
degr I, [ FooI<—1— 3 o(GD.
Nr i=1

i=1

(23)

On the other hand if some of the external momenta of one or
more of the GY,...,G? depend on 7,, then by momentum
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conservation, the external momenta of G§ depend on 7,
(that is we will be dealing with a G, graph rather than a G,
graph). Hence from (20) and (10), the inequality in (23)
again holds true. Therefore, if G| =9, {G},.,G%}
={G,,..,G,,}, and d(G)>0 [see condition (b) (ii) in
Theorem 2] we have from (23) that

degr I H Fg (A) <d(G) —a(G).
L i=1

If G| #@, then by definition G| contains no G compo-

nents (or G, components) and hence from part (b) (i) in

Theorem 2, d(G | ) <d(G), that is

(24)

degr I, [[ Fsi(A#)<d(G) — ¥ o(G)),
L i=1

i=1

(25)

where G1,...,G ! are the elements in {G,,...,G,, } falling in

G |.From (23) and (25), we then conclude that the inequa-

lity in (24) again holds true and no equality may arise in it.
Hence for case [B], with Ge 77,

degr F,(N") <d(G) — o(G), 26)
7

and no equality may arise in (26).
[C] Suppose that all the k' in G are independent of 7,.
Then (for d(G)>0)

degr ( — Tg) - I <d(G), (27)
1’7

where we have used (7) and (8). Also for G* € G, with G *

proper and divergent,

degr Iz( — T4 ) - I5-<d(G') —4L(G'/G"), (28)
7,

where G /G’ (if not empty) is independent of 3,. If G '=G,
then L(G /G ") #0, and (27) and (28) imply that

degr R <d(G). (29)
L/

Suppose G’ L G. If G’ has no G { components as one or more
of its connected components, then d(G ') <d(G), by condi-
tion (b) (i) in Theorem 2, and (29) holds true with no equa-
lity arising in it, as seen from (27) and (28). Otherwise sup-
posethat G’ = G juUG |, where, without loss of generality, we
consider the case when G’ has only one G; component.
Then, according to condition (b) in Theorem 2,

d(G') =d(G;) +d(G{)<—1+d(G])
[<d(G), if G| #9,

<d(G), ifd(G)>0, G| =0, (30)
where we have used the condition that if the external mo-
menta of G| are independent of 7,, then its masses must
depend on 77, and hence (7); on the other hand if the exter-
nal momenta of G depend on 7,, then we may use (10).
Hence in case [C] no equality may arise in (29).

According to (I) and the derived estimatesin [A], [B],
and [C] [see, in particular, Egs. (31)-(39), and Eq. (10) in
(I) ], we may bound the amplitudes in Minkowski space as
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”7\'5,,...,5,‘;,1,,...,;., ()]

<C—L  Png,.né)
s
X (L o 2, YH@ +om =3 T (%)‘“G’ HRTIN
i=1 i
or
1Tt (]
<KC—L  Png,..InE)—0, (32)
T

for £,,...&x— 0, Ayye.d,—0, where Z(Iné,,....In&,) is
some polynomial in Iné,,..In&,, and no logarithmic
growth occurs in (31) and (32) in the parameters 1/4,,
i = 1,...,5; N is some large positive integer, and"?

limo Té‘fr?"xgk;/llw-»ﬂ-g(f) = T§|,‘..,§k;l|,...,/{x(f)'

€—~ +
This completes the proof of Theorem 2.

As an example, consider the electron self-energy graph
G in quantum electrodynamics, in any order, with photon
self-energy insertions. We note (a) G contains no proper
(connected and divergent) subdiagrams consisting solely of

(33)
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a photon line, and (b) let G, be a photon self-energy graph
insertion in G. Hence (10) is true, and any subdiagram G ;
¢ G, not having a photon self-energy graph as one of its
connected parts, such that G/(G,uG ;) consists solely of
photon lines is such that d(G | ) <d(G)( = 1). According-
ly, the conditions in (a) and (b) in Theorem 2 are true and
hence (9) holds also true for the graph G when the electron
mass m is scaled by a parameter &, and a photon mass y is
scaled by a parameter A, and the limits £&— o0, A—0 are tak-
en. As another example, consider the photon self-energy
graph, to any order, with photon self-energy insertions. It is
readily checked that the conditions (a) and (b) in Theorem
2 are satisfied and hence (9) also holds true.
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New covariant nonlinear spinor wave equations associated with nonlinear spinor representations
of pseudo-orthogonal groups are derived. The wave equations obtained possess specific
nonlinearities, which, in the intrinsic spinor coordinates, have the form of bilinear nonlinearities.
Due to the existence of a large number of natural constraints, typical for nonlinear spinor
representations, the number of independent spinor components in the present theory is

considerably reduced.

I. INTRODUCTION

The most interesting supersymmetric’ and superstring?
field theories are currently constructed in a space-time of 10
or 11 dimensions. However, many attractive features of
higher-dimensional space-time field theories are diminished
by the fact that in these cases the number of independent
covariant spinor components is very high.

We demonstrated in a previous work® that in higher-
dimensional space-times there exists—besides the well-
known linear irreducible spinor representation—a specific
nonlinear spinor representation for which the number of in-
dependent spinor components are restricted in a natural
manner by quadratic covariant contraints. For instance, for
the SO(v,v) pseudo-orthogonal groups the number of
spinor components in the linear representation is 2* 7',
whereas the number of independent spinor components for
the nonlinear representation is 1 + (3 ): this gives, e.g., for
v = 10, 512 spinor components for the linear representation,
versus 46 for the nonlinear one. Hence the nonlinear spinors
may form the natural minimal “building blocks” for field
theories in higher-dimensional space-times.*

In this work we consider the field theory associated with
the nonlinear spinor representations of SO(wv,v) and
SO(v + 1,¥). We show that the Dirac-like, covariant wave
equation

I'\a aa '/,(x) = 0’ xeRv,v, or RV+ l,v’ (1.1)

where I'? are the generators of the corresponding Clifford
algebra, reduces to a unique system of nonlinear field equa-
tions for independent spinor components with quadratic
nonlinearities. Thus even the simplest theory with one
spinor field, transforming according to a nonlinear spinor
representation, represents a highly nontrivial specific non-
linear field theory.

One can consider the resulting nonlinear field theory as
a o-type model spinor field theory. In fact the spinor ¢ of,

*) Permanent address: Institute of Nuclear Studies, Nuclear Theory De-
partment 00-681 Warsaw, Hoza 69, Poland.
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e.g., SO(v,v) satisfies a set of 2*~! — 1 — () quadratic
constraints

YT, ., =0, fork=0,1,.,v—1, (1.2)

where ', .., are polyvectors generated by I',. Then Eq.
(1.1) together with (1.2) represents in fact a spinor-type
nonlinear o-model.’

In this work we concentrate on the derivation of nonlin-
ear spinor wave equations associated with (1.1) for the
SO(v,v) and SO(v + 1,v) groups. In Sec. II, we give a de-
tailed analysis of the properties of these equations for the
SO(v,v) and in Sec. III for the SO(v + 1,v) groups. In Sec.
1V, we call attention to the interesting fact that the nonlinear
spinor representation considered in this work represents one
out of the whole set of nonlinear spinor representations asso-
ciated with a given linear spinor representation of the
SO( p,g) group. We show that, choosing properly the stan-

k k

dard pure spinors ¢ with a stability group H, we obtain a

k
whole sequence of nonlinear spinor representations T,

k
whose carrier spaces N ™ will be isomorphic with the homo-

geneous spaces

k k

In this language the present nonlinear (pure spinor)
representation of the SO(v,v) and SO(v 4+ 1,v) group cor-
1

responds to the stability subgroup H of

1

! 0
o= 1 (13)

0
This nonlinear spinor represenation has the smallest dimen-
1

sion, since the stability group H is the largest possible. All

remaining nonlinear spinor representations will have dimen-
sion d; with 1 + (3)<d; <2". One can extend the present
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theory to these nonlinear spinor representations and one gets
the corresponding nonlinear wave equations.

In Sec. V we summarize the obtained results and present
some interesting research problems connected with coupling
of nonlinear spinors with other fields and with a second
quantization of spinor field theories associated with nonlin-
ear spinor representations.

Il. COVARIANT WAVE EQUATIONS FOR SO(v,v) PURE
SPINORS

The pseudo-orthogonal group SO(v,v) is most natural-
ly realized in the R*" pseudo-Euclidean space with a coordi-
nate system such that the metric tensor is given by

1, O
0 -1

’

g={gs}= I

ab=1,..2v.

However, as Cartan demonstrated,’ the analysis of spinor
representations is most effectively carried out in an isotropic
coordinate system obtained from the previous one by the
transformation

1] 1,
=71 =1

The coordinates corresponding to x = (x,, )eR™” arey’
and y'', ,I' = 1,...,v, and the metric tensor has the form

0 1
1

rs=1,.v1,..V.

v

v v

v

0

b

§={§,s}=ﬂ

v

2.1n

IfT,, a = 1,...,2v are basis elements of the Clifford alge-
bra

{ra,rb} = 2gab 121” d,b = 1,...,21’,
associated with the R*" space, then the new basis for the
Clifford algebra is given by
H =§Ty_,+Ty), H, =4Ty_, —Ty),
I=1,.w,

satisfying the relation

{H,H}=2.1,, rs=1.mwl..v. (2.2)

The semispinor ¥ from the carrier space L™+ of the irreduci-
ble linear representation of SO(v,v) of dimension 2* !, cor-
responding to the highest weight m , = (4,...,4), can be rep-
resented as a column, where all components with an odd
number of indices are zero, i.e.,

Yo
0
1plZ
¢,v — v (2.3)
0
0
¢i: B2
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As shown by Cartan,® ¢, .., , 1<p<[v/2], are totally
antisymmetric in Jj,...,iy, . From Ref. 7, we have that ¢, . by
for 2<p<[v/2] are given in terms of ¥, and ¢, ,, by the for-
mula

¢i, iy = (2p - 1)!!¢6-P¢[i,i2 .o (24)

where we have introduced the notation for totally antisym-
metric tensors

¢izp_ ifap ]2

T[iu -il]t = ( - l)ﬂT,'m...,'vy (25)
with the summation extended over all permutations of the
indicesiy,...,i, and ( — 1)” denoting the signature of the giv-
en permutation.

We now consider the covariant Dirac-like equation for

the pure spinor ¢(x) in the R*" space

re 9 ¥(x)=0. (2.6a)
ax°

This equation looks like a linear equation in the components
¥ .. b P = 0,1,...,[v/2]; however, due to the constraints
(2.4), it is equivalent to a specific set of nonlinear equations
with quadratic nonlinearities. To show this, we pass to Car-
tan coordinates in which (2.5) has the form

i ad a
H 2 +H'—-) ) =0,
lgl ( 1 I, I 7t i
Thederivatives 3, = d /dy' andd,. =3 /dy' satisfy the
relations
(91 = %81" al‘ = %al, I=1,.v

We have the following proposition.
Proposition 2.1: The Dirac equation(2.6) is equivalent
to the following set of equations:

an[f|¢izi3"'iq] + ] z a q+l¢i, I =0’

1

(2.6b)

g1 =

g=135..2[(v—1)/2] + 1.

(We make the convention ¢; .. , =0, forp>wv.)
Proof: From Eqgs. (2.8a) and (2.8b) of Ref. 3, we have

S HIW, .,

I=1

2.7)

v

= 2 (H, )in iqil ""'q"qr+la"qﬂ'/)il

iq+1=1 g+ 1 '"iqiq+l
= ,- z=laq+l¢il---iqi,+1’ (2.8)
and
S (H.3"Y), .,
I=1
g [ Y S 4
= 2 (H'., )i‘...,'ql m g™ ,-l...’,"m...iq
m=1 "
q
= Z ("' 1)"‘"'23,m1/zil,,_;m,,,iq
m=1
= an[i, ¢i,i, —ig]* (2.9)

(A sign " over an index means that that particular index is
missing from the sequence in which it appears.) Inserting
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Egs. (2.8) and (2.9) into Eq. (2.6b) we get Eq. (2.7). ¥
The first two cases, i.e., ¢ = 1,3, are given explicitly by

the following two equations:

29, %+ ﬁ‘ ay,, =0, (2.10)
and o

6y, ¥i,y + i 3 Yy iy, = 0. (2.11)

ig=1

We want to show now that the (7) equations (2.7) are
redundant for ¢>5. In fact we have the following proposi-
tion.

Proposition 2.2: If Eqs. (2.10) and (2.11) are satisfied,
then for g3>5 all remaining equations (2.7) are automatically
satisfied.

Proof: The Dirac equation (2.7) for odd ¢ can be written
in the form

(g) [6(6[" wizij ) + 2 (aiq+ 1 ¢[i|izl'3 e l)} ll’!'. iql
3 i

g41=

+ 1_(_3_—_—_1)_ {2(3h~'¢0) + i (a',qﬂllj“(iqu)]

2 iq+1=1
X]bj; iyl =0. (2.12)
In fact, using Eq. (A16), we have that
a[il '//i, ig]
—1
=e {(q 2 ) (31, ¥ )Y, .. ip)
+ ‘;* 3~ q) (a[,‘l wo)¢i2 "'iq]) s (2.13)

while, using Egs. (A16), (Al), and (A2) we have that
3y iyt

=€ i {(g) (ai9+ 1 ¢[ilizi: for 1)¢i4 wig]

+ _21_q(3 —_— q) (a"q-*llb[iliq-‘— \)1’[],-2,.. iq]] .

After insertion of Egs. (2.13) and (2.14) into Eq. (2.7) we
obtain Eq. (2.12). Looking at Eq. (2.7) in the form given by
Eq. (2.12) we see that, if Egs. (2.10) and (2.11) are satis-
fied, then the expressions within the braces of Eq. (2.12) are
identically zero, making Eq. (2.12) automatically satisfied
in this way. v

We see therefore that the independent set of equations
for a pure spinor field ¥(x) is given by Eqs.(2.10) and
(2.11). Since by Eq. (2.4)

'pili,i,i. =3y l3[’[.',.', ¢i,i, 1 (2.15)
the set of equations (2.10) and (2.11) represents, in fact, a
set of nonlinear equations for ¥, and ¥, ; with a highly non-
trivial nonpolynomial nonlinearity given by Eq. (2.15).

We shall show now that, using the [1 4 (})] spinor
coordinates, we can reduce Egs. (2.10) and (2.11) to a sys-
tem of nonlinear equations with quadratic nonlinearities.
We recall that in the considered representation, the highest
weight spinor ¢,,, for the highest weight m . = (},...,}) can
be written in the form

(2.14)
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Y, = (2.16)

0
As follows from the Cartan theory, the space of all pure
semispinors associated with m__ is given by the formula®
v=T.,,, (2.17)
where g—T, is the SO(v,v) spinor representation. We
showed in Ref. 3 that ¢, has the stability group
H=SL(v,R)&T®,

where T'® isan Abelian group of dimension (3 ). According
to the Mackey decomposition theorem,® there exists a Borel
set CC SO(v,v) such that any geSO(v,v) has the decompo-
sition

ceC, heH.

Then the pure spinor (2.17) can be written in the form

v=T.1,, =),
i.e., the elements of the pure spinor space can be parame-
trized by the elements ¢ of the set C. We have shown in Ref.
3, the remarkable fact that in the case of the SO(v,v) group
the set C can be identified—up to a set of Haar measure

g=ch,

zero—with the group space T P &T'}, i.e.,

C=TPT",
Hence the group parameters {c, },l( pl ﬁg) may be considered as
[1+ (3)] intrinsic coordinates of the pure semispinor
¥(c).

The action of T, on #(c) is determined by the Mackey
decomposition; in fact

To,9(c) = Toethm, = ¥(cg,),

where the group element c, . is uniquely determined by the
formula

8of = Cgoltge-

We see that if we represent ¢ in terms of {¢, }; =\, the
action of SO(v,v) on ¢ is nonlinear.

It is shown in Ref. 7 that we can choose a parametriza-
tion of the group G such that it is expressed as a product of
one-parameter subgroups, i.e.,

7= | 11

kei=1

(e,

where the O * are generators of T and D of T groups,
respectively. Then the generic non-null component of ¢,
with an even number 2p of indices, is given by’

Yoty = (20— DU 000 ey (2.18)
Inserting (2.18) into (2.10) and (2.11), we get

d,a+ ;gx [6 e, + —;—c,-‘,-z 8‘=a] =0 2.19)
and 1

20, ¢y + ,-.E:'l @y )0 =0, (2.20)

With i!,iz,i:; = 1,...,‘V.
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It seems noteworthy that spinors that carry out a non-
linear spinor representation associated with the highest
weight m ., satisfy—in intrinsic spinor coordinates—a spe-
cific system of nonlinear equations with quadratic nonlin-
earities. Thus nonlinear representations imply some specific
nonlinear dynamics.

Equations (2.19) and (2.20) were obtained indepen-
dently in Ref. 9 using the Chevalley formalism.

lil. COVARIANT WAVE EQUATIONS FOR SO(v + 1,v)
PURE SPINORS

Following Cartan® we pass from the orthonormal basis
of the pseudo-Euclidean space R”* ¥ to the isotropic basis
using the transformation

0 0 1
r= 131, 11, 0
i, 41, 0
The new metric tensor g/, has the form
1 O 0
&.r=|(|0 0 L
0 41, ©

The new coordinates in R** ' are denoted by °, y', and y'
and the corresponding basis of the Clifford algebra by H,,
H,, and H,., /= 1,...,v. The relation connecting the two
bases are the same as in the SO(v,v) case, plus

P=x**" and Hy=T,,,,.
The Dirac equation (2.5) in y-coordinates has the form

a hd a d

H,— + (H—-f-H-—)] Y(»)=0. (31
[ ' T &\, T,

The pure spinor ¢ from the carrier space L™ of the irre-
ducible linear representation of SO(v + 1,v) of dimension
2%, corresponding to the highest weight m = (4,...,}), can be
represented as a column

Yo
2
¢‘V
Y=l ¥
¢v:- 1v

¢i, -,
The components ¥, .., for r>3 can be expressed in
terms of ¢y, ¥, , and ¥, by the formulas®’

182

and

¢1, gy = (2p + l)!!¢0_p¢[il¢izi, 1012;1”,]- (3.2b)
We have the following proposition.

Proposition 3.1: The Dirac equation (3.1), written for
the spinor components, has the form

¥, ... i, —2r a[i, Y. i]

+ Z ai’+ ]¢i,+ iy ey 0’ r= 091’2""’V‘ (33)

i1=1

Proof: From Eqs. (2.8a)—(2.8¢c) of Ref. 3, we have

(Ho ao¢);, i, = ( - l)rao ¢i| ) (34)
> (H, 'y, .. i
I=1
-, Z=, Hy i 770
= ( . l)r z air+|¢i,+|f| i (35)
iy =1
and
S (H. 3", ..,
I=1
B 2 (Hl,'")il i’il "-‘l:,,,--- "a,:n!b[l ;m e,
m=1
= Z (- 1)'_m23i,,,¢1|---?,,,--.i,
m=1
=(- 1)'+12"a[i,¢iz---i,]' (3.6)

Inserting Egs. (3.4) and (3.6) into Eq. (3.1) we obtain Eq.
(3.3). v

The first » = 0,1,2,3 cases are given explicitly by the fol-
lowing equations:

dodo+ z; 3, =0, (3.7)
ol — 23, Yo — ,5;1 3y, =0, (3.8)
Qo =49 b+ g] 35y, =0, (3.9)
It — 60y b — 3 0y =0.  (3.10)

=1
We show now that all equations in (3.3) for > 5 follow from
Egs. (3.7)-(3.10). In fact, we have the following proposi-
tion.

Proposition 3.2: If the spinor components satisfy Egs.
(3.7)-(3.10), then they automatically satisfy all Eqgs. (3.3)
for any r.

Proof: For r = g odd the Dirac equation (3.3) for the

¥, iy = (2p — Do _P'/’[i:iz Vi, - ¢i2p— 1izp] (3.2a) pure spinor components can be written as
J
1 v -
—2"4(3 —9q) {(ao'/’[i,) —2(9;,%0) — . z_] (ai,,+,'/’[i. o~ )] ¢i2~--iq]

v

+ [(aowli,i,ia) —6(d,¥,,,) — z (aiq+l¢[i,i2i3iq+l)} U, .. i) =0,

igy1=1
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while for 7 = p even, it can be written as

( - %) [ao¢o+ 3 (a,.H,ap"’“)}nﬁ,,...,.,— %p(p—Z) [8010[.-.—23[,-,%—

=1

z (aip+1¢[inip+l)]¢i2"'ip]

py1=1

+ (}2’) [aoap[ili2 —4 a“‘ ¢i‘ + z (a"p+1¢[hiz‘p’+l)] ¢iz eip)

ip+l=]

+ (g) [ao'/’[i.i,i, —6 a[i, ¢i,i3 -

v

1=

z (aip+l¢[i|'zi3ip+l)] ¢i4 ip] = 0'

(3.12)

In fact from Eqs. (A6)-(A8), using Egs. (A2), (3.7), and (3.9), we have that

3ot ..., =e {% 93 — @) (0¥, )Y, + (g) (Oo¥1i,i, )Y, - i,,]] )

while from Eq. (A16), we have that

1
qali. ¥, .. = e 2 [(g) 3(3[,', 1/’,',13)'//.; ig] + —2‘q(3 -q) (a[i, ¢0)¢i2 iq]] .

(3.13)

(3.14)

After insertion of Egs. (3.13), (3.14), and (2.14) into Eq. (3.3) for r =g (odd), the first part of Proposition 3.2 is

proved.

Let us pass to the case r = p even. From Eq. (A16), we have that

ao'p,'l e dp = e—a/z [(Z') (a()'p[ili2 )“ﬁiJ i ] + (1 - %) (ao¢0)¢i, ip] ’

while from Eqgs. (A6), (A7), and (A8), we have that

-1
a[,.ltll,-r..,‘,] =e—a/2 [(p —_ 1)(a[i.¢i2)¢i3u- i) + (p 2 ) (a[,-|¢12i3 )!b,"... i) + (1 - %) (a[in¢0)¢’z"'ip]] .

(3.15)

(3.16)

Finally from Egs. (A11), (A2), (A16), (A6), (A7), (A17), and (A14), we have that

ipt1 —a ip 1 1 [ -
a P ¢i, ..-ipip+, =€ 72 I(l - —g‘) (aip+1¢p )¢i, ...ip + —Z—P(P _2)(aip+l¢’[i, P )¢[2...,'P]

p byt p b1
+ (2) @, Yuy, "™ Y, . L]~ (3) @, , Wi, " VY, . iP]] .

After insertion of Egs. (3.15)—(3.17) into Eq. (3.3) for
r=p (even) and taking into account the relation (A18)
also, Egs. (3.11) and (3.12) are obtained.

Looking at Eq. (3.3) in the form given by Egs. (3.11)
and (3.12), we see that, if Egs. (3.7)-(3.10) are satisfied,
then the expressions within the braces of Egs. (3.11) and
(3.12) are identically zero, making Eq. (3.3) automatically
satisfied. v

We see, therefore, that Egs. (3.7)-(3.10) form a set of
basic equations for the spinor ¥. Inserting Eqs. (3.2a) and
(3.2b) for ¢, and ¢, into (3.9) and (3.10), respective-
ly, we see that the set (3.7)—(3.10) represents for the inde-
pendent components ¥, ¥;,, and ¢;; a system of nonlinear
equations with nonpolynomial nonlinearities.

We show now that, passing to the intrinsic spinor com-

ponents, determined by the coordinates {c, }.*¢"> " of the
Mackey set C, we reduce the Egs. (3.7)-(3.10) to a system
of equations with quadratic nonlinearities. We note first that
the highest weight spinor ¥,,, corresponding to the highest
weight m = (4,...,4) of the SO(v + 1,v) spinor representa-
tion, still has the form (2.16). We have shown in Ref. 3 that
the stability group H of ¥, has the form

H =SL(v,R)&R,

1887 J. Math. Phys., Vol. 27, No. 7, July 1986

(3.17)

|

where R is a solvable Lie group whose Lie algebra 7 has the
form

F=tP44qv,

with ¢t a ( 7 )-dimensional Abelian algebra and d” a v-
dimensional vector spacein theso(v + 1,v) Lie algebra. The
corresponding set C coincides—up to a set of Haar measure
zero—with the group space

C=R'&R, (3.18)

where R is a solvable Lie group whose Lie algebra 7 has the
following structure:

r=t@4f, (3.19)

witht @ a (3 )-dimensional Abelian Lie algebra and f~ a v-
dimensional vector space in the so(v + 1,v) Lie algebra. We
see that now the structure of the set C is much richer than in
the SO(v,v) case.

Since g = ch, ceC, heH, then the arbitrary pure spinor ¢
in the carrier space of the nonlinear representation can be
written in the form

Y=T.9, =¢(c). (3.20)
Consequently the group parameters of C may be considered
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as the intrinsic components of y. We have shown in Ref. 7
thatif * and Q" are generators of one-parameter subgroups
in the space ¢ @ and S, respectively, then for
X =g, F* +d,,Q" inr, the representation T, = ¢* can be
written in the form

= [ i oo
k=1

exp(d,,Q ")] D, (3.21)
r<s=1
Then the components of ¢ with an even number p of indices

are given by’
Y. i = (p— 1)!!ea/2d[i,izdi

sie bt dip—lip]’ (3.22)

while those ones with an odd number ¢ of indices are given
by’

¢il iy = — q!!e“/zg[i‘di,i3 ese diq— liq]’ (3.23)
where
dy:=d; +€(j— g g (3.24)

Inserting formulas (3.22)-(3.24) into Egs. (3.7)-(3.10),
we find that the Dirac equation for the pure spinor ¥ (y)
transforms into the following set of nonlinear equations for
the intrinsic spinor coordinates a(y), g; (), and d;, (y):

%aoa— Y (%gn 8"a+a"gil) =0, (3.25)
i =1
i(aoa)gi, + aogi, + ai,a
v 71 ) )
_dii alz a':di'_) _—.0, 3.26
+.~,§1(2 i, 0+ " (3.26)
1904, + 8(i, 908, + 29,8,
- z (38 ), + —;—g‘.3 6'5d,-l.~,] =0, (3.27)
=1
g[l', aodi213] + 2 a[il dizisl
+ z (ai‘d[iliz )dislia = 0' (3'28)

=1

We see that in intrinsic spinor coordinates, provided by
the group parameters of the C group, the Dirac equation
(2.5) represents a system of specific nonlinear first-order
equations with quadratic nonlinearities. Due to the more
complex structure of the C space, the system (3.25)—-(3.28)
of nonlinear equations is also much more complicated than
the corresponding system (2.19) and (2.20) for the SO(v,v)
case.

IV. PARTIALLY PURE SPINORS

The theory presented in Secs. II and III concerns the
nonlinear wave equations associated with pure spinors of
SO(v,v) and SO(v + 1,v) groups. We would like to call at-
tention to a rather interesting fact that the pure spinor repre-
sentation of the given rotation group represents one out of, in
general, many nonlinear spinor representations. Consider
the case of the SO(v + 1,v) groups. In this case the carrier
spinor space L™ of the linear spinor representation is
spanned by the spinors
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%o

¥,
: 4.1)
Vs,

¢i. i,
and has dimension d, = 2 *. In the case of the pure spinor
¥, the components ¢; . ;, are determined by the 1y, ¥;,, and
¥, components, in particular by Eq. (3.2),
(v — D™ " Priathse = ¥y 10

for v even,
YS' 2  Yas - 1y,

for v odd
must be zero for any pure spinor having all ¢; ; components

1

'//12 -y =

zero, like the standard pure spinor ¢,, given by Eq. (1.3).

Hence the spinor
1
s 0
U= : (4.2)
0
1

is certaintly not pure. Consequently the nonlinear spinor
2

representation determined by ¢,,,, according to the construc-

tion given in Sec. III will be different from that associated

1
with the pure spinor ¢,,. In order to find this representation
2 2
one has to determine the stability group H of ¢,, and the

2 2
Mackey set C = SO(v + 1,v)/H. We have the following

theorem.
Theorem 4.1: Let m = (},...,4) be the highest weight of
the irreducible linear spinor representation of the

2
SO(v + 1,v) group with v>5. Then the stability group H of

2
#,, is the group SL(v,R) spanned by the (+* — 1) genera-

tors
1 é
 § "Z—[Hk»Hz'] 4+ K
v

kl=1,..,v.
Proof: (See Appendix B.)
Remark: Contrary to the pure case, here the set of gener-

ators in so(v + 1,v), complementary to the stability set
{I1¥'}, do not form an algebra.

L1
—I[H,.H,],
5 HaH ]

m=

(4.3)

1
Notice that in the case of the standard pure spinor ¢,,
the stgbility group was the group
H = R&SL(v,R),

where R is a solvable group whose Lie algebra » has the
following structure®:
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r=t®4d”,
with ¢ a (})-dimensional Abelian Lie algebra andd” a v-
dimensional vector space in the so(v + 1,v) Lie algebra. We
2

see therefore that H coincides with the maximal simple sub-
1
group of H.

2 2
The Mackey set C =SO(v + 1,v)/H has the dimen-
siond 3= 1+ 2v + 2(3), which is much larger than the di-

1
mensiond, =1 + v + (})) of C in the pure spinor case. It
C

1
follows from the form of ¢,, that the pure spinor is distin-

guished by the fact that the dimension of the associated non-
linear spinor representation is the highest one.
2

As previously, the carrier space N™ of the nonlinear

2
spinor representation associated with #,, coincides with the

2
manifold C, i.e.,

2 2 2
Y()=T.¢,, cC.

2 2
The nonlinear representation T actsin N ™ according to

the formula
2 2

2
T, 9(c) = ¥cg,)-

3
Itis clear that, taking another standard spinor ¢,, witha

larger-than-2 number of nonvanishing components, one ob-

3
tains in general a still smaller stability group H and a larger

3 3
carrier space N " ~ C of the nonlinear spinor representation

3
T of SO(v+ 1,v). In that manner, determining a finite
number » of all nonequivalent stability subgroups H of ¢,,,,

one finds all possible nonlinear spinor representations 7,

i = 1,2,...,n, associated with a given linear irreducible spinor
representation. The dimensions d; of these nonlinear repre-
sentations will satisfy the inequalities

1+v+ (;)<d2<d3< oo <dm <2

We shall call the corresponding nonlinear spinors “par-
tially pure spinors.” They represent a natural extension of
the original Cartan pure spinor and they have a rich geomet-
ric, topological, and group theoretic structure.'® The theory
of nonlinear spinor wave equations associated with partially
pure spinors will be presented elsewhere.!!

V. DISCUSSION
We conclude this work with the following remarks.
(1) It is remarkable that, with every nonlinear pure
spinor representation of a rotation group, one can associate
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nonlinear covariant spinor wave equations with a specific
type of bilinear nonlinearity. The obtained models of spinor
field theory resemble the o models of boson field theories
based on homogeneous spaces of the rotation group.® The
Lagrangian formalism and the corresponding conservation
laws of the obtained nonlinear spinor field theory are consid-
ered in Ref. 11. We stress that the resulting spinor field the-
ory—due to a large number of bilinear constraints—con-
tains an absolutely minimal number of independent spinor
field components: for instance in the case of the SO(v + 1,v)
groups for v = 10, instead of 1024 independent spinor com-
ponents in the linear representation, we have only 56 in the
nonlinear one.

(2) The covariant form (2.6a) of the spinor wave equa-
tion is very convenient for coupling the spinor field ¥ with
other fields, e.g., gauge fields 4, connected with a gauge
group G. In fact in this case the coupled covariant wave
equation will have the form

Da(A)Fa'p(x):O) (51}

where

d
Da A mn=6mn—
[P ()] ox°

- lg( T’)mnA ;’
witha = 1,...,2v (or 2v + 1) and m,n,r = 1,...,dim G.

The analysis of the coupling of pure spinor fields with
gauge fields may clarify the physical meaning of constrained
spinor field theories.

(3) A systematic program of a quantization of a field
theory with field values on homogeneous spaces has been
considered in Refs. 12 and 13. This theory can be applied in
our case and will provide a specific model of nonlinear spinor
field theory with bilinear constraints. It is interesting that a
model of spinor field theory with bilinear spinor constraints
appears in the strong coupling limit of boson—fermion field
theories.
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APPENDIX A: LEMMAS NEEDED IN THE PROOFS OF
PROPOSITIONS 2.2 and 3.2

We collect here a series of results of technical nature.
Lemma 1: For p even we have

Yoy, = (P — Dbt ¥y 30 (A1)
and

Vi, = (P — Dyt ..} (A2)
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Proof: From Ref. 6 we have that

which, after insertion of the definition (2.6), gives Eq. (A1).

In order to demonstrate Eq. (A2), let us write Eq. (2.4)

explicitly, using definition (2.5)

lﬁol/J,-, iy = pi_ll ( - l)m_ 1¢imip¢il ‘,’m iyt (A3)
" J
Yo¥i, ...,
—M[(¢li "¢ii)( z (_l)"'pii ¢z i )
p-(p—2)1 " 7 Ny . ot

+ -+ (¢ip—lip - ¢ipip-l) ( Z

L {{

while, using definition (2.5) again,
'ﬁ[i,i2 ¢i, wip]

= 'pl—' {('pl.l'z - ¢i2‘.1 )(1ﬁ‘,3 i + perm)

+ e +(¢ip—xip_¢ipip—l)(¢il""p—2+perm)}
1
= ————{( 1, ™ -") iy
p(p—1) Vi = Vi 2y

o Wy =P Wi T (AS)

Comparing Eqs.(A4) and (AS5), Eq. (A2) isproved. W
Lemma 2: For q odd we have

Yo, .o, = Wi ¥ i (A6)

YoV, i, = Wi, ¥iy i, (A7)

Yo¥i, .. P = q(qg— 2)¢[lli2i3¢i‘ wig]® (A8)

Proof: From Ref. 6 we have that

Vb= 3 (D™, by i, (A9)
m=1

which, using the definition (2.6), gives Eq. (A6). From Egs.
(A6) and (A2) we have

=qdo¥, ¥, . ip]

=q(q— 2)'/'[:', Vi ¥, il
=¥V ¥s -1,

=q(q— 2)§'/’o¢[i,t,i, ¥, Ly

proving both Eq. (A7) and (A8). v
Lemma 3: For q odd we have
Yotli, ... a1 & ig(g— 2)¢[i, iq_,¢iq_2iq_,iq]iq+ . (A10)

J

(=D, w)]

(A4)

Proof: Applying Eqs. (A1) and (A2), we have
%Y, . i
=gy, ..., _, Vidins s
=gq(q— 2)¢[i,iz¢1, iq_,'ﬁiq]i”,
=1g(q— 2)'/’o¢'p', iq_3¢iq_2iq__ NATNT

and the lemma is proved. v
Lemma 4: For p even we have

YoV, .. by =P¢[i, ¥, L) T ¥, .. i,'/’i,“: (All)

Yot gy =pdp, ...1‘,_,'/’1,,],"“ + ¥, %, ,, (Al2)

Yo¥i, s, = (P — Dty .,
QL VBRI ATHRY

Yoty = (P = DWpiy, by i,
+¥p =2 Wi M,H,}-
(A14)
Proof: From Eq. (A6) and definition (2.6) we have
Yoy iy, = VWi, — YuWid,,
+ o =, YL Y,
=p¥u¥uigp., T ¥, Vi

and Eq. (A1) is proved. Using now Eq. (A1) and (A6) we
may write

Yoty ¥, .. Bl = (P — Dy, Vi, _ K27

=YW, i,_ Yirlips - (Al5)

Inserting Eq. (A15) into Eq. (A11) we get Eq. (A12). Then
from Eq. (A7) and definition (2.6) we have

(A13)

Yot .., = (1/p1) {[(¢i.i, Uiy iy, + PO yiy))) = (4,0, i, iy, + PEIME,e000,))
— e (¢i,i2¢ip+|i4 g, + perm(il""’ip ))] - [(¢i,ip+|¢i3 s + perm(in---,ip))

+ ('A‘H A ¢'i3 gy + perm(i},...,i, ))]}
=(p—D¢,,¥.. lipsr 2¢[i.ip+,¢i2 wip]
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(withi, , , not antisymmetrized), and Eq. (A13) is proved. Finally, by repeated use of Egs. (A13), (A2), and (A7) we have
Yo, = 1(p — 1) (p— 33 ¥, .. b1 = Y
=(p— Dby = (P =%, ¥y
=(p =Wy i) = [0 =22/31 00, Wiy

and Eq. (A14) also is proved.
Lemma 5: For p even we have

984, = (2) @iy + (1= 2) @02t

Proof: From Eqgs. (A2) and (2.4) we have, acting recursively with the derivative,
3°(Yot, ... ) =(p— 1){(aa¢[i,i2 Wi,y + ¥ Wi, 0 (Yo, . B) — @YY, .. ip}
=« =[(p—2)721(p — D@, )¥,.. it (p— l)"'/’(l)_p/z¢[i,i,¢i,i. ¢ip_3ip_zaa(¢0¢ip_ )

- [(p —_ 2)/2] (a a¢o)¢i, iy = (2)(3 a¢[1|12 )w,':‘ wip] + (2 - %) (aal/Io)l/V,-‘ iy

and the lemma is proved.
Lemma 6: For q odd we have

Yd ...,

=q(d a'/'[il W, .. i1t $)d a'/'[i,i2 )Y, .. il
+1(1 —9)(3°Yo)¥;, ...,
Proof: Using Eqs. (A6) and (A16) we have

9o, ..,
=q(@%Y)Y,...,; +90C7 DL N Yl Wi ¥ i

+1G3 =D @Y, .-

Then, taking into account Eq. (A6), the lemma is proved. ¥
Lemma 7: For p even the following identity holds:
%P( P—2) (aa¢[i, )Y, .. L= (13’) (aa¢[ilizi3 ), . L

(A18)

(AIT)

Proof: From Eq. (A6) and (A8) we have
—3p(p—=2)(@Y )Y, .. )
+ )@YV, iy
=G)p— Y '[0°(P, ) 1Y, .. ,y=0.
In fact from Eq. (A6) we have that
Vi, i1 = 3¢5 1¢[m‘, ¥, ¥,,=0,

and then the lemma is proved. v

APPENDIX B: PROOF OF THEOREM 4.1

Let us analyze the elements of the first and the last col-
umn of the matrices

\[H,H,], po=01..n1,.., (B1)
making use of the Egs. (2.8a)—(2.8¢c) of Ref. 3.

Then we have for the first column’s elements

(i[ijHO] )1, ...,'Po= (i[IIj’HI])ll ...;Po—_-O, (B2a)
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v
(A16)
v
—
and
G[HHo])y,.," =818, (B2b)
(ile ’Hl' ] )il ipo = 6‘72 (6il’6l'zj - 61‘_]6121 ), (BZC)
(i[Hj)Hl’])i‘...ipo=6wi5ﬂ. (B2d)

For the last column we have

G[H, Ho])y, ..., " = G[Hp Hy ]y, 77 =0,

(B3a)

while for the remaining ones the only non-null elements are
given by

GLHHo]) gy " = (= 1), (B3b)

(i[H]rHI])le‘,lv: ( - 1)j+l+ lf(l_j)’
(B3c)

GLHH; Dy "= — 16, (B3d)
Summing up Eqgs. (B2a)-(B3d), we have the following:

i[H;,H,] gives no contribution in the first column and a
contribution ( — 1) in the (1 - j - ¥)th row of
the last column;

i[H; ,H,] gives a contribution 1 in the jth row of the first

column and no contribution in the last column;

gives no contribution in the first column and a

contribution ( — 1) *+/*+'e(/ —j) in the

(1 . j o I - v)th row of the last column;

A\[H, ,H,. ]} givesacontribution e(j— /) inthe ( j/)throw of
the first column and no contribution in the last
column;

\[H;,H,.] forj#Igives no contribution either in the first or
in the last column;

{[H,;,H; ] gives a contribution } in the Oth row of the first
column and a contribution (—}) in the
(1 - v)th row of the last column.

\[H).H]

If we now go to the explicit realization of the
so(v+ 1,v) Lie algebra given by Egs. (A2c), (A2d),
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(A3c), (A3g), (C2),and (C3c) (forh = v), wesee that the

2
stability algebra of the spinor .., given by Eq. (4.2), is pro-

vided by the v(v—1) generators }[H,;,H, ] with
J#1=1,..,v, plus v — 1 differences of generators } [ H;,.H, ],
j=1,..,,1ie., by the (+* — 1) generators IT1¥ given by Eq.
(4.3). v
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Matrix operator symmetries of the Dirac equation and separation of variables
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The set of all matrix-valued first-order differential operators that commute with the Dirac
equation in n-dimensional complex Euclidean space is computed. In four dimensions it is shown
that all matrix-valued second-order differential operators that commute with the Dirac operator
in four dimensions are obtained as products of first-order operators that commute with the Dirac
operator. Finally some additional coordinate systems for which the Dirac equation in Minkowski
space can be solved by separation of variables are presented. These new systems are comparable to
the separation in oblate spheroidal coordinates discussed by Chandrasekhar [S. Chandrasekhar,
The Mathematical Theory of Black Holes (Oxford U.P., Oxford, 1983)].

I. INTRODUCTION

A complete theory of separation of variables for the
nonscalar equations of mathematical physics has yet to be
developed. Some partial results have been obtained for the
Dirac equation, the Proca equation, and the Pauli-Fierz
equation.’ More recently there has been renewed interest
in the separability properties of the equations for first-order
perturbations of spin fields in a gravitational background. In
particular Teukolsky* has shown that for massless fields of
spin-0, -}, and -1, a form of separable solution does exist for
perturbations in a Kerr metric gravitational background.
Chandrasekhar’® has shown that the Dirac equation also ad-
mits a separable solution in such abackground. These results
have been extended by several authors®’ and shown to hold
for more general classes of type D vacuum metrics. More
recently the constant of the motion associated with the sepa-
ration of variables for the Dirac equation (the other two
constants are associated with geometrical symmetries) has
been characterized.®'° It is found that the additional con-
stant of the motion is a matrix first-order differential opera-
tor that commutes with the Dirac Hamiltonian. This opera-
tor is associated with the generalized Killing tensors of Yano
and Bochner."' Furthermore McLenaghan and Spindel®
have established the general form of a matrix first-order op-
erator that commutes with the Dirac Hamiltonian. An inter-
esting feature of Chandrasekhar’s work is that it also implies
that the Dirac equation in Minkowski space admits a separa-
ble solution in oblate spheroidal coordinates. We should
mention in this connection the work of Cook'? on separation
of variables for the Dirac equation. These results inject new
life into the possibility of classifying all separable coordinate
systems and solutions for the Dirac equation. To this end in
Sec. Il we compute the matrix operators which commute
with the Dirac Hamiltonian in complex Euclidean #-space.
We then study the first- and second-order matrix symme-
tries of the Dirac equation in four dimensions in Sec. III
culminating in Theorem I. Finally, in Sec. IV we present
several examples of separable solutions (of the Dirac equa-
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tion) in four-dimensional Minkowski space and give their
operator characterization.

Il. FIRST-ORDER CONSTANTS OF THE MOTION FOR
THE DIRAC HAMILTONIANIN £,

In complex Euclidean n-space E, Cartesian coordinates
will be denoted by z;, i = 1,...,n, and the associated infinitesi-
mal distance is

ds* =dz; dz,. (2.1)

In this section repeated subscripts imply summation; we
only use subscripts and work exclusively in Cartesian co-
ordinates. Furthermore we will take the dimension to be
n =2v,1i.e., even. Then, as is well known,'* there is a unique
representation of the Clifford algebra of dimension 2v by
2v X 2v matrices y;, which satisfy the anticommutation rules
({ , }is the anticommutator bracket)

{Yi’yj} =vY; + VY= 21;.6.'_,'- (2.2)
The associated Dirac Hamiltonian is
H=y4d +m (3,- = _3_) (2.3)
az

Clearly the results of significance in this section are to be
obtained by considering various real forms of complex Eu-
clidean n-space. The resulting W, which is a solution of
HY = 0, could then be interpreted as the solution of an ap-
propriate wave equation in a physical theory realized in di-
mension n. The other advantage of working in complex Eu-
clidean n-space is that a large number of different cases for
operators of a given type correspond to a single class in this
case. The classification problem is thus made considerably
simpler.

We now search for operators L = F, d, + G, which
commute with H:

[AL]=0. 2.4)

Equating to zero the coefficients of the derivatives in this
condition we obtain
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[YasFo ]+ [V Fa]1 =0, (2.5a)
[Gr.] = (vi 9)F,, (2.5b)
(v, 3,)G=0. (2.5¢)

In addition to the y; matrices we define y,, , , = o = (1/
(2v)Y) €, ..i,, Vi, = Vs, (Here g, ., is the usual antisym-
metric tensor.) This matrix satisfies

2.6)
A suitable basis'? for the space of 21X 2v matrices is then

Yar * Vayp P =1L,

OVa, ** Vap,_» P= 1,..,v.
where a; <a; if i <j. We write

Fo = F I+ 3Fp0,Ya, Ve, +

{oy,}=0 j=1..2v.

2.7

+ 2v 4 lFaa wayVa, ** Va
1@ a 2v

+ 2Faalw7/al + -+ ZVFaa1 ey, lwya, ** Yay 1
(2.8)
where we take F,, .. ap_y = ‘,,Fa[a| —ay_1]" The square
bracket denotes complete antisymmetrization. The condi-
tions (2.5a) then imply

PFao“'ap_‘ =PF[ﬂo"'ap_1]' (29)
In particular
2v + lFaoa| ay, T 0 and ZVFaOal Gy, g = CeO,l ,,,,, 2v—1°

The conditions (2.5b) then imply
(VPP [ (Fusiy ) ]

+ ac (p+2Faca0--~aP,l ) + 2(p+2Gaao-~-ap_| ) = 0’
(2.10)

where round brackets denote symmetrization, the first sum-
mation is over all permutations a; -+ a,_, of the fixed set
gy, 15 and P, is the sign of this permutation.
From these equations we can deduce that

9y (pFaaya, ) +9a(pFoaya,_,) =0 (2.11)

ie,each F, . a, function is a generalized Killing-Yano ten-
sor.!! In particular, d,C =0 and 8, (,F,) + 3, (,F,) =0.
This last condition is just the statement that the ,F, are the
components of a Killing vector. The remaining conditions
are, in fact, redundant, since, for any general Killing-Yano
tensor'! F, .., , we have that

’
[

a‘,_

aa ab (pFalu-a‘,) =0. (2.12)

We thus see that the space of operators L is determined by
the Killing-Yano tensors ,F, ., and ,,,G, .,  , Vvia
(2.10)

The general solution of the Killing-Yano equations
(2.11) is known!! to be

pFara,(Z15nZy) = AZ,€4q,..q) + By, .o, (2.13)
and the corresponding solutions for
p+20aa,a, =3P 0. (F, o)
=4 1P, ..a, (2.14)

A basis for the space {L} consists of

1894 J. Math. Phys., Vol. 27, No. 7, July 1986

Loy = [1/QDNP,y i 2, 3y V7

aéq
+ qYa Ybyal o Yazq’ q= 0)1)-"91” (2«15)
LZ‘I‘ 1= [1/(2q - 1)!]Pa’b'ai ..,aéq‘ |za’ ab’ Cl)’}’a; - ya

I3
29— 1

+ (@ = DOVa¥sVa, * VYar,_y» 4= Lo,

(2.16)
M,, = [1/(2q)!]P,,,a;,_,aéq Oy ¥y Vg 9=0L,

(2.17)
Moy = (V=P o 3y 00 =¥,

(2.18)

where the summations extend over a fixed set of indices
(e.g. a, b, ay,...,a,, in the case of L,,). This basis has a
particular significance, which we can see as follows: consider
operators of the type M,. From (2.17) and (2.18) we have

M} =3} +-+3d], (2.19)
i.e., M7 is the second-order Casimir invariant for the sub-
group E, |, whose Lie algebra has the basis

P/l = (9,1 ’

M/lu =2z, a,u _z,u a/l + %7//17,11’
A #u. (2.20)

A similar result holds for the operators L;; from (2.15) and
(2.16) it follows that

A, u=ba,,....a,

L= zMi#+%l(l+1)I,,, (2.21)

A>p
i.e., to within a constant L ? is the Casimir invariant for the
subgroup SO(/ + 1), whose Lie algebra has a basis

M, Au=11ba,..a, A>u.

These operators generalize the “‘square root of angular mo-
mentum” introduced by Dirac in this treatment of the elec-
tron.

It is in fact the study of orbits of commuting operators
that should be of basic importance to a study of separation of
variables. The particular example of Chandrasekhar® has
highlighted this feature. From the point of view of separation
of variables theory the operators that are associated with it
could be second order. As a step in this direction we extend
the studies of McLenaghan to second-order matrix differen-
tial operators that commute with H.

lIl. SECOND-ORDER CONSTANTS OF THE MOTION
FOR THE DIRAC HAMILTONIAN IN £,

In this section we study second-order operators of the
type

Z=K,3,0,+L.3. +M, (3.1)
which commute with the Dirac Hamiltonian in complex Eu-
clidean four-space. (To make the computations relatively

straightforward we restrict ourselves to E,.) The condition
[H, .1 = 0is equivalent to the equations

[y(a,Kbc) ] = 09 (323)
- 27/d (adKab) + [y(a,Lb) ] = O’ (3~2b)
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Ya(94L,) + [}’,_M] =0, (3.2¢)
Va(9gM) = (3.2d)

where the ( ) subscnpts denote complete symmetrization of
the enclosed indices.

Our purpose is to show that all second-order constants
of the motion of the type (2.1) can be constructed as pro-
ducts of the firgt-order ones, as calculated in Sec. II. We note
that the set {.Z} does not close under commutation; how-
ever, if L,, L, are any two first-order matrix differential op-
erators that commute with H, then [L,L,,H] =0

A suitable basis for {L} in E, is

Lase =V5[Va2b ey — ViaZc Oy ] + Vas

a>b>c, abed#, (3.3a)
Qs =7VsVia Gbyy a@>b, (3.3b)
Sabe =YV 9o, a>b>c, (3.3¢)
M =€, VV’2, 34 + 375, (3.3d)
M, =2,0,,+W.7, a>b, (3.3e)
P, =3, (3.30)
H=y, 9, (3.3g)

where all indices run from 1,...,4. From the first of conditions
(3.2), if we write

Koy =Ko + Kb Ve + KopeaVeVa + 2abc7’57’c + EabYS’
(3.4)

then the coefficients of K,, must satisfy

K apra =0, (3.5)

Kyoi (8006us — 80p0ua) + Koci (6pa6ap — 84p0ua)

+ Koy (8,045 — 6.564,) =0, (3.6)
Ko, =0, (3.7)
K, =0, (3.8)
in addition to the obvious symmetries

Ko, =0, (3.9)
Koty =0. (3.10)

For the second set of conditions (3.2) we write

L,=L,I+L,y,+ LaVs¥c +Lap¥s¥s +La¥s
(3.11)

with L., = 0 and obtain
acKab + L(ab)c + adKabdc = 0’ (312)
a(cK|ab|de) + €pge O Koy + 2L4€5040 + 2L €44, =0,

(3.13)
€care O (Kopg) + au']? able] F €acrelve + €perelige =0,
(3.14)
3y (Ropa) + 2L,y +L,) =0, (3.15)
4K, =0 (3.16)
For the third set of conditions, we write
M=MI+My, + Myv.vs + M.7sy. + Mys  (3.17)
and obtain the conditions
3.L, =0, (3.18)
3,L, +09.L,,, —2M,, =0, (3.19)
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9w Ligicay + €ebea aeia + Zfamdﬁi 0, (3.20)

91 Ligic) + €decs FuLloe + 26000 My + 26545 My =0,
(3.21)

3.L, +2M, =0. (3.22)

We will now show that the space of operators L in E, is
spanned by all products of first-order matrix operators.
From (3.12) and (3.5) we can see that

0K =0. (3.23)
There are 50 independent operators L of the form
Z =Kab aa ab +Labc7b7’c aa +M (324)

constructed from the symmetric products in the enveloping

algebra, ie., products of the form {P,P}, {P,M,},

{M,;,M,,}. The conditions (3.23) are the equations for a

symmetric Killing tensor to exist in four-dimensional fiat

space E,. These conditions have been discussed by Katzin

and Levin'* and the above result is included in their work.
From (2.6) we deduce that

K,. =0, abc#, (3.25)
—K,.. +2K,, =0, a#b, (3.26)
and consequently
K, =K. (3.27)
From (2.16) we have that
4,K, +d,K, =

these are just Killing’s equations. There are therefore ten
independent operators of the form

L Kabc YCaa ab + 2‘\ab VSYb aa + Lab‘yb aa . (328)
These operators are formed by taking symmetric products of
the form {H, P,}, {H.M,;}.

From (3.7) and (3.14) we deduce that

Kby =0, 3.7

0Kieya =0. (3.29)
The number of independent solutions can be calculated as
follows. We note that for fixed d, K\ = K beq Satisfies the

equations for a second-order Killing tensor in four-dimen-
sional Euclidean space, i.e.,

3 K@ =0. (3.30)

It is known'? that the vector space of second-order Killing
tensors is in this case of dimension 50. Furthermore it is
always possible to choose a basis of the form

Kpe =A b 2.2, 1=1,..20,

Mo =By .z, m=1,.,20

vi=C~, n=1,..,10, (3.31)
where 4}, B}..,and C}, are constants. Consequently
because of (3.30) we may write

K@ =%, +d™up + e™™v},. (3.32)

Our problem is to determine the number of independent co-
efficients c¢*, d “™, e", given that the K, are subject to the
conditions (3.7) and

ad'k(abc) =0, 3.7)
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340K oy =0. (3.33)

To determing the number of independent coefficients e
consider the K, evaluated at 0, i.e., K, (0). There are 40
such coefficients and they are subjected to 20 independent
constraints K ,,., (0) = 0. There are therefore 20 indepen-
dent constants e®". These are constructed from the 24 anti-
commutators {P.,Q,, } subject to the four constraints

QP =0. (3.34)

To determine the number of independent coefficients d am
we consider d, K, (0). There are 80 unknown coefficients
d “" subject to the 51 constraints

aakdaa (0) = 0’ a7éd’
8, 10 (0) +23,K,,,(0) =0, a+d,

ack\'(aab) (0) = 0’ a,b,c;é, (335)
aak(abc) 0)=0, ab,c#,
3K ey (0) =0, a,be,d #,

All indices are distinct in these conditions and conditions of
the last type are subject to the restriction
02K (pcay (0) + 9K (caay (0) + FK (41, (0)

+ 34K (apey (0) =0,
which follows from conditions (3.29).

A suitable basis for operators associated with these inde-
pendent constants is obtained from the 52 anticommutators

{P,,.L,;}, {M,,,0.,} subject to the 23 independent con-
straints

QwMyy =Ly Py +H/2,
Qoo My1c) = Qea — Lope Py

PoLygy= —MyQuy + M0, (3.36)
H

2 é-abchab ch +—=0.

a>b 2

c>d

To determine the number of independent coefficients ¢ we
consider the second derivatives d, d,K . (0). There are 80
unknown coefficients ¢ subject to 60 constraints:

3.8 1. (0) =0, 3,0,K,..(0)=0, a#d,

acaakdaa (0) = 0) ayc9d #!
~ ~ (3.37)
af(Kaab(o) +2Kbaa (0))=0’ ab3c¢,

ac ad(%aab (0) + Zkbaa (0)) =0, a,b,c#.

A suitable basis for operators associated with these inde-
pendent constants is obtained from the 24 anticommutators
{M_, L.} subject to the four constraints

Ma(bL|a|cd) =Ly, (3.38)
From (3.5) and (3.13) we have the conditions

K abra =0, (3.39)

9aKpcrae = 0. (3.40)

We are, of course, also assuming that K., = K,;,., and

K..s =K, .a, Conditions (3.39) are then equivalent to
the four types

Kabcd + Kcabd + Kbcad = 0, a,b,c,d #, (3.41a)
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Ko =0, a,7#c, (3.41b)
Kosea + 2K aoa =0, acd #, (3.41c)
Kisa =0, a,7#d. (3.41d)
Conditions (3.40) are equivalent to the five types

0, Kpece +0:Kopee +9,Koee =0, abces#, (3.42a)
0. Kpecr + 0cKpaep + 05 Kooy =0, a,bc#, (3.42b)
29,Kocae + 9K o0 =0, acdie#, (3.42c)
24, K,.. +3.K,...=0, aces#, (3.42d)
9. Kouate =0, ade#. (3.42¢)

The number of independent solutions of these equations
again can be determined by the constants K., (0) and all
possible derivatives of K., evaluated at 0. The number of
independent components of K., (0) is 60 and the number
of constraints of type (3.29) is 34. The number of derivatives
3.K .4 (0) is 240. The number of constraints on the first
derivatives are obtained by counting the number of indepen-
dent constraints from (3.40) and the derivatives of (3.39).
There are 136 such conditions, as it can readily be verified
that all the conditions so obtained are independent. If we
now repeat these considerations for the derivatives
8, 9, K ;.4 (0) we obtain at first glance 600 such derivatives
and 628 conditions on them obtained by differentiating con-
ditions (3.39) twice and conditions (3.40) once. There are,
in fact, only 600 independent conditions. This can be seen as
follows. From the conditions

aa (2 aaKacde + acKaade ) = 0’ a,c,d,e;é,
(3.43)
ae aa Kaade = 0’ eya:d #,
we deduce that ’
9iKoqe =0, acdes. (3.44)

Differentiating (3.41c) with respect to d, and using (3.42¢)
we have that 3, K., = 0. Consequently the four conditions

a caa

ac (aaKbcce + a K

cabce + abKtzcce) = 0’ a’b,c’esé’

(3.45)

which are obtained from (3.42a), are redundant.
Further, the conditions

0,(20,K e +0:Kooee) =0, azc, (3.46)

9. 0K ose =0, ciad #, (3.47)
imply that

FeKoeee =0, ace#. (3.48)
The condition

02 (Kagea +2K0a) =0, acd #, (3.49)
then implies

0Kpoea =0, acd #. (3.50)
Then condition

0, (3. Kpoea + 9pKueep) =0, abc#, (3.51)
implies that

Gy 0K ppe =0, abc##. (3.52)
Now conditions
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aa ad (Kaacd + 2Kcaad) = Oa c,a,d #7 (353)

also imply (3.52), so they are redundant. There are 24 of
them. Thus we have succeeded in showing that there are only
600 independent conditions on the second derivatives
9, ;K 4.4 (0). In fact, apart from the redundancies noted
above, all these conditions are independent. These computa-
tions indicate that there must be 58 independent solutions to
our original conditions. These solutions can be generated by
anticommutators {H,Q,,}, {H,L, }, {MM,}, {MP},
{S,0csM;}, {S.s,P:}. There are 60 of these combinations
but there are two independent relations among them:

SavePay =0, (3.54)
S Lu(P 4B +P)+(30,)H=0.  (359)
i>j>k i>j

Theorem 1: Let H = y,d, + m be the Dirac operator in
complex Euclidean four-space. Further let .# = {L} be the
space of all first-order differential operators L = F, d, + G
that commute with H. Then the space 7= {L} consnstlng
of all second-order operators of the type L= K, d,ad,

+ L, 3. + M, K, 540, that commute with H, is spanned by
all products of element pairs of elements of .%.

Theorem 1 suggests that higher-order operators that
commute with the Dirac operator also can be constructed as
products of first-order symmetries, but we have not proved
this.

IV. SEPARATION OF VARIABLES FOR THE DIRAC
EQUATION IN MINKOWSKI SPACE

In this section we discuss how the first-order matrix op-
erators L that commute with the Dirac Hamiltonian can be
associated with separable solutions of Dirac’s equation. This
was implicitly shown by Chandrasekhar’s analysis® of Dir-
ac’s equation in a Kerr background and explicitly by the
detailed study® of Carter and McLenaghan. In the limiting
case, where the Kerr metric degenerates to a flat space met-
ric in oblate spheroidal coordinates, we have infinitesimal
distance

[r2+a COS 7] P + (7 + a® cos® 0)d6?

+ (r2+a2)sin20d¢2]. 4.1

A more familiar version of this infinitesimal distance can be

obtained by putting » = a sinh 7:
ds® = dt> — a*[(sinh® 57 + cos® 0) (dn* + dB?)

+ cosh? 77 sin® 9 d¢?].

Dirac’s equation in Newman-Penrose notation is
(D+€e—p)F, + (6% + m— a)F, =imG,,
(A+p—1F+ (648 —1)F, =imG,,

(D +e* —p*)G, — (6 + 7* — a*)G, = imF,,
(A+pu*—y*)G,— (6+B*—7)G,=imF,.

Here we have used Chandrasekhar’s® notation for the spin
coefficients and derivatives. A distinguishing feature of
spinor equations is that the specification of coordinates does

(4.2)
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not determine uniquely the resulting form of the equation;
one also needs to specify a (null) tetrad or moving reference
frame in order to write the resulting equation. These ideas
have their natural framework in the tetrad formalism.’

The first-order operators L, which commute with the
Dirac operator H, are of crucial importance for the separable
solutions of Dirac’s equation computed by Chandrasekhar.
We briefly review his procedure. Essentially Chandrasekhar
has shown that Dirac’s equation in a Kerr space-time back-
ground admits a solution which can be obtained from a sepa-
ration of variables ansatz. Since oblate spheroidal coordi-
nates in Minkowski space are a special case of the standard
Kerr space-time metric, this implies that the Dirac equation
in Minkowski space admits separable solutions in these co-
ordinates.

What is interesting about Chandrasekhar’s result is that
the proper choice of null tetrad is unexpected. If we adopt
coordinates ¢, r, 8, and ¢, corresponding to the infinitesimal
distance (4.1), the proper null tetrad has the components

li=(l91’0’ a/(’.2+02))’ (4.3a)
n'=[1/2(7 + a* cos’ §) | (P + a*, — ¥ — a*,0,a), (4.3b)
m’' = [1/v2(r + ia cos @) ] (ia sin 8,0,1,i/sin ). (4.3¢c)

This is quite different from the appropriate choice in, say, the
case of cylindrical coordinates with infinitesimal distance

ds’ =dt* —dr* — rd¢* — dz, (44)
I'= (1/v2)(1,0,0,1), (4.5a)
n'= (1/v2)(1,0,0, - 1), (4.5b)
m' = (1/v2)(0,1,i/r,0). (4.5¢)

This frame is simply related to the frame of orthogonal vec-
tors
e =V +nh), e =1/V2)('—n),
(4.6)
ek = (V) (m' +m'), €& =(1/V2)(m —m),
where
e, =0, if A #u,

€re;; =€,,

€, = +1ifA=1and — 1 otherwise. For all coordinate
systems that are characterized by the Casimir operators of
some subgroup chain of the Poincaré group E(3,1), a choice
of tetrad of this type will yield separable solutions and un-
coupled equations.'® There are sound group theoretical rea-
sons for this, which we do not elaborate on here. Now the
obvious choice for oblate spheroidal coordinates would be a
null tetrad constructed via (4.6) from the orthogonal vec-
tors

é; = (1,0,0,0),
&= — V(¥ +a*)/ (P +d*cos? 0) (0,1,0,0),

& = (1/7 + a* cos? 8) (0,0,1,0),
€, = (1/sin 8 ¥+ a%)(0,0,0,1).

However, this choice does not lead to separable solutions.
With the proper null tetrad (4.3) and

4.7)
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fi={(r—iacos 0)F,, f,=F,

(4.8)
&= (r+iacos )G, g =G,
Dirac’s equation becomes
Dofi +27V2.L o f, = mlir+acos 0)g,,
ADY, f,—2"2L 0 fi = — 2m(ir + a cos 0)g,,
(4.9)

'@()32"'2—”2 j;r/zgl

AD 8.+ 22 L 1.8, = —2m(ir—acos ) f,,
where

D=0, +iK/A, Di,=03,—iK/A+r/A,

Lip=0+Q+1icoth, ZL1,=7,—Q+lcoth,

=m(ir—acos®)f,

and
K= (? +a*)o + am*,
In these equations the ¢ and ¢ dependence has been removed

by assuming it to be of the form ¢"** * ™*#) and factored out.
These equations admit a separable solution if we make the
substitution

Q =ao sin 0 4 m* csc 6.

J

0 0
0 0
(—iacos8/p*)D, (r/V2p*).L ),
(r/V2p*) L1, (—iacos 0/20*)ATD},

L=

In addition we have that [H,L] =0, so L is a first-order
matrix symmetry operator. In fact,®
L = (1/V2)(Ly + a0.y), (4.14)

where the operators L are those obtained from (3.3) for the
corresponding realization in Minkowski space. In this parti-
cular case

Z234 =y (x*d, —x*d,) + Yy x*a, —x*3,)
+ P, —x23) + v, (4.15)

QM =y d,+ v a,
where the 7 matrices satisfy

{Vi,yj} = gl j’
where g/ = diag(1, — 1,
ordinates x’, i = 1,2,3,4.

If one is to construct a satisfactory theory of variable
separation for equations of Dirac type, examples of this type
need to be explained. In fact, from our knowledge of separa-
ble systems for the scalar wave equation we can construct

additional such examples of separation. Consider, for in-
stance, the coordinates

t=rcoshf, x=JP+ad° sinh @ cos ¢

—1,— 1) and contravariant co-

=y +a*’sinh Osing, z=z, (4.16)
0<r<ow, —ow<bl<w, 0<O0<2m, — w<z<w.

This is clearly a slightly different variation of oblate spheroi-
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Sfi=R_p(1)S_12(0), f,=R,/(r)S,,,(0),
4.10)

81=R,,(r)S_1/2(0), & =R_,;(r)S,,2(0).

The functions appearing in this substitution can be chosen to
satisfy

A2DR_ ;= (A +imr)AV?R, ),
AV2DIAVIR = (A —imr)R_, )y,

(4.11)
ZinSip= — (A —amcos O)S_,p,

L8 _12= (A +amcos 0)S,,,,

where A is a separation constant. If we write ¢ as the column
vector (f,, fo &1, &) the Dirac’s equation has the form
HyY=my.

The separation constant is also the eigenvalue of an op-
erator L; i.e.,

L=y, (4.12)
where
(lacos 8/2p)AD},, (—r/V2p).L ),
rV2p) LY, (ia cos 6 /p) D (4.13)
0 0
0 0

i
dal coordinates. The appropriate null tetrad has contravar-
iant components

I'=(1,0,a/(F* + a*),1),

n' = [1/2(7 + a’cosh? 6) ] (P + @0, — a, — P — a?),

4.17)
m’ = [1/V2(r + ia cosh 8)](0,1,i/sinh 8,ia sinh 8).

These coordinates (4.16) and (4.17) enable Dirac’s equa-
tion to be written as

(D+ +_L)F1 + (f +icoth G)Fz—tmG,,
7* 2

VIg*
(4.18a)
(F+a> 2 )
D_4+———|F.
2(1'2-1-a2 cosh? 6) \ + P+a>/?
1 heo
V?n (f + — 5 coth 6 — _z_g_s:;_)Fl =imG,,
(4.18b)
(D+ 4+ )G2 - 72—_—(.2’ +2 L coth o)G, imF,,
(4.18¢c)
(r+a) r )
D_+4+—IG
2(r* + a® cosh? 6) \ P +ad/ !
— ‘/217_7 (,Sf + — coth o+ M)Gz = imF,,
(4.18d)
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where D, =4, + iam*/(r + @*) + ir,
& . =3dy F (m*/sinh 6)
+arsinh 8, 7 =r+ iacoshé,

and we have assumed ¢, z dependence to be &/™*¢+ ™,
Putting f, = 7j*F,, 8, = 1G,, f, = F,, and g, = G, we

can verify that separation of variables can be achieved via the

substitution (4.10) and the coupled first-order equations

D, R_,,=(A+mrR,, (4.192)
D_R_1/2=(—l+mr)R_l/2 (4.19b)

(—-1/2)ZL.S_1,=(—A+imacosh8)S,
(4.19¢)

(—1/2).7 _8,)= (A +imacosh8)S_,,,. (4.19d)

The operator whose eigenvalue is the separation parameter
is L123 + aQl + For a genuinely new separable system differ-
ing from spheroidal coordinates consider the infinitesimal
distance associated with the coordinate system (4.16),

— 2 2 i——d 2]
ds* = (¥ + a? cosh 0)[(r2+a2) 0

— (7 + a®)sinh? 0 d¢* — dz°. (4.20)

If we allow 7and 6 to be large and replace a/2 by b and ¢
by 2v, we obtain the related infinitesimal distance

ds® = (P + b%*) [dr*/r* — d8?] — re* dv* — d7°.
(4.21)
We can then associate with this distance the null tetrad
I'=(1,0,6/74,1), (4.22a)
= [A/2(# + b%*°)1(1,0,— b/, — 1), (4.22b)
m' = [1/V2(r + ibe®) 1 (0,1, — ie ~%,ibe®). (4.22¢)

This coordinate system and frame clearly afford a separation
of variables via the foregoing techniques. The separation
equations can be obtained by the appropriate limits from the
equations for the previous coordinate system. A suitable
choice of space time coordinates is

t+x =L ey +-£—e‘9——£e‘9,
b b r

(4.23)

t—x=bré®, y=re®, z=z.
The operator which describes the separation of the variables
rand @is

Ly + (0o + 014). (4.24)

The examples of coordinate systems given here are based on
the mechanism given in Chandrasekhar’s original work.
Clearly separation of variables for Dirac’s equation depends
on a simultaneous choice of coordinates and null tetrad.
What is the connection between the null tetrad (4.3) and
oblate spheroidal coordinates (4.1)? The operator L (4.14)
has associated it with a Killing-Yano tensor D¢, with ma-
trix elements

0 0 0 a
0 0 —x* X
De, = .
b 0 x 0 —x? (425)
a —x x? 0
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If we compute the roots and eigenvectors of D2,

(D L‘b - Aacb )Ub = 0, (4.26)
we obtain
(YA= +ir, v~(+iasin6,0,1, +i/sin @),
(4.27)

(iiYA= +acosB, v~(l,+ 1,0,a/(” +a*)).

Here we have written the eigenvectors relative to the t, 7, 6, ¢
moving frame and have chosen Minkowski space-time co-
ordinates as in (4.16). From (4.3) we see that these eigen-
vectors are, apart from normalization conventions, the basis
vectors that define the null tetrad (4.3). We can go further
than this. Consider the square of the matrix D = (D?,). We
know'! that Z°, = D° D¢, is a Killing tensor and, from
what we have just observed, the above eigenvectors are also
eigenvectors of D?,. In fact the Killing tensor £ is inti-
mately related to the choice of coordinates ¢, 7, 6, and ¢. If we
pass to the cotangent bundle (i.e., phase space in Minkowski
space-time), then

D= D%.p, =m}; + mj, +m3,
+apymy; + a*(pt —p3), (4.28)
where we have used the notation
m;; =xpx' — xpx', i,j=2,34, (4.29)
=px, i=1,.,4 (4.30)
These linear forms on the cotangent bundle, together with
n; =x'px' +xpx', j=234, (4.31)

form the usual representation of the Poincaré algebra e(3,1)
with the Poisson bracket as commutator.

For additive separation of variables for the Hamilton~
Jacobi equation

H=gp,cp,b=p} —p’ —p’s —ps =E, (432)

expressed in a given coordinate system {)'} (e.g., ¢, 7,0, &,
oblate spheroidal coordinates), there is a complete the-
16,17
ory.
Theorem: Necessary and sufficient conditions for the
existence of an orthogonal separable coordinate system {y’}
for the Hamilton—Jacobi equation

H=g"3,aW3 bW=E,

g’/=g" 1<i,j<n, are that there exist n — 1 quadratic
functions A * = a‘®?p_p, satisfying the following.

(1) The {4°} are constants of the motion, i.e.,
[HA®] =0, a=1,.,n—1, where [ , ] is the Poisson
bracket.

(2) The {4°} are in involution:
I<a,B<n — 1.

(3) Theset {H, A4,...
n quadratic forms).

(4) At least one of the quadratic forms, say 4 ', has sim-
ple roots.

(5) In a local coordinate system {z} the quadratic
forms satisfy the algebraic commutation property

@@, —g®  g@b

(4.33)

[4°47] =0,

,A "~ '} is linear independent (as

To obtain additive separable solutions we identify
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Dxi = 8, iW and look for solutions of the form W = X}_ | W,
(y'¢), which are a complete integral, i.e.
det(ayiach) #0, c= (¢, ).

For oblate spheroidal coordinates a suitable choice of
basis for the constants of the motion {4 (®} is

A'=mi; +my +mi, +a(p; +p3),

(4.34)

Al=p}, A% =m3,.
Strictly speaking a set of constants of the motion in which 4 !
is replaced by D will not satisfy the criteria of our theorem.
In particular, condition (5) is not satisfied. However, it is
obvious from (4.28) and (4.34) that in oblate spheroidal
coordinates we could always choose separable solutions for
which D=¢,, p? =c¢, m} =c,, for fixed constants c,,
¢,, ¢;- Thus there are involutive sets of operators that do not
satisfy the criteria of our theorem but that admit additively
separable solutions in which each element of this involutive
set is a constant. Furthermore these involutive sets define
different null tetrads from those defined for the involutive set
satisfying the Theorem:

l'= (1/v2) (& + &),
n'= (1/v2)(& —¢&?),
m'= (1/v2) (&5 + ié}).

From the group-theoretic point of view it is not possible to
use group motions under the adjoint action of the Lie algebra
to transform the set {D, p?, m2,, H}into{4 ',4 2,4 >,H} asin
(4.34). Thus if we classify orbits of triplets {L,,L,,L,} of
second-order elements in the enveloping algebra (to within
the addition of arbitrary multiples of H), the sets {D,
p?, m%; } and {4 ',4 .4 %} lie on different orbits. Although
there is only one orbit that corresponds to the conditions of
the theorem, there are, in general, several orbits of involutive
sets of operators for which variable separation is possible in a
fixed coordinate system. The analysis we have made of this
specific case of separation of variables proceeds in an analo-
gous way for the other two examples of variable separation
we have given, viz. coordinates (4.16) and (4.23) and asso-
ciated null tetrads (4.17) and (4.22), respectively. More re-
cently Carter and McLenaghan'® have given a master sepa-
ration equation for all the separable perturbations of spin-0, -
}, -1, and -2 in a Kerr space-time background. Kamran and
McLenaghan'® have also gone some way toward finding the
conditions under which separation of variables occurs for
the Dirac and neutral equations. It is our intention to pursue
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these matters further and develop an intrinsic theory of vari-
able separation for equations of physical importance.
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PCT theorem for fields with arbitrary high-energy behavior
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A neutral scalar field 4 (x) is considered that has to be smeared by Fourier transforms of C~
functions with compact support but otherwise fulfills all the Wightman axioms, except strict local
commutativity. It is shown to fulfill the PCT symmetry condition (where ) denotes the vacuum
state vector) (Q|4(x,) - A(x,)Q) = (Q|4( —x,) - A( — x,)Q) if and only if (Q|4(x,) -
A(x,)Q) — (Q]A(x,) - A(x,)2) can be represented, in a sense, as an infinite sum of derivatives

of measures with supports containing no Jost points.

I. INTRODUCTION

As pointed out in Ref. 1 it might be important in quan-
tum field theory to avoid any a priori restriction on the high-
energy behavior of the fields. Therefore the Schwartz space?
& (R*) of standard Wightman theory” should be replaced
by the Fourier dual S°(R*) = 2 (R*) of Z (R*). Obvious-
ly, this leads to a theory of highly nonlocalizable fields. Nev-
ertheless, using a natural relaxed locality condition* it was
possible to prove the spin-statistics theorem for such fields."

The main purpose of the present paper is to derive the
PCT symmetry within the same framework along the lines
sketched in Ref. 4. In Sec. II we briefly review the notion of
quasisupport, necessary for formulating the relaxed locality
condition, and restate the basic conjecture made in Ref. 4. In
Sec. III the corresponding form of the PCT theorem will be
proved, assuming the basic conjecture to be correct. In Sec.
1V, finally, the conjecture will be rigorously justified.

il. QUASISUPPORTS

As in Ref. 4, lacking any sensible notion of support for
functionals on S°(R") = & (R"), let us introduce the fol-
lowing definition.

Definition’: A closed subset M of R” is called a quasi-
support of the generalized function F € S °(R* )’ iff, for every
€>0, there are complex-valued Borel measures gz, (y) on
R",a e€Z" ,withsuppu, C U, (M) and afunction N(4) on
R" such that

sup A% [ |1+l = du (0] < o,

aelZ’,

for every 4> 0,

J

v=1

be a quasisupport of Fe S°(R*"*+ D)’ If

and
F)= Y Dyp.(v)
aeZ"
in the distributional sense.

‘Note that, according to Lemma 2.1 of Ref. 1, M = Misa
quasisupport of F € S °(R" )’ if and only if Fis locally contin-
uous on M with respect to S°(R") in the sense of Ref. 6.
Therefore, an important consequence of Lemma 2.2 of Ref, 1
is the following lemma.

Lemma I: Let €>0and MCR". If U, (M) is a quasi-
support of Fe S°(R")’, then so is M.

One of the essential tools used in the next section is the
generalized nuclear theorem (Ref. 6, Lemma 2) for S®(R").
Let us, therefore, recall it in a form using the notion of essen-
tial support instead of local continuity.

Lemma 2: Let (¢y,...,0,, )—Fy(d,,....4, ) be a multilin-
ear functional on S°(R') X - X.S°(R!) that is continuous
in each variable separately. Then there is a unique general-
ized function F e S°(R" )’ fulfilling

Fo($ 1) = f dy FOO$1 (") = 0 (",

for ¢y...4, €S°(R'). Moreover, let n'<n and let
M = MCR" If, for arbitrary ¥, _ ,,....¥, € S°(R'),Misa
quasisupport of the S°(R™ )’ element

b [ B FQOBE et W 071 0,

then M XR"—" is a quasisupport of Fe S°(R")’".

We conclude this section by reformulating’ the basic
conjecture made in Ref. 4.

Conjecture: Let the complement R**+V \J, , | of the
set of Jost points

n 2 n
1= [J‘EGR«HI):(E A, (x, —xv+,)) <0, for A,,..., A, >0, with Z A,>0
A=1

supp FCM, = [ﬁeR‘“"*”:p, + o +Ppy1=0, Y p,e V, forv= 1,...,n] ,

p=1

then F = 0.
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By Lemma 1, this formulation is equivalent to the one
presented in Ref. 4, indeed.

lit. PCT THEOREM

As indicated in the Introduction, we consider a general
field theory fitting into the Wightman framework (Ref. 3,
Chap. 3) subject to the following two modifications.

Modification 1: Replace ¥ (R*) by S°(R*).

Modification 2: Relax the usual locality condition by
using the notion of quasisupport.

For simplicity we deal with a single neutral scalar field 4 (x),
only.

By Lemma 2 the (n# + 1)-point function

¥ (R)= (Qd(x,)) - A(x, , )Q) e SO(R*"+ VY’
has the following property.

Essential weak locality: R**+V \J,, , is a quasisup-
port of

W XiperXn 1) — # (X4 15e%y) ESOU(RHTD Y
We want to prove that essential weak locality is equiva-

lent to the following property.
PCT symmetry:
W (XppeioXy 1) =H (= Xy 100ees — X3).

The idea, of course, will be to apply the conjecture of
Sec. IT to

FRY=H (XX ) = (— Xy yoer — X1)

in order to get PCT symmetry from essential weak locality.
Indeed, as in standard Wightman theory (Ref. 3,
Theorem 3.2), we easily check

supp ¥ (p)CM, , ,,
hence also
supp F(p)CM, , ,.

Therefore, we are left to prove that R**+V\J, , , is a
quasisupport of F(%) if and only if essential weak locality
holds. The latter equivalence is a direct consequence of the
following lemma.

Lemma 3: R*"+V \J, . , is a quasisupport of the gen-
eralized function #°(%) — #°( — %) e SO(R*"+ D )",

Proof of Lemma 3: As in standard Wightman theory
(Ref. 3, Chap. 2.1) we easily see that there is a Lorentz-
invariant generalized function® W(£) € S°(R*" )’ fulfulling

fdé w( ié)fdxm Y(Exnir)

= [@8 7 (20000 — $ta = Fr 150 )

for e SO(R* "+ 1)) (3.1)

and
supp WC ¥V, X - X V,. (3.2)

Now (3.1), Lemma 2, and an elementary estimate show that
R**+D\J, , is a quasisupport of

W('i) - W( _i) ESO(R4("+I) )I
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if R**\J,, where

J={eer (3 1.6 <o

v=1

for Ay, 30, with 3 A, >o]

v=1
is a quasisupport of W (&) — W( — &) € S°(R* )". Thus, by
Ref. 1, Lemma 2.1, it is sufficient to prove that

[k - wi-bwd

for every subset S of S°(R**) that is locally bounded on
R*" \J Local boundedness in the present case means exis-
tence of some €> 0 such that

sup < o0, (3.3)

sup  sup sup(l+l|§|l) €%|D% g(8)| < 0, (3.4)

¢eS te UR™J,) acZ*

for every positive integer N. By Lemma 2.2 of Ref. 1, (3.4)
implies

" O, . L0
£5,...£%¢R! o (1 + ”§ ")Neal+ e
% bR &f,...ale

(ag?)a?' (a§°) M)‘ <

forgeS, (£1,..£))€R™, N=1.2,.,
and hence
supp 4C {§ e R*": |¢°|<1/¢, forv =1,...,n},
forg e S. (3.5)
We now choose some g € & (R') fulfilling
g(n) =1, ifjt|<(n/e)?, (3.6)
and define

W ()=W()g((g, + ~ +,)7)
Then (3.2), (3.5), and (3.6) imply

[t —wi- b
= fdé(Wg(é) — W, ( —&)p(&), forpesS. (3.7)

On the other hand, since g has compact support and since
W(Z) is Lorentz invariant, we easily see® that W, (5‘) is [the
restriction to.S °(R*" ) of] a tempered Lorentz 1nvar1ant dis-
tribution. Moreover, (3.2) implies

supp W,C V. X - X V.

Therefore, we may apply the standard BHW technique
(Ref. 10, Part I) to obtain

supp(W, (&) — W, ( — £)CR\J,.

This together with (3.7) and (3.4) implies what we were left
to prove, namely, (3.3). ]

Summarizing, assuming the conjecture of Sec. II to be
correct, we have proved the following theorem.

PCT Theorem: Let the neutral scalar field 4(x) fulfill
all the Wightman axioms, except locality, with % (R*) re-
placed by S°(R*). Then PCT symmetry is equivalent to es-
sential weak locality, as defined above.

W. Licke 1902



IV. PROOF OF THE BASIC CONJECTURE

Let Fe S°(R*"+ Y )’ fulfill the requirements of the conjecture of Sec. IL. Then, by Lemma 2, it is sufficient to prove'!
G, (8) =0, forevery ¢ e SO(R***),
where G, (£) € S°(R*")’ is defined by

f d¢ G, (E)ap(é)sfdmm(x? —x3x} = X3 XS — 20X — X0 0)

XP(XF — X2} — X3,0Xl — X2 1 X0 — X1 Km0 )s

for ¢ € S°(R?"). Let us define
Vi={EeR:£0> 6}, Vo={6eR:£'> (6%}, Vi={6eR* —£°5 8"}, Vi={£eR:-£'>|£°)
Then, for ¢ € S°(R2"*+*), one easily checks that R?* \J ®, where
J®O={f eR* either £, €V, forv=1,.,n or&, €V, forv=1,.,n},
is a quasisupport of G, € S°(R*")’ and that'?
supp G, C ¥; X = X ¥;.
Therefore it is sufficient to prove the following theorem.
Auxiliary Theorem: Let R2" \J ¢ be a quasisupport of G € S°(R*" )". If supp GC ¥, X - X ¥,, then G =0.
Unfortunately, there seems to be no simple way of reducing the general case n > 1 to the special case n = 1, managed in

Ref. 1. This is because the spaces S °(R* ) do not contain functions with exponential decrease at infinity.
In the course of the proof of the auxiliary theorem we shall use the following notation:

F={i= (G i":j e{1,2,34}, forv=1,.,nandj#(22,..,2),(4,4,...,4)},

V=V XXV, forjef,

[=(R*+i¥;))X = X(R*+iV,), forjerf,

d(8)=(6 cos(w/2 - 8))~}, forde (0,m),

B, ;={neR%: |p'| <y’ tan(w/4 — ), ||n|| <d(86)},

B,s={neR* (9',7°) € B}, for 8 € (0,7/4),

B;s=—B,5, Bs=—By,

[);=(R*+iB;i;X = X(R*+iB,.,), forje f andde (0,7/4).

By straightforward generalization!? of the auxiliary results presented in Liicke'* we get the following lemma and corol-

lary.
Lemma 4: For sufficiently small § > 0, the region

g +imeC |ig|| + [Inl| <n}
is contained in the envelope of holomorphy of
(R®\ 7})U(R? +iB, 5)U(R? +iBy ).
Corollary: Let 8 > 0 be sufficiently small and let fbe a polynomially bounded function over R? fulfilling

sup sup exp(]lAa}|/8)|f(Aa)| < .
AeR'aeB,;
If supp fC 7, then f(q) =0, for g € U'»(0)={q e R*: ||q|| <n}.

Now we are well prepared for the proof. _
Proof of the auxiliary theorem: Given arbitrary N> 0 and y € & (R?") fulfilling

supp yC VX - XV, (4.1)
it is obviously sufficient to prove

(G*x)(@) =0, if|g,||<N, forv=1,.,n. 4.2)

Since ;. , 77, is a quasisupport of G, we may represent G as a sum

G= G, (4.3)

where 7, is a quasisupport of G; € S°(R*" )’ forj € £ . Therefore the Laplace transform'* .# G, of G,,j € £, may be defined
as an analytic function over I, fulfilling
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li£ ae %l.lepr ‘ (51.*,{/) @) — fd@’(.?’Gj )@ + h‘y),{/(é —§')| =0, forevery compact subset K of R*", (44)
Jek, IIn||]<€
—
Let us now choose some 6 € (0,7/4), being sufficiently small sup sup exp(|lda||/8)|f; (Aa,)| < oo,
in the sense of the corollary, and two bounded analytic func- " >0acks -
tions £ °(g), h'(q) over R? + iU 2}, (0) fulfilling, there, ~ forj€ # and £ € R*". Similarly,
thecondtons” (all/®)\ ;0]
sup sup exp(|lia (Aa,8)| < .
ge Vioh(g)=(h°(g),h () € Vi, s Asbach, P J °°
neVi=h(qg+in) eR*+iV,, ) Summing over j we get
fork=1,2,3,4, sup sup exp(||4al|/8)|f; (Aa)| < o, (4.11)
UV (O Ch{UP (), (4.6) Je acta
and for £ € R*", where
lim  swp |[[mh(g+im)]=0. fi@= 3 fi(—af), forack’, SeR™.
€0 g4 ineR? + iU (0) . e s .
Thus, forje ¢ Equations (4.9), (4.8), and (4.3) imply
B+ fr@ = [ dg(@ b Guhiar))

= [ar z6)
X ((h(g, + imy)sesh(gn + 7)) — )X (§)
is bounded and analytic over I';;,; and, by (4.4), fulfills

lim sup |H;(§) —H;G+ip)|=0, (4.7)

€e—~0 ¢+ ifye Fj_5,3
15l <€

where
H(9)=(G,*xy)(h(qy),...h(g,)), forgeR>. (4.8)
Next, define

fab= fdé H,(§)exp ( - X lla, ||2)

Xexp(——i 2": q, (£, —a)) , 4.9)

v=1

foraeR*and £ e R*". Then, by (4.7) together with bound-
edness and analyticity of H;, the Cauchy integral theorem
implies

f(ad) = fdafz,(a + ifexp( — @+ i)?)
XeXP(—i Z qv-(§v—a))
v=1

Xexp (ﬁ'é_a * 2 ”v) s

v=1
foré +ifel,;s. (4.10)
For every j € # there is some v, € {1,...,n} with /> #4

and some 7, € 191,‘,,3s ,, With

inf —2_. T > Cos (1 - i)
ackss fla|l |7, 2 2
Hence, choosing ||7, || sufficiently large and ||7, || for v#v,
sufficiently small in (4.10), we see that
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Xexp( - Zl Ilqvilz) exp( —iy g, +a)) :
v= v=1
(4.12)
Therefore, by (4.1) and (4.5) we have

supp f; C T’T,
since
supp GC V; X + X V;.
This together with (4.11) implies
fi(g)=0, forgeUP(0),

by the corollary. Thus, integrating (4.12) with suitable test
functions of @ and &, we see

(G *y)(h(g,)sh(g,)) =0,
ifllg,]l <1, forv=1,.,n.

By (4.6), this implies (4.2), completing the proof of the
auxiliary theorem. [ ]
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Certain classes of the exact solution of the equation of nonstationary potential flow of a
compressible gas are found. The method described by Kalinowski [M. W. Kalinowski, J. Math.
Phys. 25, 2620 (1984); Lett. Math. Phys. 6, 17 (1983); 7, 479 (1983)] is applied. These
considerations are carried out locally at an established point of space of a hodograph. Some
algebraic properties of simple integral elements are analyzed, and certain exact classes of solutions
are constructed. Finally a certain physical analysis of the achieved results is carried out.

I. INTRODUCTION

Let us consider the system of partial differential equa-
tions of the form

du;
@ (i, ') = (x'%%,..x") =0, (1)
ax”
s=1..m wv=1,.,n
j=1L...0L m3l

x = (x'x%..x")eE,
u(x) = (1 (x),...u' (x))e H,

which is a quasilinear, homogeneous system of the first order
with coefficients dependent only on the unknown functions.

This system may be undetermined, i.e., m>/. Let us as-
sume that this system is nonelliptical. That means that there
are nontrivial solutions of the algebraic system of equations

a”y’A; =0, where rank|a], || </, (2)

for the vectors ye R ‘and A€ R ™. The above algebraic system
of equations defines the so-called knotted characteristic vec-
tors respectively in a hodograph space H=R"' (space of
values of the unknown functions) and in physical space
E = R" (independent variables). The pair ¥ and A is called
knotted, if it satisfies Eq. (2). This fact is denoted by ¥ ~A.
Matrix L/, = y/ . A, created by the pair of knotted vectors is
called a simple integral element since rank||L7, (u,)|| = 1. It
is convenient to treat A as an element of space E *. On the
other hand, in the terminology of tensor calculus, if we con-
sider xe E as a contravariant vector then A€ E *isa covariant
vector. In this language element L is an element of tensor
space T, H®E* of theform L =v®A.

Now we introduce the concept of a simple wave, which
provides us with the separation of simple integral elements
from the set of integral elements. Let the map u: D—H,
DC Ebeany solution of system (1). We call it a simple wave
for a homogeneous system if the tangent mapping du is a
simple element at any point x,e D. Let us consider the

*) On leave of absence from the Institute of Philosophy and Sociology, Po-
lish Academy of Science, 00-330 Warsaw Nowy Swiat 72, Poland.

 Permanent address: Department of Physics, Institute of Geophysics,
Warsaw University 02-093 Warsaw, Pasteur 7, Poland.
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smooth curve I': ¥ = f(R) in the hodograph space H para-
metrized by R, such that the tangent vector

df(R)
222 AR
dR JR)) 3

is a characteristic vector. Then, there exists a field of the
characteristic covectors A(u), connected with the field
A f(R)), defined on the curve I': A = A (f(R)). We have the
following theorem.

The Theorem: If the curve I'C H obeys the condition
(3) and if ¢(.) is a differentiable function of one variable,
then the function ¥ = u(x) given in an implicit way by the
relations

u=f(R)9 R =¢(/lv(f(R))xv)’
a;vyj/{v — 0, (4)

is the solution of the basic system (1). The above solution is
called a simple wave (or the Riemann wave). The proof may
be obtained by direct differentiation of the relations (4).
Vector A appearing in this expression defines velocity and a
direction of appropagation of waves. The curve I" obeying
the condition (3) is called a characteristic curve in the hodo-
graph space. This theorem tells us that if the map u:
ECDH is a simple wave then the image of map u is a
characteristic curve in space H. A parameter R defined on
this curve is called the Riemann invariant.

Il. EQUATION OF POTENTIAL FLOW OF
COMPRESSIBLE GAS

In this paper we discuss the flat nonstationary flow of
compressible gas described by potential of velocity and den-
sity

np=—-9,, v=Vo. &)

This assumption allows us to describe discontinuities of ve-
locity and density as a change of the gauge of this potential
on both sides of the surface of discontinuity. Eliminating
density p from the mass conservation law,

‘;—’t’+ div(pV)E(% + vV)o +pdivv=0,
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by means of the Euler equation

at p p
we get
ﬂ-‘i’+(:2divv—v(&+ (vV)v) =0.
ot ot

Introducing here the potential according to Eq. (5) we
find'3

®,+2(0,0,+9,0,)+20,9,0,,

+(P% — A, + (P2 — )P, =0, (6)

where the lowest indices are for partial derivatives. The ve-
locity of sound C 2 is given by a variant of the (compressible)
Bernoulli equation:

@+_l_(vcp)2+f£=const or modulo (5),
a 2 P

a- c’)% + % v* = const.

We consider a special situation when the velocity of sound is
constant ¢ ~c} (see Refs. 1 and 2).
The above treatment of the potential, nonsteady, com-

pressible flow is not very well known for the class of flows:

considered. Moreover it goes to the correct equation (see
Refs. 1 and 2) without redefinition of the potential as in
Thompson’s book.? Thus all hydronamical quantities (v, p)
are treated equally in this particular potential approach.

It is easy to notice that the discussed equation (6) is a
hyperbolic equation of the second order. We are interested in
finding solutions that can be described by means of the Rie-
mann invariant method. According to the requirements of
the method we transform Eq. (6) by introducing some new
dependent variables into the quasilinear system of equations
of the first order,

bo. + 2($180x + b280,) + 26,8:0,,
+ (81 — )y + (45 — )¢y, =0,
¢o,x - ¢1,z =0, ¢1,y - ¢2,x =0, N
¢o,y - ¢2,: =0,
where we introduce the notation
®, = b0 @, = é1 q’,y =¢,
v =($,(tx0),8,(t.x))) = ¢, (8)
p = exp( — ¢o(£:x,y)).
Thus Eq. (6) is reduced to an undetermined system of four

equations for three functions ¢, ¢,, &,.
It is convenient to do the following transformations:

$o—bo = bo/Co- (9)
Then we can write (7) in the following form:

¢6.t' + 2(¢i¢(’),x + ¢£¢('),y) + 2¢;¢5¢;,y
+ (#77 = 1), + (877 — 1)¢3, =0,

t—t'= Col,

¢(,).x - ¢i.:' = 0’ ¢;,y - ¢2,x = 0’ (10)
¢l,),y - ¢2,’,t' =0.
1907 J. Math. Phys., Vol. 27, No. 7, July 1986

The field of velocity of flow v and the density p are in the
following form:

v = cold] (cost: X )85 (ot X)),
p = exp( — codg (cot.xp))-

lil. SIMPLE INTEGRAL ELEMENTS

Let us write Eq. (6) using real simple integral elements.
We get

Y’Ao + 2(8:7°A, + 6:7°42) + 26,8,7'4,
+ (¢ — AP A, + (8 — A)y'4, =0, (11a)
YA, -y, =0, uv=0,12 (11b)

From Eq. (11b) we get that the vector ¥ is proportional to
vector A. Thus, by inserting ¥~A into Eq. (11a) we get a
quadratic form with respect to Ag, 4,, 4,:

Q(ApA1A,) = A5 + 240(8id, + $242) + 26,8244,
+ (47 —cDAT + (45 — DAy =0. (12)
Now, we follow Ref. 4. We transform the quadratic form

(12) to a canonical form. We search for eigenvalues of ma-
trix A (the matrix of the quadratic form Q),

det(4; —ud;) =0, (13)
where
1 é 2
A=|¢ 1 —¢» $14.
$. i (¢: — )

We get the algebraic equation of third order with respect to
quantity y, i.e.,

(E+p)[ - +p(d} + 65 —F+1) +2] =0.
The eigenvalues p are real,

= — e,

s =38} +4; — 2+ 11B),
where A = (42 + ¢3 — * + 1)*> + 4¢*>0. Thus the qua-
dratic form (12) transforms to a canonical form:

Q) = —c} +U(#: + ¢ — A+ 1+A),
+1(8} +4F —F+1 YAyl (15)

According to RefS. 4 and 5 we parametrize the convector A.
To do this we search for a parametric equation of (15).

Let us suppose that y; #0. Then Eq. (15) may be writ-
ten in the form

X_z_i_zc2,

(14)

Y2 Y3

= where X==%, y==2, (16)
a? b? g 8 2
and
= (¢} +¢; —+1+yA)7,
b’=WA—¢t -l +F-DL 17

Ify, =0, y,#0, and y,50, then Eq. (15) is as follows:

(P -+ 1+YAy} + (P — 2+ 1— YAy =0.
(18)

Equation (16) is the equation of a hyperbola.
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Thus we write it in a parametric form

X=\2accoshr, Y=2bcsinhr, (19)

where 7 is an arbitrary function of ¢,, i = 0,1,2. Thus the
covector A (and consequently ¥) became

1 1
¥,~A'=B| x|=B|2accoshr|, (20)
y V2 be sinh 7

where B is an orthogonal matrix, which diagnolizes the ma-
trix 4, i.e.,

#, 0 0
B"™AB=|0 pu, 0} B"=B". 21
0 0 ps

Matrix B is built from the eigenvectors of matrix 4 and takes
the form

0 AE+1-v*+yA +1—-v*—{A
B=h| — ¢, 24, 24, ’
é, 20, 24,
(22)
where

h=[v{(+1—-1*+JA)* + &*}

X{(02 + 1— v2 __‘/K)2 +4v2}]l/2.
Inserting (18) and (22) to (20) we get a covector A.
In the case with y, = 0 we get

X=y,/y,=¢€b/a, €=1 (23)
Finally we obtain
0 0
y,~A*=B|1]=B| 1 (24)
X eb/a

Inserting (18) and (22) into (24) we derive a simple ele-
ment. According to Refs. 4 and 5 we consider the cases with
y,7#0and after with y, #0. We may introduce the following
coordinate systems:

x=2, y=2 o x=0, y=2,
Y2 Y2 Y3 Y3
Proceeding as before we get following simple elements:

x (1/y2ac)cos 7
?’3 Nﬂ 3 = B 1 == B 1
y (b/a)sint

(25)
and
x (1/42bc)sinh 7
va~A*=B|y|=B| (a/b)coshr |.
1 1
Let us consider cases y, =0 or y; = 0. We get

X=y/y,=€bcy2 or X=y,/y, =e€acy2.
This time we obtain the following simple elements:

1 1
7S~15=B(2)=B O
€bey2

1908

(26)

(27)
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and
1 1
Ye~A°=B|x|=B|eacy2|. (28)
0 0

Thus we get here six kinds of simple elements that will be
used for construction of solutions, i.e., simple waves and
their interactions, the so-called double and multiple waves.
All of these simple elements are presented in the Appendix.

IV. SIMPLE WAVES

Now, we present the simplest solutions of Eq. (6), i.e.,
those which have been constructed on the basis of particular
simple integral elements. The method of searching the solu-
tions is presented in Refs. 6-8. According to the terminology
used there the elementary solution of 2 homogeneous system
is called a simple wave. These solutions may be regarded as
waves since they represent moving disturbances whose pro-
file changes in general in the course of propagation—an indi-
cation of this is an implicit form of the relation (4) for func-
tion R (x). The form of solution (4) suggests that covector A
should be regarded as an analog of the wave vector (o, k)
specifying the velocity and direction of a moving wave. A
concrete profile of a simple wave is stated explicitly by initial
data. However, there exists a certain arbitrariness connected
with the freedom of choice of one function of one variable.
The above remarks concern all the obtained simple waves. In
this paper we apply a method developed in Refs. 4, 5, and 9.

We have the following cases.

A. Case | (y;~A'—see the Appendix)

The simple wave, according to the considerations of Sec.
I, is reduced here to fulfilling conditions (3) and (4). Insert-
ing the simple integral element (20) into Eq. (3), we get

%:cﬁ[ (€+1-0+A) cosh 7
dR W=+ 14+ JA)\2
(@ +1-v"—VA) sinh 7 (29a)
(2 — 1 — 1?4+ &)1 !
dé, [ cosh 7
by _ _ 2
dR é: + 2024, (P — 2+ 1 +yB)12
sinh 7 (29b)
(P — 1 — 0% +B)12 ’
dé, [ cosh 7
== 2¢y2
e P PP I
sinh 7 (29¢)
(2 — 1 —v? +B)2 !

where v = ¢? + ¢2, A = (v — ¢* + 1)? + 4c%. We are in-
terested here in solving the system (7) with respect to the
potential of the velocity field v= (¢,, ¢#,) and density
p = exp( — ¢,). Now, let us assume that the expression in
the square brackets in Egs. (29b) and (29c¢) is a smooth
function of v, i.e.,
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sinh 7
1— v2+‘/K)l/2

cosh 7

(WP =+ 1+A)'"?

=f(?).
(30)

(-

That means 7 = 7(v?) = 7(R).

In this case we are able to find a solution in a closed
form. We introduce the quantity u, = ¢,/¢,. Now we divide
Eq. (29b) [resp. Eq. (29¢)] by ¢, (resp. ¢,). Then we sub-
tract both sides and finally we integrate and obtain

Mo =tan(c; — R), ¢ (31

Then we introduce the quantity v* = ¢? + #2. Thus, by mul-
tiplying Eq. (29b) by ¢, and (29c) and ¢, and summing
both sides, and then integrating we have

vz
F(v’>=£ crf()—sf +ep

where a, ¢, = const.
Now we assume there exists an inverse function G of F,
such that

= const.

(32)

G(F(r)=r, r>0,
and we get
v? = G(s), where s=8/2R +c,. (33)

Function G is an arbitrary non-negative function and it
obeys the equation

dG dF\—!

= _[==) =f(G()) 34

2 (dvz) f(G(s)) (34)
From equations (31) and (33) we can calculate

#, = €G*(82R + ¢,)sin(c, — R), (35)

#, = €GV2(8/2R + c,)cos(c, — R), € =1.

Inserting (35) into (30) and simultaneously using relations
(32) and (34) and then introducing G = ¢** we obtain

dH ___l[ cosh 7
ds s=8/ZR+¢, 2c (1+e?-H__c2+‘/K)l/2
sinh 7 ], (36)
(@ —1— e+ (&)1

A= (=2 +1)2+ 47,

where H is an arbitrary function of s. So, it is obvious that if
function r is given, then function H is given as well, and vice
versa. But function H is more convenient for parametrizing
the simple element. Since we regard the quantity 7 as given,
we are led to solve an ordinary differential equation with
respect to H. Thus, from Eq. (36) we get

e"=a/2/A,
where
172
4d—H+2(8(dH) +e”’+1—c) 37)
d. ds
and
2 2
coshr =2 T 48 _x -4 (38)
4a/A 4aA

Asin Ref. 5 we search for a restriction of the function H. It is
obvious that it must be

(n 8(‘;1:) + 7 4+ 1— %50,

(2) a>0. (39)
Condition (2) is easily satisfied by assuming that dH /ds>O0.
If ¢ = const, we may substitute ¢ = 1 and both conditions
are always satisfied [cf. Sec. I1, Eqs. (9) and (10)]. Hence,
the simple wave corresponding to the simple element (22)
has the form

v = eexp[ H(8J2R + ¢,) ](sin(c, —R)),

e€=1 (40)
Function R = R(tx,y) is understood according to the
expression (4) which means that the three-dimensional vec-
tor VR (¢,x,y) is proportional to vector A !. Then

- R),COS(Cl

il
2H
(\/EC 2—¢ +‘/——( 2+4A)+ 2—e _\/K (a2—4A)]t
da/A L (&7 +B)'" (- + Ry
+eexpH [[M—gsin(c, —R) —cos(c, —R)]x+4\/§[‘;—Hcos(c, — R) +sin(c, —R)]y]) . (41)
s
The density p is given by
P =poexp( — @), po= const, (42)
where ¢, is the following:
_ R cdR’
R, 2(4 dH /ds + [2(8(dH /ds)? + e — 1 — )]V (e — 2 + 1)? + 4c})'/?
I L ({4 () o]
1 4—— 2 —1—
X [ — 2+ 14 ((H -2+ 1)2 +4cY)1/? + Fet-1-a
A —1—— (¥~ c*+ 1)2 4 4cA)'/?
+2e4H+2c4+1_4c22H se2ﬂ+sc2)+
o [@— 11— + (@ — & + 1) + 4 7]
(lG(dH) 494 2(8(dH) +e"”—1—cz)]m—Ze‘”-—Zc4-3+4cze2”—3e2”—5¢2)]. (43)
ds ds ds
1909 J. Math. Phys., Vol. 27, No. 7, July 1986 M. W. Kalinowski and A. Grundland 1909



Function H is a function of s = 8v¥2R + ¢, and is arbitrary (¢ = const) and dH /ds>0.
Now we introduce the quantity

5=Ao+v'A,

(44)

which has a physical interpretation as a velocity of a moving wave with respect to the medium, whereas 4, is a local velocity of

the wave. In our case § and 4, take the following form:

— H—-
[C — € +\/—( 2+4A)+ 2-¢é \/K
4a\/_ (e2H + JA)'/? (— e 4 B)'2

§=4, +exp(2H)[[4\/§—ds—sin (¢, — R) — cos(c, —R)]sin(c, —R)

(aZ _4A)]9

[4\/_—cos(c, R) + ssin(c, —R)]cos(c1 —-R)}.

B. Case li (y2~ A2—see the Appendix)

(45)

A simple wave corresponding to the simple integral element (24) may be found by integrating the following system of

equations:

j‘j;" =Q2-P+VA) A —v®)'2 4+ (2 — ¥ —JA) (P + VD)3,

d¢1

=2 [2(VA +2)]'3
d¢z

—'2¢2[2(\/—+2)]”2

(46a)

(46b)

(46c)

where v’ = ¢} + @32, A = v* + 4. We assume here that the velocity of sound ¢ = 1. By dividing both sides of Egs. (29b) and

(29¢) and the integrating we get

¢ =c1é;, ¢, = const.
Now, we calculate the quantity v:

v=[(1/(c; — 2v2R)* — 2* — 4] "4, ¢, = const.
Hence we obtain

=1

€c I‘ l 2 1/4 € 1 2 1/4
sl - ol
1L\ (¢, — 242R)? 711 L\ (¢, — 2/2R)?
Substituting (48) into (29a) and then integrating, we have
1—(1—2(c;, — 2JiR)2)'/2]
\/i(cz - ZﬁR)

Thus a simple wave corresponding to the simple (24) has the following form:

o= — 6[ﬁ(c2 — 2J2R) + arctan

V=

€c 1 2 1/4
[( —2) —4] (eul),
V& +1 W\ (c; — 242R)?

1—(1 —2(c2—2m)2)1/2]
V2(¢c; — 242R)

The dependent variable R, i.e., the Riemann invariant, is given explicitly by the formula

P =po exp[6c\/§(cz — 2\2R) + arctan

(47)

(48)

(49)

(50)

(51)

(e (emm )~ Nemm (G ) )

-l ool -
( [((cz—2\/iR)2 (c; —2/2R)? (c; — 242R)?
l 172 2€ I’ l 2 1/4
= T (e R
(¢, — 2y2R)? (& + D2\ (¢, — 242R)?
1 1 2 72\ 1/2
(o (= )
(c;— 2\/§R)2 (c;— 2\/iR)2
oo Heomr ) ) e )
—_— _— - ax+y)h
((c2—2\/_2R)2 ((cz—zﬁR)’ 1
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where W is an arbitrary function of one variable. The solution (51) with condition (52) describes one-dimensional, nonsta-
tionary flow that goes in the direction (c;, 1). It is worth mentioning that the solution is defined everywhere except R, = ¢,/
2v32. The quantities A, and § (the total velocity of the wave and the velocity of the wave with respect to the medium) are as fol-

lows:

o= emmr ) Nomme 2 emmr ) 1)

4 l 2 2 4 172 l
_|_ —_ — — —_
( [( (c; — 2\2R)? ) ] (¢, — 2\2R)?

8=2A,+2e(ct + 1)"2[(

)([((cz—;\/‘m)2 _2)2_4]1/2+ (cz—;ﬁR)z _2)]’

(53)

1 2 172 1 l 2 172\ 172
w1 e (1)
(c; — 2y2R)? (c; — 242R)? (c; — 242R)?

l 2 1 22 4.1/2 172
+{—2+|{———— -2} - .
((c2—2\/_2R)2 [((cz—zﬁk)z ) ] ) ]

Moreover we have a restriction:
(1/(c; — 242R)? — 2)*> — 450.

This inequality may be easily solved and we obtain
R>(c,—2)/22 or R<(2+¢,)/2\2.

(54)

C. Case lli (y;~ A3—~see the Appendix)

A simple wave corresponding to simple integral ele-
ments (25) may be found by integrating the following sys-
tem of ordinary differential equations:

%:(c’+1—v2+ﬂ)+(c2+1—v2—~/5)

X -+ 1+78)" sin 7,
(02_ 1 _v2+\/K)1/2

¢, _ —¢, W=+ 1+4+JA)?cosr
R~ op

(55)
1/2
+2¢,[1+(”2‘c2+‘+‘/3) sinq-],
A—-1—v*+A
d¢2 ¢1 2 1/2
201 (P24 1+A) %c0s T
R~ of
172
+2¢2[1+(”z_cz+1+‘/z) sinf],
E—1—v*—yA

where ¥ =¢? + @3, A= (¥ — + 1)2 + 42

To solve the equations it is convenient to introduce a
new variable u, = ¢,/¢,. For quantities x, and v* we obtain
the following system of equations:

2 5 172
dL:[1+(” _c2+1+JK) sim], (56)
dR A—1-v*+yA/
2 _1y/2
4 prctanpy = WBE=V+E=DV s
dR o2

where T is an arbitrary function of R. It is convenient to
substitute

v2=e2H

and H parametrizes the simple element (25).

(58)
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We find the restrictions for H. Substituting (58) into
(56) we have

2H
1 (d—H—Z)(c2°—l_e +‘/_A—)’=|sin'r|<l.
2 [\dR - +1+4A
(59)

Using the relations between trigonometrical functions we
calculate cos 7 and substitute into (57)

%arctan,uo
_e WA=t -1t
1 cﬁ
[ l(dH )2(8_1_e2"+JK)]"’
X +——__2 ’
4\dR (7~ +144B)
e =1 (60)

The differential inequality (59) leads us to the solution for
which the length of vector v is constant, ie,
H = H, = const. Then by inserting quantity H = H, into
(56) and (57) and integrating we get finally

v = cefe (€, sin(K(R) + ¢,),cos(K(R) + ¢y)),

p=poexp[ —2¢(R —Ry) (2 — )],
ezHO[ (edli‘, + 4)1/2 _ eZH.,]

(e4Ho + 4)1/2 + e2H°

K(R) =¢,

&=d-1
R =¥ (2c(2 — e*Ho)t 4 e™{[4¢, sin(K(R) + ;)
— €, cos(K(R) + ¢;)]x
+ [4 cos(K(R) + ¢|) + €,6,¢™ sin(K(R) + ¢,)]y}).
Quantities 4, and &, are
Ag=2¢(2 — 2°%),
8 =2¢(2 — o) + 4¢*%,
and c is the velocity of sound.

(R - Ro)a

(61)

(62)

D. Case IV (ys~ A5—see the Appendix)

A simple wave corresponding to simple integral element
(27) may be found by integrating the following system of
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ordinary differential equations: 4 2 _ /2
“ +2y2n (("4+4)m i Ml RN, S
dg; _ e22 — 0 + &) (0 + Y — 0} -2
7R B — )" ¢, = const. (65)
dg); €2 Function F is monotone and consequently it has an inverse
_11—1;— = — ¢} + 24} W (63b)  function G. Thus we have
)
d; 3 v* = G(4/2R + cy). (66)
2 ’ ’ 1
= —¢ +2¢; ————, (63c) The domain of G is ( — 0, + o) and its range is (0
R _ 2172 s A
d (VA %) + ).
where A = v* + 4,17 = ¢;% + ¢}2, and we have assumed that From equations (64), (66), and (63a) we get
the velocity of sound equals 1. By dividing Eq. (63b) by ¢; #) = €,G 2 (42R + ¢,)sin(c; — R),
and Eq. (63c) by ¢; and subtracting both sides of them and , 12
integrating, we obtain $; =€G (42R + ¢;)cos(c; — R), (67)
R [y 2 1/2
¢;/¢£ =tan(cl—R), C, = const. (64) ¢6 =62‘/§J- ((2(G2(;++4§52 +(4;'))1/2) dR'’ +C3,
Then we calculate v*. We get Fo
€3 = const,
F(Uz) — i((v4 -+ 4)1/2 _ 02)3/2 .
where G (F(x)) = x and G is a function of 42R + c,.
@ +4)!72 -\ Thus the simpl di he simple ele-
+ 42arctan ( ) s the simple wave corresponding to the simple ele
2 ment (27) is
)
v =6,¢G Y2(4/2R + ¢,)(sin(c, — R),cos(c; — R)),
(68)

R 2
_ -G+ (G*+H'?) ..,
p_pOeXp(__ezc\DJ‘Ro (G214 _G)” dR']).

The dependent variable R (i.e., Riemann invariant) is given in an implicit form

22 -G+ (G?+4)'3 ) €2
R = \II([ 1 (((02 THT o G)l/z ct + 6261/2 2 sin{¢, — ((62 " 4)11/2 G)m —cos(c; —R) {x

€2 .
((G,_ n 4)‘1,2 IEE + sin(c, —R)]y]). (69)

where V¥ is an arbitrary function of one variable. The quantities 4,, J, i.e., respectively a local wave velocity and velocity of a

moving wave with respect to the medium, equal

_een2-G+ (G2 + ") o ef2+G +(G2+4)'")
((G2+4)1/2—G)”2 ’ ((Gz+4)”2—G)”2

+ [2 cos(c, —

(70)

(]

E.Case V (y4~A4—see the Appendix)
A simple wave corresponding a simple element (26) can be found by integration of the following system of equations:

172

%=("2+1 \/—)(\/—+v +e— l) cosh7 4+ (2 4+ 1 —v* —A),
dR VA + 02—+ 1

2 2 1/2
9%, _ —%: & —1)”2sinh1'+2¢,[1+(1‘/x_v +e "1) COShT], (1)
dR 2 VA 40P -2+ 1 .
dé, _ ¢, 12 o VA — v+ 2 -1\
R c\/_(‘/_ v+c&—1) Sth+2¢2[1+(\/K+v2—c2+1 coshr|,

where ? =@ +¢3, A= (¥ —c? + 1) + 4c%
We introduce new dependent variables v* and u, = ¢,/¢, and we get

2 2 172
Lad?_ g [1+(” —¢ +1+‘/K) coshf], 72)
2 dR A—1-v*+JA

_ 1/2
—d—arctanyo—- WA—v+d—1) sinh 7, (73)
dR a2
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where 7 is an arbitrary function of R. It is convenient to substitute
v =, (74)

Thus, the simple element (26) may be parametrized by function H instead of 7 and we find restriction for H. By inserting (74)
into (72) we find

2 172
1<ooshr_—(if1—1)(° -1—e1"+JK) : (75)
dR -+ 1+4A
Using relations between hyperbolic functions we calculate the quantity sinh 7 and then substitute it into Eq. (73) to get
6(JA -+ 2 —1)'2 [1 (dH 2)’ (VA—e"+c+1) ]"2 =1
2 dR WA+ —c?+1) '

The differential inequality (75) leads to a solution for which the function H is constant, H = H, = const. It means that the
length of the vector v is constant. Thus by substituting H = H,, into Egs. (71) and (76) and then integrating, we get

¢ =€ e™sin(K(R) +c)), € =1,

(76)

4 arctan py =
dR °

77
¢5 = e cos(K(R) + ¢,), 77
where
o __ p2H, 172
K(R) =¢, [ew A—e +2)] (R—R,), A=¢e*" 14, ¢, =const,
(VA + &%)
and
#o =ca+ [ — (2 — &+ JA) (VA — o) /(YA + &) + (2 — & — JA) (R — R,), (78)
where ¢, = const.
Finally, we have
v = c e (€, sin(K(R) + ¢,),cos(K(R) + ¢;)),
(79)
p =poexple[ (2 — e 4+ JA) (VA — %) /(YA + &%) — (2 — &% — JB) (R — Ry}, po=const.
The Riemann invariant R is given in an implicit form as
. =W([‘2—e2”°—\/K) _ ey ) YA ZHD]“
VA + e
H,  p2H,\1/2,H,
+ e”o[ [462—82_—-Sin(K(R) +cy)— €1(JA — ) e cos(K(R) + c,)] x
\/'&-{—GZHO (\/—A.+82H°)1/2
2H, (VA — )12
+ |4 —5——coslK(R) +¢,) + 252 sin(K(R) +¢;) [y} ), (80)
[ VA + ¢t { ! (VA + e2Hoy1/2 !

where ¥ is an arbitrary function of one variable. A local wave velocity and velocity of wave with respect to the medium are
constant and given by

i) 4o
ho=c| (@ — % JB) — (2 — 2% 4 yE) WA= ] =4+ —m—, (81)
’ [ (VA + 2% 7 VB + &

where ¢ = const and it is the velocity of sound.

F. Case VI (y¢ ~ A%—see the Appendix)
A simple wave corresponding to the simple element (28) may be found by integration of following system of equations:

dgs _ en22— > +A)

=1,
dR (v2+JK)1/2
déi _ en2
R - ¢ +2¢1(v2—‘/._)1/2 . (82)
d¢2 _en2
=4 + ,
¢ + 24, —— P

where A = v* + 4, 0” = ¢ + ¢}
We assume that the velocity of sound equals 1. We introduce new variables u, = ¢} /¢; and 2.
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As before we integrate equations for these variables and we get

o= @1/¢; =tan(c, — R), ¢, =const, (83)
4 1/2 __ ,2\12
Fi0) = — 2aretan (LLED =) g 4y2 2172
tin ((04 + 4)1/2 - U2)l/2 _
(W +HV2 )2 4
Function F, is monotone. So, in the interval (0, + o« ) it possesses an inverse function G, such as
G\(F(x))=x. (85)
We get
U2 = G1(2€1 2R + Cz).
From (83), (85), and (82) we have

‘/i] =2¢2R + ¢, ¢, = const. (84)
V2

&, = €, G (26 2R + ¢,)sin(c, — R),

#; = €,G?(2¢,\2R + ¢;)cos(c, — R), (86)
R 2 1/2
¢°_€“/§.L (@ + oG A Ho oot

where the function G, is given by a transcendent equation

((G%+4)1/2—G‘)”2—\/i 3

G2 4 1/2 _ G 172
QA&+ —G)N* +1In 2arctan(( i+ ‘) =26,V2R + ¢,
(GI+H -G +2 2
(87)
Thus a simple wave corresponding to the simple element (28) is
v = €,G >(2¢ V2R + ¢,)(sin(c, — R),cos(c; — R)),
(88)
R(2—G1+(G%+4)1/2) )
=poexp| — ce 2f dR’
p po p( l\/— & ((G% +4)1/2+G1)1/2
The dependent variable R, the Riemann invariant, is given in implicit form as
V22— G+ (G*+4)'} / 26,12 .
R= W([ ' (G+ (GZ +4)1/2)1/2 Ct+€2Gl 2 (G+ (G21+ 4)1/2)1/2 Sll’l(Cl —R) - COS(CI —R)]x
22 .
+ [(G+ (621—5-4)”2)”2 cos(c; — R) + sin(e, —R)]y]) , (89)

where V¥ is an arbitrary function of one variable.
Quantities A, 8, which are, respectively, the local wave velocity and the velocity of wave with respect to the medium, are
given by

_ Cfl‘\/i(z —_ Gl -+ (G% +4)l/2) 5= 61\/§(Z+Gl + (G% +4)l/2)
= (e + (G} +4)1/2)1/2 ’ (G, + (G? +4)173)1/2

Ao (90)

The above-described simple waves are the basis for searching for a wider class of solution, the so-called double waves and
multiple waves. The superpositions of this type may be very interesting from the physical point of view and they will be
considered in future papers.

It is interesting to notice that our calculations can be extended to the three-dimensional case. However, it will cause very

tedious and laborious algebra. It seems that the assumption of the constancy of the velocity of sound can be abandoned.
However, we cannot use some mathematical tricks in the above calculations and probably we cannot get compact results.
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APPENDIX: SIMPLE ELEMENTS
The covectors A are

ch[ (? 41—+ yA) (2 +1—v2—yB) sinhr]
(02-C2+1+\[K)l/2 (c2 1_v2+JK)1/2
h 7 sinh 7
at=]| —¢ +2cﬁ¢[ cos ]
2 ! (1 — 2 + 1+ yB)12 G —1— 12+ A2
h 7 sinh 7
b+ 204y | 22 + |
l N —cr14yB)? (- 1-2+/B)"
((+1-V+ BB =+ =D+ (P + 10 —JB)(* - + 1 +VB)'?
A= W [B—rP+E— DV 4 (P =2+ 1+E)"2] ,
\ 20, (VA —v? + 2 — 1)V2 4 (® — 2+ 1 +A)'?]
/
( (CZ+1—U2+\/K)+(C2+1—02—‘/K) (vz_c2+1+‘/K)IZSinT
(—1—v*+A)"?
2 2 172
A3= ¢2(v c2+1+\/K)”zcosr+2¢l[l+(v —c+1+JK) sinr] ,
A—1-v+A

V2
¢ +2¢ €c
T @ -1 -2 4+ B

2 c2
(E+1—v*+ )(‘/_ v+
VA VA+ v —c+1

2 2 12
—c +1+J_)"2cosr+2¢2[l+(v < +1+‘/K) sinr]
c—1-V24+A

172
) cosh7+ (2 +1—1*—JA)

ec\/_(c +1—v*+A)
1-v* +8)"?
2
—$.+2 = :
2 ! (A —1—1?+yB)12

¢z 1/2 [ (\/—A_"Uz"rcz—l)m ]
(VA - ¢ —1)2sinhr + 1+ cosh7| |,
i VA +vP—c?+1
¢1 1/2 [ ( =W+ —l)m ]
(J_ —1DY%ginh 7 + +1 cosh 7
%2 VA+ 0P -2 +1
€cy2(* + 1 —1* +JA)
W =+ 14+M)12
ec\2
— ¢+
B a1 B
ec2
+
é1+ 24, RN
r

where 7 is an arbitrary function of ¢,, i = 0,1,2, and
V=¢=¢2, A=*-F+1)2+42
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Some rigorous results concerning spectral theory for ideal MHD
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Spectral theory for linear ideal MHD is laid on a firm foundation by defining appropriate function
spaces for the operators associated with both the first- and second-order (in time and space)
partial differential operators. Thus, it is rigorously established that a self-adjoint extension of
F(&) exists. It is shown that the operator L associated with the first-order formulation satisfies the
conditions of the Hille-Yosida theorem. A foundation is laid thereby within which the domains
associated with the first- and second-order formulations can be compared. This allows future
work in a rigorous setting that will clarify the differences (in the two formulations) between the
structure of the generalized eigenspaces corresponding to the marginal point of the spectrum

w=0.

I. INTRODUCTION

The purpose of this report is twofold: (1) to offer to the
applied mathematician and theoretically inclined math-
ematical physicist a self-contained presentation of some rig-
orous theorems about the operators of linear ideal MHD
(linearized Lundquist equations) in a bounded toroidal do-
main, and (2) to hopefully attract experts on spectral theory
and hyperbolic equations to pitch in a hand towards resolv-
ing some of the difficult open problems remaining concern-
ing the spectrum of the linearized operators and their con-
nection with the time evolution of the first-order Lundquist
equations, by recasting these problems precisely in the con-
text of the appropriate functional spaces.

Concretely speaking, this report was motivated by its
having been pointed out' that there exists an apparent gap in
the literature on the linearized F(£) introduced by Bernstein
et al.,’> which has long been known to be symmetric, as to
whether a self-adjoint extension of the latter exists. As the
author realized this result was an easy extension of his pre-
vious work,? he set out to exposit this in the present report.
However, at that juncture his attention was drawn to a long
unresolved problem introduced by Grad, as to the relation of
the infinitesimal generator and spectrum of the original first-
order Lundquist equations with that of the second-order sys-
tem obtained therefrom by Bernstein et al.* Thus he was
motivated to also present herein a self-contained proof of the
existence of a semigroup solution to the linearized Lundquist
equations and to thereby provide a concrete and rigorous
setting within which the semigroup generated by them could
be compared to the evolution equation associated with F(£).
Some preliminary remarks as to the comparison of the do-
mains of the first- and second-order operators are made at
the end of this paper.

We now pass to a more detailed account of what will be
done in this report and stop along the way to survey the
known results.

2 This work was completed while the author was at the Worcester Poly-
technic Institute, Worcester, Massachusetts 01609 and the Massachu-
setts Institute of Technology, Cambridge, Massachusetts 02139.
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The Lundquist equations, or ideal MHD equations,
constitute a first-order “‘quasi” symmetric hyperbolic sys-
tem,* supplemented by the condition V-B = 0. We say “qua-
si” because (see Sec. IV C), in general, it is only after the
condition V-B = 0 is imposed that the coefficient matrices
are symmetric. In the context of nuclear fusion research they
have traditionally been used to model the evolution of a plas-
ma in a toroidal shell. They are supplemented and coupled
with a set of pre-Maxwell equations when the plasma is sur-
rounded by a vacuum region. If, however, the plasma is al-
lowed to extend to the boundary, one obtains a so-called
characteristic mixed initial boundary value problem. For the
nonlinear case, even locally in time, no proof of the existence
of solutions exists at the present time, and has appeared only
very recently for the characteristic mixed initial boundary
value for the Euler equations of compressible fluid dynamics
in Ref. 5.

A linearization of the nonlinear equations around an
equilibrium is beset with many difficulties since solutions to
the equilibrium equations almost certainly do not exist in the
absence of symmetry, as was convincingly demonstrated by
Grad.® Therefore the following account, which deals with
these linearized equations, will only be well founded for
asymmetric perturbations of a symmetric equilibrium and
needs, as does all the literature on the subject, to be carefully
interpreted in the case of asymmetric equilibria. For an in-
teresting discussion of these points see Ref. 1.

We would like to point out that for axisymmetric pertur-
bations of axisymmetric equilibria an investigation along
rigorous mathematical lines of the spectrum of F(£) has
been carried out in Refs. 7 and 8. Also a comprehensive
survey paper of results on the spectrum due to Hameiri has
been carried recently in a paper by the latter.’

In 1958, Bernstein et al.2 derived, by introducing a La-
grangian displacement £ in the original first-order Lund-
quist equations, a second-order symmetric operator F(£)
whose non-negativeness allegedly provided necessary and
sufficient conditions for stability. It was soon noted, how-
ever, due to the presence of essential spectrum extending to
and including the origin, that F(£)>0 would be associated
with nonexponential growth of the solution.’® Goedbloed
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and Sakanaka'! then formulated a modified energy princi-
ple, also referred to as the o-stability principle, which, by
avoiding difficulties at the origin, truly does provide neces-
sary and sufficient conditions for a solution of p§ = F(¢) to

be o-stable, which means that |[\p £ ||,<c exp ot. This o-
stability principle was put on a firm mathematical founda-
tion in Ref. 3. There, existence of solutions of p§ = F(£) in
the form of a evolutionary variational problem following the
work of Lions—Magenes,'? was also established. A second-
order semigroup approach to establishing existence for the
same equations was outlined in Ref. 13, but all details have
not appeared as of this writing.

It is well known that a complete resolution of an opera-
tor through its spectrum exists only for self-adjoint opera-
tors through the so-called spectral theorem. For operators
that are merely symmetric but possessing no self-adjoint ex-
tension, the spectral problem is not well posed and its con-
nection with the time evolution of the solution of the asso-
ciated “generalized wave equation” is hard to interpret.

In the first part of this report we will show how machin-
ery largely developed in Ref. 3 can be used to establish the
existence of a self-adjoint extension of F(£) + AI for an ap-
propriate A. As far as the author can tell without adding a
multiple of the identity to F(£) it is indeed not possible to
find a self-adjoint extension. Moreover, due to the boundary
conditions on £, the appropriate multiple must be deter-
mined so as not only to make F(&) positive but make its
associated quadratic form coercive over a certain norm. Of
course, loosely speaking, the spectrum of F(£) can be
thought of as merely a translation of the spectrum of
F(&) + AL We will investigate the self-adjoint extension of
F(£), both in the context of the so-called diffuse pinch and
sharp boundary models.

As pointed out by Grad'* and more recently in Ref. 7,
the second-order formulation in terms of F(£) and the origi-
nal formulation as a first-order system are not equivalent.
Indeed the latter is the more fundamental and results about
the former must be interpreted in that light. For complete-
ness and as this problem was an important motivation for
writing this report we provide a brief account.

The original first-order system can be written following
the notation in Ref. 1:

v, = L7, ' (1)
l_)t =L2v, (2)

where u is the fluid velocity, U = ( p,B), scalar pressure and
magnetic field. Introducing a Lagrangian displacement
through

ad

- (rat =V r:t): (3)

8{ § 0 ) ( O
we then find by integrating that

U(rost) = Ly(€(rot)) + (v(76,0) — L,§(70,0)). (4
Thus if

v(rO’O) _Lg(rmo) =0! (5)
we obtain from (1)

§tt =L1L7§=F§! (6)
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which is the second-order formulation of Bernstein et al.”> To
illustrate (but not exhaust) the difficulties in passing from
(1) and (2) to (6), note that (3) is artificial. An important
class of initial perturbations referred to in Ref. 1 as the anho-
lonomic ones consist precisely on those (#,0,) that are not
accessible from an equilibrium through a smooth displace-
ment.

Another approach would be to differentiate (1) and
substitute from (2) to obtain

v, =L,Ly=Fv. @)

However,' the only initial values of &,u, that are relevant are
those for which we can determine v from the relationship

Vlimo =LV}, ~o. (8)

In this report we hope to make a step towards the better
understanding of the difference between the first- and sec-
ond-order formulations by defining domains for both that
we conjecture are as close as possible. This is so, as we will
see, because the domain we will introduce for the second-
order formulation is the domain of the square root of
F(&§) + AL

Further remarks could be made about the special diffi-
culties in comparing the spectrum at the origin for the first-
and the second-order formulations. For this we refer the
reader to Ref. 1.

In the second part of this report we discuss the first-
order system. Frequently this system is coupled with pre-
Mazxwell equations in a vacuum region surrounding the plas-
ma. If however, the plasma is allowed to extend to the walls
(diffuse pinch), one obtains an initial boundary value prob-
lem with characteristic boundary of constant multiplicity. A
general theory does exist for such problems in the linear case,
see Ref. 15 for an up-to-date account and recent develop-
ments. However, the boundary conditions Bn = 0 on )
turns out not to be “admissible” in the general theory. So a
slight modification of this theory is needed. We discuss this
in a general way in Sec. IV C.

We will give here a self-contained proof of the existence
of a linear semigroup solution to the characteristic initial
boundary value problem assuming only the Hille-Yosida
theorem. '® The assumptions on the coefficients we will make
will not be the most general possible. We note that the condi-
tion V-B = 0 for the system of Lundquist equations is non-
standard. For a smooth enough solution it will be satisfied
for all time if satisfied initially. However, for a clear under-
standing of the relationship of the spectral problem with the
time evolution of the system it is important to include it in
the domain of the infinitesimal generator.

An advantage of a semigroup solution is that it gives a
framework where we can appeal to the so-called spectral
mapping theorems to relate the time evolution of the solu-
tion through the spectrum of the associated semigroup to the
exponentiated spectrum of its infinitesimal generator. This
last remark is especially relevant for the Lundquist equa-
tions linearized around a nonstatic equilibrium. There, too,
is a second-order formulation of the stability problem,!”
however, in that case it is not a self-adjoint one and this
further complicates an assessment of the relationship of the
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study of the spectrum of the second-order operators with the
time evolution of the first-order system.

Il. EQUATIONS AND BOUNDARY CONDITIONS

Linearizing the Lundquist equations® of ideal MHD
around a static (¥ = 0) equilibrium that satisfies

Vpo = (VXBy) XB,, 9
V'Bo = 0, ( 10)
yields the system
(1) p0%= — Vp+ VXByXB+ VXB XB,, (11)
@ 28 _vxwxBy, (12)
at
dp
(3) o — ¥PoV-v — v-Vp, (13)
(4) V-B=0, (14)
for the variables
v
D
B

Here we have denoted equilibrium quantities with the sub-
script O.

When the plasma region (2, extends to the wall (diffuse
pinch) the boundary conditions for the equilibrium equa-
tions are

Byn=0 on 8Q, =6Q, (15)

p=c on 8Q,, (16)
and, for the first-order system,

Bn=0 on 89, 17)

vn=0 on 8. (18)

When the plasma region does not extend to the wall
(sharp boundary model ) in the vacuum region 2, surround-
ing the plasma, we introduce a vector potential for B,
V XA = B, with the gauge condition V-4 =0 (see Ref. 18
for details), and then obtain in 2, the equations

VXVXA=0, (19)

V-4 =0, (20)
and the boundary conditions
ned = noX (VX B%), 1)
— ¥poVv + B (VX (vXB§) + v-VBE)

=B§- (VXA +vVBg), onT, (22)
and

nx4=0 onT,. (23)

For the unique determination of 4 in a toroidal region we
must also impose a flux condition

fA-n ds = y(t). (24)
rl}

From these equations we may derive, by introducing a La-
grangian displacement £ satisfying
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% (70:2) = v(7gs2), (25)
the equations
a*¥¢
Pogs= V7PV + £:Vpo) + VX By X VX (€ X B,)
—B XVXVX(§ XBy) =:F(£), in Q,,
(26)
VXVX4=0, inQ,, (27)
VA4=0, in Q, (28)
—¥PoV5 + BE(VX(§ XBY) + £-VBY)
=B;-(VXA4 +£VBY), (29)
noX4A=(—né)B;, onTl,, (30)
noxXA=0, onT,, (31)
and the flux condition
J;A-n ds=o(t). (32)

Asdescribed in Refs. 3 and 18, these equations may be solved
in the case of an inhomogeneous flux as in (32), by first
solving them with a homogeneous flux

f Ands=0, (33)
rU
and then adding to 4 a solution 4’ of the system
VXA'=0, (34)
V-A4'=0, (35)
neX4'=0, on I,ul, (36)
f A'nds=o(t). (37)
r,
In the case of the diffuse pinch the equations are
2
p oL —F), (38)
§n=0, onT,. (39)

We now associate, as in Ref. 3, with the operator F(£) a
bilinear form

a(&E) = f {yp(V-£) (V-E) + VX (& XB)-VX (& XB)
n'P
— VXB XE&EVX(E XB) — (V-£)(£Vp)Ydx

+ f VXA-VXAdx
nv

—Jr (&n)(€n)

xn¥(p -+ 188~ 185]) ds
We assume n-V( p + 4 |B5| — |B5|)>0. Here 4, 4 are de-
fined in terms of &,Z by solving the boundary value problem
(27) and (28) subject to the boundary conditions (30) and
(31) and the flux condition (33).
In the case of the diffuse pinch, the last two terms in the
form are absent since £&-n = £:n = 0 and the unique solution
of the boundary value problem defined just above for 4 and

(40)
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A is zero. We will hereafter refer to the diffuse pinch as case
1, and the sharp boundary as case 2.

lll. SELF-ADJOINT EXTENSIONS

In this section we will establish that the operator F(£)
defined by (26) has a self-adjoint extension. The nature of
this extension is different in an essential way according as to
whether we are in case 1 (diffuse pinch) or case 2 (sharp
boundary). In both cases the extension we will use is the so
called Friedrichs extension.

In case 1, the following general theorem (see Theorem
X23, p. 177 of Ref. 19) will be needed.

Theorem 3.1: Let 4 be a positive symmetric operator
andleta(y,¢) = (¢,4¢4), for ,0eD(A). Then ais a closable
quadratic form and its closure & is the quadratic form of a
unique self-adjoint operator 4. The operator 4 is a positive
extension of 4, and the lowg.\r bound of its spectrum is the
lower bound of a. Further, A4 is the only self-adjoint exten-
sion of 4 whose domain is contained in the form domain of a.

A few general remarks are in order about how we apply
this theorem. First of all, in our case 4 = F(£) is not neces-
sarily a positive operator. To make it positive we must add a
multiple A of the identity to F(£). Although we then satisfy
all the conditions of the theorem, the closure of the form
domain for

a,(£8) = (F (&) +AI(£).8) (41)

may not be such that all its elements satisfy &-n = 0 on 84
As we will see in the sequel, however, there is a value of 4
sufficiently large (the one that makes the associated qua-
dratic form coercive over a certain norm) for which the form
domain of @, (£,£) does satisfy the boundary condition.
Thus according to the general principle expounded in the
theorem for this A, the associated closed s.a. operator
F (&) + A, does incorporate the boundary condition
&-n = 0in its domain.

Furthermore this theorem makes clear how we can jus-
tify in a rigorous way a vast physics literature that implicitly
assumes that a lower bound for the quadratic form yields a
lower bound for the spectrum of F(£), a result that is not
true for all extensions of F(£). This theorem also is connect-
ed with the author’s being able to justify in Ref. 3 the so-
called modified energy principle. There, solutions to an asso-
ciated evolutionary variational problem were constructed
precisely in the form domain of @, .

Case 2 (sharp boundary) is unorthodox. Indeed a priori
it is not clear that the natural domain one would like to
associate with F(£) is not empty. This natural domain is

{€eH " (Q): F(&)eL*(Q), ypoV-£ + BAVX (£ XBE)

+&VBE)=B§-(VXA+£VBg)}, onT,. (42)
Here A is defined in terms of £ by satisfying (27), (28), (30),
(31), and (33). Bernstein et al.” give a heuristic argument
that this domain is not empty. Essentially they argue that as
we do not alter 4 by changing the tangential component of £
on I, alone, so we may adjust this tangential component in
order that (29) is satisfied. The justification of this argu-
ment, involving as it does the solution of a partial differential
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equation on a closed toroidal surface, does not appear to be
straightforward.

The method we use to get around this difficulty is the
following. With no a priori mention of the operator F(£) we
introduce the quadratic form a(£,£) + A(£,€) through
(40). The second half of the theorem quoted above then
insures us of the existence of a self-adjoint extension F, (£)
+ AI(£), which by general principles is defined on a dense
subset of L? (Q,) contained in the form domain of
a(EE) + AED). By the nature of this extension we have

a(§,§)+,l(§,§)=(F,1(§) +ALE). (43)
On the other hand, Green’s theorem implies
3(£,8) + A6

—(Rg+ish) + [ EmL@ads=o, @4

where L(£,4) is given by (29). As mentioned above, the set
of § s satisfying (44) are dense in L 2(0 ), hence in
H! (,). Thus the associated restrictions to the boundary
(§ n), are clearly dense in L 2 (Q,) by the trace theorems.

This then implies L(£,4) = 0. Hence by this indirect
route we have established that there exist a dense set of £ in
L?*(Q,), which is in the domain defined by (42).

In the following we show that the conditions of the
theorem are satisfied by the bilinear form (40), and that the
form domain incorporates the relevant boundary condi-
tions. Many details are omitted and can be found in Ref. 3.

Case 1 (diffuse pinch): In the following all derivatives are
taken in the sense of distributions. The domain of F ~ (£) we
take to be

D~ (F)={£H?*(Q)|én =0 on 5Q}. (45)
We introduce the form core
-~ ={eH"(Q; ), &n=0o0n T,}, (46)

with the norm

€113 =f {yp(V-E)? + |VX (& XBE)|> + A |€|*}dx,
" (47)

and define

W={&n=0on T,|£V-£VX (£ XBE)EL?(Q,)}. (48)

It is easily seen that on D —( F),a(&E) = ( F(£),£). A
standard density argument'? allows us to show {c'q,),
&n=00nT,}isdensein W~ and W. Also a(£,£) is sym-
metric on W and there exist constants ¢,,¢,,6(c,,¢,,A4) s.t.

cill§ I <a(€.€) + 81§ I <call€ I3

see Ref. 18. :

The important point to check is that a(£,£) is a closed
form that is equivalent to be completeness of W in the W
norm defined in (47). This essentially reduces to checking
that the boundary condition £-# = 0 on I, makes sense for
elements in W. This is an easy consequence of the inequa-
lity*?

I&-nlIZ - vraery <eLIE 13 + V£ 1133 (50)
We may now apply Theorem (3.1) to show that F [~ (£) has

(49)
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a self-adjoint extension to F, (£) with domain given by
D(F,) ={&eW | F (£)eL*(D)}, (51)
and thaton D( F,), a(&,€) = ( F,(£),£ ). Here we have de-
fined
Fy(§) =F (&) +Al(&). (52)

Case 2 (sharp boundary): We first introduce some rel-
evant function spaces, in the notation of Ref. 3. Recalling the
Hodge decomposition theorem, if V= (v,,v,,0;)€L (Q),
then there exists

VeV, V.V, ViV, (53)
such that

V=Vi+V:+V; (54)
or

LX) =V, +V,+ 7V (55)
and the decomposition is orthogonal, where
V,={Vé|geH (D)}, (56)
V, = {V xv|veL *(rot) ()}, (57)
L?(rot) () = {VeL *(Q)|V xvel (M)}, (58)

V,={h|VXh=0, V-h=0in Q, nXh=0 on 6Q}.
(59)
All derivatives above are taken in the sense of distributions.

We define W as the closure in the W norm of
W~-=H'(Q,), where

€1 = j p(V-E) + [V (€ XBE)[* + 4 |€ [PHdx

+ f (Vx4 %
Here A is defined in terms of £ by solving the boundary value
problem

v-4=0, (61)
nXA=(—ng)Bg, onT, (62)
nXxA=0, onT,, (63)
fA-n ds=0. (64)
rl’

The fundamental properties of W are given in Theorem
4.3 of Ref. 3, which we recall here.

Theorem 3.2; W is a Hilbert space of a vector-valued
function £ for which

(1) VX(EXB3), V& £eL(Q,),
(2) (£m)ByeH ~VA(T,),

and (3) the boundary value problem defined by (60)-(64)
for A has a solution for which 4eL ?(rot) (Q, )nV,(£,).

For the proof, see Ref. 3. Here we would like to give an
elaboration of condition (3). However, we note, as will be-
come clear from this elaboration, that (3) is actually a re-
finement of (2).

Consider the boundary value problem (60)-(64). In
Theorem 4.1 of Ref. 3 the inequality
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14 [|,<el||V XA ||, + ln X4 || g -vsry } (65)

was established for 4€L 2(rot) (2)nV,(Q), where QL is a pos-
sibly multiply connected domain. An inspection of the proof
of this theorem reveals that if in addition

VXVXA =0,
then
|4 [|2<ellrn XA || 5 -2y - (66)

This follows from the fact that if g is defined as in that
theorem by

VXVXg=1, (67)
Vg=0, in Q, (68)
nXg=0, on I',ul, (69)
J gnds=0, (70)
rP
then
fva.Vngs=o, 1)
r

and we refer the reader to the proof of Theorem 4.1 to see
how this last equality implies (66).

A consequence of (66) is that a solution of (60)—-(64)
exists if (n-£)B Y and therefore n XA isin H ~V/*(T,). Here
the condition

f Ands=0
rll

must be interpreted in the sense of duality
<A’n>H_”2(I‘u)XH”’(F,,) =0. (72)

Note, to write (72) we have used again the result, 4eL (),
V-A = 0=A-neH ~"/*(T',uT,). However, the conditions
nXAeH ~Y*(T,), nXA =0onT, do not suffice to ensure

VXA4eL?(Q,). (73)
Thus what characterizes W is that &-n lies in a subset of
H~Y%(T,) for which (73) is satisfied. Whether this last
fact entails further regularity for §in ', and/or§on T, isan
open problem.

We can now apply again Theorem 3.1 to define the do-
main of the self-adjoint operator F, (£) by

D(F,) = {€eW |a(£E) = ( F1 (£).€)}.

The theorem guarantees that this domain is dense in L 2((2).

IV. FIRST-ORDER LUNDQUIST EQUATIONS:
SEMIGROUP SOLUTIONS AND SPECTRAL MAPPING
THEOREMS

To begin this presentation we make a change of varia-
bles that puts the Lundquist equations in canonical symmet-
ric hyperbolic form

a
u,=> A, — u+ By, (74)
! Z Ix;
u is an n-vector and the 4, are symmetric n—n-matrices. We
do this in the following subsection.
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A. Quasisymmetric hyperbolic form of equations
Letp = (p/s)"" and
B=(po)~"p, (75)
b= (po)'. (76)

In the new variables the Lundquist equations linearized
around an arbitrary equilibrium (static or nonstatic) can be
rewritten as

1/2\1/2 —1/2
b, = — (7’]’0 ) V5 + ¥(PoPo)
Po 2
+ (po)—l/ZVxB XBo +p0— I/ZVXBoxB

PVpo

— 0V + —— 0y Vo — b vV, — 5V, (TT)
o Po
B, =pg VX (0XB) — }p5 *[VpoX (1xXB)],  (78)
172 . 1 -
B=— (ﬂ’ﬁ) V5 + — (7papd) /*5-Vpy
Po 2
— (¥Pop0) ™' *0-Vpo
1
— 0 VP — -——775 Vo' VP (79
T 2 pp)?
S, = —pg -VS, — v,-VS, (80)
with principal part
o ¥Po 2 i
b, = — VB +po 'YXB XBy+ -,  (81)
Po
B, =pg VX (0XB), (82)
172
b= - (—”’—") Vi + -, (83)
Po
S, = — vyVS. (84)
To this set of equations we must add the condition
V-B=0. (85)

In this form with the help of a few vector identities the
symmetry of the A, is easily ascertained directly when
Vo = 0. We next discuss in a general way the relationship of
the semigroup solutions we will define with the spectrum of
their infinitesimal generators. The discussion will apply
whether the underlying equilibrium state is static or nonsta-
tic (with flow). We hereafter drop the tilde in the perturbed
quantities.

B. Remarks on spectral mapping theorems

The assumed smoothness of p,, p,, and B, allow us to
define all the spatial differential operators arising in (74) in
the sense of distributions. Let

v
B
p
S
and let

Lu=A,-a—a—u+Bu,

where the derivatives are taken in the sense of distributions
and A, and B are determined by (77)-(80).
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A natural definition for the domain of L would be
we{L?*()}: V-B=0, Lue{L 2(9.)}7}

bty - |
2 von=0 on 6%, B-n=0 on 60

(86)
We hereafter will use the shorthand ueL 2(Q) instead of
ue{L 2()}®. On this domain, however, we conjecture that L

is not a closed operator. This is due to the failure in general of
the condition

B'+B* 4

— —A4,>0. 87
2 ox; (87)
Thus we will instead consider
L+ I,

where A is determined so as to ensure that L + A7 is a closed
operator if > A,. It can also easily be shown that for the
proper choice of A, all the domains of the associated L + A7
are the same. Thus, for the purposes of this preliminary dis-
cussion, without loss of generality, we fix a particular 4 > A,

L + AI'will be shown to be the infinitesimal generator of
a semigroup denoted 77 (¢). Formally

e L+ ADt Ty (1) = eMelt = AT (1), (88)

where T'(¢) is the solution to original system (74). Thus for a
particular initial data u, the solution of

a3
u,+2A,.5;u+Bu=O, (89)
u(x,0) =u, (90)
is
u(x,t) = e~ Ty (t)u,, (91)

for any u,eD(L + AI). We recall, as is well known,'¢ that
the set of 4 ’s in the spectrum of T(¢) = e~ *T5 (¢) are con-
tained in a strip in the complex plane,o_ <Re A <o, . Once
we have shown that L + A7 generates the semigroup 75 (¢),
the spectral mapping theorems (see Ref. 20, pp. 4448) will
guarantee that the following set inclusions hold:

{ea(L+7-I)t}C0'(Tz (1)), (92)
therefore

e~ et oL +ADY Co =T (1)), (93)
but

o(L + ADt _

Eea(sggzl)e <||Tl(t)” (94)
And

sup{|A | | Ace Fo(Ty(D)}<e= ¥ To (D], (95
and therefore

sup e~ Het +Aige= || T3 (). (96)

oe(L + 4D

Equality holds, for instance, when T is self-adjoint, which it
is not in our case.

The foregoing inclusions are the only general statements
that can be made in an abstract way as to the relation of the
spectrum of the infinitesimal generator and the time evolu-
tion of the associated semigroup. They show that we cannot
expect to get from the spectrum of the infinitesimal gener-
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ator necessary and sufficient conditions for stability. This is,
moreover, not due to the lack of regularity of the semigroup
solution as the problem exists even for analytic semi-
groups.”!

The spectral mapping theorems do, however, justify,
through (96), the procedure of deriving necessary condi-
tions for stability or, put a different way, sufficient condi-
tions for instability from the knowledge of the range of the
spectrum of L + A1I.

When linearizing around a static equilibrium we can say
a good deal more, at least in a heuristic fashion, about the
time evolution of the Lundquist equations by considering the
spectrum of the self-adjoint second-order operator F(£), see
(26), which arises when we integrate the system (2) soas to
obtain an equation for £ alone. Heuristically, we would ex-
pect that any exponential growth of the semigroup T'(¢)
would correspond to a negative element in the spectrum of
F(£). However, there are difficulties in justifying this argu-
ment, as we pointed out in the Introduction, which we will
not resolve here beyond the comments made at the end of
this work as to the comparison of the domains of F(§) and L.
What we would like to stress at this juncture is that when
linearizing around a nonstatic equilibrium where there is no
self-adjoint second-order formulation, a sharper version of
the spectral mapping theorems may prove the most viable
route towards a better understanding of the relation of the
spectrum of L (or L + AI) to the time evolution of the semi-
group T'(¢) [or Tz (8)].

We now turn to the proof of the existence of a semigroup
solution. We will consider separately the cases (1) lineariza-
tion around a static equilibrium, (2) linearization around an
equilibrium with flow, and (3) incompressible plasmas. Be-
fore we do this, we will make some general remarks about the

|

nonapplicability of the general theory of maximal positive
boundary data for symmetric positive systems to our case.
These remarks may be of interest only to those already famil-
iar with the theory and may be skipped without loss of con-
tinuity.

We consider the static case separately as opposed to a
special case of the nonstatic case in order to facilitate future
work regarding the comparison of the first- and second-or-
der operators and associated questions mentioned previous-

ly.

C. On the inapplicability of general theory for
symmetric positive systems

This section is intended for those who are familiar with
the theory of maximal positive boundary data for symmetric
positive systems.

We recall the general principle. Suppose we denote by
N(x) the linear subspace in which the vector

i <o

must lie in if it is to satisfy the boundary condition at x. Here
N is called maximal positive if

(4, (x)ww)>0, VxebQ, weN(x), (97)
where
A,=4,n,, (98)

and if N cannot be enlarged while preserving (97). Note that
clearly ker 4, CN.

Now a simple calculation shows that the matrix 4, for
the system (77)—-(80) has the form

( — n-vp) — (1Po/po)'*n pg [ (n-By) — n(By)] 0 ]
— (¥po/po)'’n (—vpn) 0 P 99)
po *[Byn) — By(n)] — (vgn) + vo(n-) 0 B
0 0 0 - vo'n
I
The above matrix is so far completely general. That is, ( —vgn) + (n(vy)). (104)

we have not yet imposed any boundary conditions on the
equilibrium quantities vy, py, and B,. We have used the nota-
tion By(n-) to denote the operator submatrix that acts on
w = (w,,w,,ws;) through

(Bon’)(w) =Bon'w;. (100)
The transposed matrix operator is

Bin,, (101)
which we denote by

n(Bg). (102)

The matrix (99) is manifestly symmetric except for the
expression

— (o) + vo(n-),
whose transpose is

(103)
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We see that (103) and (104) are not generally equal. This is
why we refer to (77)~(80) as a quasisymmetric hyperbolic
system. When we restrict the action of (99) to elements B
satisfying B-n = O the symmetry is salvaged. Here B-n = 0 is
valid for the B /; that are subjected to the condition V-B = 0.

Note, however, that for static equilibria v, = 0, and the
symmetry holds even without V-B = 0.

We now turn to the discussion of the matrix (99) when
it operates on the boundary. There the conditions
n-vy = n-By, = 0, py = ¢ must be imposed. It is to the corre-
sponding simplified matrix and its operator kernel that we
will now refer. Again, even at the boundary, this matrix is
only symmetric when acting on a domain consisting of u’s,
u = (,p,B), for which V-B = 0. Even on this restricted do-
main the conditions (97) of the general theory do not hold
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however. To see this consider an element u = (9,,B,5),
which satisfies

no=0,

(By:B) + (”P") 5=0.
Po

(105)

(106)

172
Po

It is easily seen that such u satisfy ueKer 4,,. However,
although b-n = v-n = 0, (106) does not imply that B-n =0,
thus

Ker 4, ¢ N(x). (107)

Of course reinstating the condition V-B = 0 and its “charac-
teristic” equivalent n-B =0,

Ker 4, CN(x),
if we interpret A, as acting only on this subspace. Note that
given the change of variables (75) and (76), (106) is the
linearized version of the condition

p+B%2=c, (108)

which thus appears to be a more natural boundary condition
than the traditionally imposed one B-n = 0.

D. Existence of semigroup solutions

We first recall the following definition.

Definition: A semigroup 7(¢), 0<? < 0, of bounded op-
erators is said to be a continuous C, semigroup in a Banach
space x if

Iim T'(t)x = x,
ti0

for every xeX.

These remarks may be of interest only to those unfamiliar
with the theory and may be skipped without loss of contin-
uity. We also recall the Hille-Yosida theorem.

Theorem 4.1: An operator 4: X—X is the generator of a
semigroup of bounded operators T'(¢) satisfying

17() || <ee®,

if and only if (1) A is a closed operator with dense domain,
(2) the resolvent set p(A4) of 4 contains (@, ), and (3)
[(AT —L)"||<M /|A — @|". Furthermore, if M =1, (3)
can be deduced from

(3) |AI—4|<V/|A -0l (109)

We will show that the conditions of the theorem are verified
for the operator L + Al defined by (77)-(80) on an appro-
priate domain. Details will be given only for linearization
around a static equilibrium.

Case A (static equilibrium): X, the underlying Hilbert
space, will be defined by

X ={p= (up,B)|luc L*(Q), V-B=0}. (110)

Remark: Note that L maps (3,Bp) to
(—,VX(3/py/*XBy), — ). As

VAV X (B/py* X By)) = 0, (111

LueX, provided LueL ?(Q). Clearly the same holds for
Lu +AI (112)
A will be determined by (77)-(80). We now define
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D(Ly) ={u= (vp,B)|ueLl *(Q), Lyuel *(Q2),
V-B=0, vn=0, B.n=0 on 5Q}. (113)

Clearly D(L;)eX. Furthermore, if 6Q is smooth
enough, say C?, and we define

D*(L;) ={u= (vpB)|reC' (),
Vp— VXB XB, €C,(Q),
V-B=0, i-n=0, B-n=0 on 86Q},

then D * (L; ) is dense in D(L; ) in the graph norm ||L; ||
To show this we will first need to show the following
theorem.

Theorem 4.2: L; is a closed operator for sufficiently
large 4.

Proof: We first show that on the domain D *, the follow-
ing inequality holds for large A:

1Lz + Au|[>c|ull. (114)
For ueD *, this is a consequence of the symmetry of the 4;’s

and the boundary conditions #-n = B-n = 0 on §(}. One rea-
sons as follows: Let A be real, consider

(L +ADu,(L + ADu)

= ||Lu|l* + 2 *||u]|* + 2 Re A (Lu,u). (115)
Now

(Luu) = < —u + Bu, u> (116)
ad

_ <_ >+ (Bu,u) (117)
d

- (”’a_ (A,~u)> + (Bu,u) (118)

a a
= —(u,(-ZL 4, \u) - (w4, 2
<u (a'xi )u> (u,A Ox; u>
+ (Bu,u). (119)

Here in the second step we have used the symmetry of the 4;;
in the third, the integration by parts, the boundary terms
dropped out because

f (A;n,u,u)ds = 0. (120)
r
Specifically the boundary terms that arise are
p(5-n),{(5XBy) X B}-n. (121)
The second term can be written
(Dy-B)Byn — (ByB)i-n, (122)

which vanishes by virture of (17) and (18). It is noteworthy
that the boundary condition
Bn=0

was not used to establish (118). Thus, from (118) we obtain

2 Re<A,. ai u,u) + 2Re(Buu) | <cut. (123
X
ThusforA>c' + A4,
WL + AD)u|]?> || Lul)> + A |Ju|. (124)

Moreover, an elementary calculation using the system (77)-
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(80) establishes that for 4, sufficiently large there exists d
and A so that, if 4 > A,

ILulf* + A [ju]?
>d{|| — VB + VXB XB,|?
+ VX @XBo|* + (V5% + 4 [[a] .
We define
Ly =L+ Al, A>4,

It is clear from the inequality (124) that the norm ||L;u|| is
equivalent to the graph norm {||L;u/||* + ||u|[*}*/* on D *+
and thus on the closure of D * in this norm. Thus to show
that (113) is valid on all of D(L3 ) we need merely to show
that D * is dense in D. For now, assume we have proved this.
We are then in a position to conclude the proof that L; is a
closed operator.

Suppose that (u,,L;u,) is a Cauchy sequence in the
graph norm. Since X is complete, there exist ,V such that
u,—u, V, =L,u,—V. We wish to show that ueD(L; ) and
Lzu=V. Withu = (i,p,B),

VX (X By),V-5,Vp — VX B X BseL *(Q), (126)
V-B=0 (127)

are consequences of the continuity of differentiation in the
sense of distributions. So we need merely to check that the
boundary conditions B-n = 0, i-n = 0 are satisfied. As

(125)

ILau, || ><'l|B, ], (128)
B-n =0 on 6 is a consequence of the inequality
1B || 1172y <el|B - (129)

Similarly, from this inequality applied with « instead of B
combined with the fact that

ILa (u — )| V-(0, = B, (130)
we can conclude

opon=0, on 6. (131)
Thus ueD(Lz), Lz (u) =V. Q.E.D.

We next would like to verify condition (2) and (3') of
the Hille-Yosida theorem. Condition (2), that the resolvent
set p(L, ) contains (@, ) for some sufficiently large w, fol-
lows easily from a general argument that we outline here for
completeness. First as Ly is a closed operator, clearly the
range of L; on D(Ljz) is closed in X. Next we note that for
Ao’s sufficiently large and real [possibly larger than A, de-
fined by (124)], (114) applies to the adjoint L ¥ of L, to
show that, if A "> A4 §, ueD(L 1),

(L2 + A Dul|>clu]. (132)

This shows that therangeof L, + A ‘I is dense. For if it were
not there would exist VeX, ¥V #0, for which
((Lzy +A'Du,V)=0, YueD(L; +A'I). (133)

This would then be true in particular for ueC § (). Taking
into account the definition of Ly + A 'I as a differential op-
erator acting in the sense of distributions, this then implies
VeD(L ¥) and

(LY +A'NHV=0, (134)
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which by virture of (132) implies ¥ = 0. Last, we note that
condition (3) of the Hille-Yosida theorem is satisfied by
virture of inequality (113).

There remains only to prove the density. We recall the
definition of D(L3 ):

D(Ly) = {ueL*(Q), — Vp + VX B X By, VX (X B,),
V.oeL%(Q), V-B=0, -n =Bn=0
on 5Q}. (135)

The technique in Ref. 18 applies (see Remark [4.2] and
pp- 339-341). In outline one seeks to find approximating
sequences that are defined on an open set 2’ C (). The ele-
ments of this approximating sequence can then in turn be
approximated in ) by first multiplying them by a function
which is one on Q and zero outside ’, and then mollifying
the result. To define the original sequence one uses the exis-
tence of an open covering of the set 2 and 5} whose covering
property is invariant under translations. For a more sophisti-
cated approach under weaker hypothesis on the coefficients
see Ref. 15. Then the translational continuity of L () does
the rest.

We next would like to outline how to handle the cases
(2) equilibrium with flow and (3) incompressible plasma.

Case B [equilibrium with flow (diffuse pinch)]: We first
note that in the presence of flow, the equilibrium equations
become

Pl Vo= — Vpy+ VX ByXB,, (136)
Vo VPo + ¥PoV0o =0, (137)
vy:VS, =0, (138)
V-B, =0, (139)

and p, may be determined from (.S,,p,) from the equation of
state

Do =Sp}. (140)
The boundary conditions that are imposed are
Byn=v,n=0, onT. (141)

We explain now how the special structure of the Lund-
quist equations makes possible the definition of a closed op-
erator L on a domain that includes the boundary condition
pon=0,Bn=0.

First, we again define, for an appropriate A,

ueL?(Q), L, uel*(Q)

D(L,)=1{pn=0 on 6Q, V.B=0¢.

Bn=0 on 6Q
To see that this domain is closed in the graph norm we must
show that the condition #-n = O is satisfied. All the other
steps are similar to those in the case of static equilibria.

Let

(142)

Lu
L,u
Liu
L

Lu , (143)

where L,,L,,L,,L, correspond to ,, B,, p,, and S,, respec-
tively. By definition,
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Lu= Vx(LxBo) + Vx(p’i‘}2 xB) L (144)

172
Po

Now given B, note the identity

v-((—p;)’/2 xBo)xﬁ) + v-((p'i‘;z xB)xE)

— i ] _
= B-V)((p(l)/2 XBO> - (';g};XBO)'VXB
- ) b -
+19.V><(P(1)‘j2 xB) —( 332 xB)~V><B. (145)

Integrating over () and using the divergence theorem we

obtain for the left-hand side of (145)

] = 7 =
J; [(p(',/z XBO)XB]-n ds+J; [(p},g’ XB)XB]-n ds,

(146)

which, upon being expanded and using the conditions
B-n = Byn = by:n =0, yields

f (in)B,-B ds.
r

Choosing now B =aB, with aeH'*(I'), such that
i)l g 2¢ry >€li] 2y » We find from (125) and (145) that

f (3-n)Blads
r

(147)

<c{lBoll .- llall} ILoull + [IVXB | [|]] (148)

<clllel |Laull + |VaX Bollo|I5]l + llell I5]]}  (149)

<clllel| ILull + Nlell o l14ll3 (150)

<c{lleellzcoy ILall + [lull} (151)

<'llellgrary LILul| + [jull}- (152)
Thus, by duality,

l5nB 31| 5 -r2ry <€ {|\La|| + 11} (153)

Now since B2pn =0 in H ~Y*(I") implies #n =0 in
H ~Y2(T) (given that, by assumption, B2 #£0onT), we see
that condition &-n = 0 is preserved by this norm.

Case C (incompressible plasma): Here we add the condi-
tion V.o = 0 in ). In this case it is not appropriate to make
the change of variables (75) and (76). We use only

b= (vpo)'"p. (154)

This transformation puts the system (77)-(80) into the
form

(pol)s, + 42 u+B'u=0, (155)
9x;
with symmetric 4 /, or
u, +A,f'aiu +B"u=0,
(156)

A7 = (pol)'4;, B]=(pl)"'B].
Thus 4 [ are also symmetric. It is now easy to prove that

L, = —A;'ai+3"+u

&

(157)
generates a semigroup. The boundary conditions
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vn = B-n =0 on 8Q now both are preserved in the graph
norm due to the inequality (50) and the fact that
Vo=V.B=0.

V. COMPARISON OF THE DOMAINS

We here compare the domains of the operators corre-
sponding to the second- and first-order formulations for the
case of the diffuse pinch.

As our notion of a solution to the second-order equa-
tions, as discussed in Ref. 3, is to associate with them a sec-
ond-order evolutionary variational problem following the
work of Lions—Magenes, '? the solution is thus defined in a
space of functions requiring L ? restrictions on only the first-
order derivatives. This is what accounts for the similarity
between the domains (48) for the second-order and (135)
for the first-order (symmetric hyperbolic) formulations. As
is clear from these definitions, the space defined for the first-
order theory is such that its first component ¥ lies in the
space W defined for the second-order theory. If, instead of v,
we require, as discussed in the Introduction, that £, and
define p, B, which are denoted in (2) by 7, by

p= —&Vpy—vpoVE +g,(x),
(158)
B=VX (£ XBy) + g (x),

we see that our notion of solution for the second-order equa-
tions yields p and B €L ? (). However, the conditions inher-
entin (135) when appropriately decoupled require more of p
and B. For example, consider the condition

—Vp+ VXB XB;=feL?*(Q). (159)
Take the curl of both sides in D’ (Q) to get

VX(VXB XB,) =VX feH ~1(Q). (160)
From the vector identity (valid in D')

VX (aXb) =bVa—aVb—bV.a-+aV-b, (161)
we deduce

B.V(VXB)eH ~'(Q). (162)
Also, take the dot product of (159) with B, to obtain

B,Vp =B, feL?*(Q). (163)

The uniqueness of solutions to (89) and (90) guaran-
tees that there will exist g, (x) and g,(x) (which amounts to
choosing an appropriate subset of initial data) for which
(159) and (163) hold. A direct not functionally dependent
definition of the appropriate g,’s and g,’s does not appear to
be available, however. As is clear from the above discussion,
however, f=g = 0 will not ensure that (159) and (163)
hold.
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ERRATA

Erratum: The most general magnetized Kerr-Newman metric [J. Math. Phys.
27, 562 (1986)]

Nora Bret6n Baez and Alberto Garcfa Diaz
Centro de Investigacion y de Estudios Avanzados del IPN, Departamento de Fisica, Apartado Postal 14-740,
07000 México D. F., Mexico

(Received 6 March 1986; accepted for publication 26 March 1986)

In Eq. (2.6), the sixth and seventh lines should read
— B arR sin® 8 [2(a-Ba) (a — Ba sin® 8) + B (@a — B(a* + r*))cos? 6 ]}
+ 46(Eg — Be)R cos 8{(a — Ba sin? ) [B?(a* + 2v)cos? 8 — (@ — Ba)?]

Erratum: Structural analysis and elementary representations of SL(4,R) and
GL(4,R) and their covering groups [J. Math. Phys. 27, 883 (1986)]

V. K. Dobrev and O. Ts. Stoytchev
Institute of Nuclear Research and Nuclear Energy, Bulgarian Academy of Sciences, Sofia 1184, Bulgaria

(Received 2 April 1986; accepted for publication 2 April 1986)

On p. 885, right column, the two lines immediately preceding formula (2.21) should read as follows:

C. The Weyl group W(g,a)
We define for every 4,€A™ a vector H, €a by
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